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Chapter Seven  

Rotation of a rigid object about a fixed axis 

A rigid object is one that is non-deformable; that is, the relative locations of all particles 
of which the object is composed remain constant. 
 
A fixed axis means that the rotation occurs about an axis that does not move, called the 
axis of rotation. 
 

7-1- Angular Position, Velocity, and Acceleration 
 

The angular position of a rigid object is defined as the angle  between a reference line 
(OP) attached to the object and a reference line fixed in space.  
 

r

s
=                                                         …..(1) 

Where, s is the arc length. 
 
The unit of θ is radian (rad). 
 
 
The radian, being the ratio of two lengths, is a pure number and thus has no dimension. 
 

As the particle in the rigid object travels from position Ⓐ to position Ⓑ in a time interval 

t , the reference line fixed to the object sweeps out an angle 
if −= . This quantity 

  is defined as the angular displacement of the rigid object: 

 

if −=                                               …..(2) 

 
 
 
 
 
 
 
 

The average angular speed ave  is defined as the ratio of the angular displacement of 

a rigid object to the time interval t  during which the displacement occurs: 

 
 

ttt if

if
ave




=

−

−
=                                   …..(3) 

 
The instantaneous angular speed   is defined as the limit of the average angular speed 

as t  approaches zero: 
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dt

d

t
lim

0t


=




=

→
                                  ……(4) 

We take   to be positive when  is increasing (counterclockwise motion) and negative 

when  is decreasing (clockwise motion). 
Angular speed has units of radians per second (rad/s), which can be written as s-1 

because radians are not dimensional. 
 
 
 
 
 
 
 
 
 
 
 
 
 

The average angular acceleration ave of a rotating rigid object is defined as the ratio of 

the change in the angular speed to the time interval t during which the change in the 

angular speed occurs: 
 

ttt if

if
ave




=

−

−
=                                                           …..(5) 

 
The instantaneous angular acceleration is defined as the limit of the average angular 

acceleration as t  approaches zero: 

 

2

2

0t dt

d

dt

d

dt

d

dt

d

t
lim


=


=


=




=

→
                                      ……(6) 

 
When a rigid object is rotating about a fixed axis, every particle on the object rotates 
through the same angle in a given time interval and has the same angular speed and the 

same angular acceleration. Therefore, the quantities ,   and  characterize the 

rotational motion of the entire rigid object as well as individual particles in the object.  

In rotational motion, if the angular acceleration  is positive, then the angular velocity  
is increasing; if is negative, then is decreasing. 
 
 
 

Ex: The angular position of a 0.36 m diameter flywheel is given by ( )rad t2)t( 3= , where 

t in seconds. (a) Find  in radians and in degrees, at t1= 2.0 s and t2= 5.0 s (b) Find the 
distance that a particle on the flywheel rim moves over the time interval from t1= 2.0 s to 
t2= 5.0 s (c) Find the average angular velocity in rad/s and in rev/min, over that interval. 
(d) Find the instantaneous angular velocities at t1= 2.0 s and t2= 5.0 s. 
 
Soln: 
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a) 

 
b) 

 
 

c) 

 
D) 

 
 
 

Ex: A child's top is spun with angular acceleration ( ) 23 rad/s t4t5)t( −= . At t=0, the top 

has angular velocity 5 rad/s, and a reference line on it is at angular position =2 rad. A) 

Obtain an expression for the angular velocity (t) of the top. B) Obtain an expression for 

the angular position (t) of the top.  
 
Soln: 
A) 

dt

d
=     →   dtd =    →   ( ) c

2

t
4

4

t
5dtt4t5dt

24
3 +−=−==        →   ct2t

4

5
)t( 24 +−=  

At t=0  →  =5 rad/s        
 

( ) ( ) c020
4

5
5)0t(

24
+−===        →     s/rad 5c =       

rad/s 5t2t
4

5
)t( 24









+−=        

B) 

dt

d
=      →   dtd =     →   ct5

3

t
2

5

t

4

5
dt5t2t

4

5
dt

35
24 ++−








=








+−==       

ct5t
3

2

4

t
)t( 3

5

++−=  

At t=0  →  =2 rad        
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( )
( ) ( )

5

30 2
(t 0) 2 0 5 0 c

4 3
 = = = − + +        →       rad 2c =        

 

rad 2t5t
3

2

4

t
)t( 3

5









++−=     

 
 
7-2- Rigid object under constant angular acceleration: 
 

If the angular acceleration of a rigid object is constant, then the average angular 

acceleration is equal to instantaneous angular acceleration, i.e 

  =ave  

If we take ti=0 and tf to be any later time t, we find that 

0t

if
ave

−

−
=             

tif +=               (for constant )           ……………………. (7) 

Because angular speed at constant angular acceleration varies linearly in time, we can 

express the average angular speed in any time interval as 

2

if
ave

+
=                         (for constant )          ……………………. (8) 

Recalling that        
ttt

if

if

if
ave

−
=

−

−
=    

Equating the above equation with equation (8), we get: 
 

( )t
2

1
ifif +=−         (for constant )          …………………... (9) 

We can obtain another useful expression for angular displacement at constant 

acceleration by substituting equation (7) into equation (9):     t)t2(
2

1
iif +=−

    
     

2

iif t
2

1
t +=−       (for constant )                     …………………. (10) 

 

Finally, we can obtain an expression for the final angular speed that does not contain a 

time interval by substituting the value of “t” from equation (7) into equation (9): 

( ) 










−
+=− if

ifif
2

1

 












−
=−

2

2

i

2

f
if
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+= 22

i

2

f              (for constant )   ………………….. (11) 

 
 
Ex: A disc is slowing to a stop. The disc’s angular velocity at t=0 is 27.5 rad/sec and its 
angular acceleration is a constant -10 rad/s2. A line PQ on the disc’s surface lies along 
the +x axis at t=0. (a) What is the disc’s angular velocity at t=0.30 s (b) What angle does 
the line PQ make with the +x axis at this time? 
 
Soln 
 

a) tif +=   →  ( )( )2

f 27.5 rad/s 10 rad/s 0.3 s 24.5 rad/s = + − =  

b) 2

iif t
2

1
t +=−   

 ( )( ) ( )( )
22

f

1
0 27.5 rad/s 0.3 s 10 rad/s 0.3 s 7.8 rad

2
 = + + − =  

1 rev
7.8 rad 1.24 rev

2  rad

 
= 

 
 

1.24 rev=(1+0.24)rev=(360o+87o)     

 

 Hence the line PQ makes an angle of 87o with +x axis  

 
 

 
Ex: A wheel rotates with a constant angular acceleration of 3.50 rad/s2. (A) If the angular 
speed of the wheel is 2.0 rad/s at ti=0, through what angular displacement does the wheel 
rotate in 2.0 s? (B) Through how many revolutions has the wheel turned during this time 
interval? (C) What is the angular speed of the wheel at t= 2.0 s?  
(D) Suppose a particle moves along a straight line with a constant acceleration of 3.50 
m/s2. If the velocity of the particle is 2.0 m/s at ti= 0, through what displacement does the 
particle move in 2.0 s? What is the velocity of the particle at t= 2.0 s? 
 
Soln. 

A)   2

f i i

1
t t

2
     = − = +  

( )( ) ( )( )
o

22 o1 180
2 rad / s 2 s 3.50 rad / s 2 s 11 rad=11 rad 630

2  rad




 
 = + = = 

 
 

B) o

o

1 rev
630 1.75 rev

360


 
 = = 

 
 

 

C) tif +=   →  ( )( )2

f 2 rad/s 3.5 rad/s 2 s 9 rad/s = + =  

 

D) 
2

f i i

1
x x x v t at

2
 = − = +     → ( )( ) ( )( )

221
x 2 m / s 2 s 3.50 m / s 2 s 11 m

2
 = + =  

 

f iv v at= +   →  ( )( )2

fv 2 m/s 3.5 m/s 2 s 9 m/s= + =  
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7-3- Angular and translational quantities: 
 
In this section, we derive some useful relationships between the angular speed and 
acceleration of a rotating rigid object and the translational speed and acceleration of a 
point in the object. 
 
When a rigid object rotates about a fixed axis as in figure below, every particle of the 
object moves in a circle whose center is on the axis of rotation. Because point P moves 

in a circle, the translational velocity vector v


 is always tangent to the circular path and 

hence is called tangential velocity. The magnitude of the tangential velocity of the point P 
is by definition the tangential speed.  
 
 

dt

d
r

dt

ds
v


==  

 
 

= rv                                                         ……(12) 

 
 
The tangential speed of a point on a rotating rigid object equals the perpendicular distance 
of that point from the axis of rotation multiplied by the angular speed. 
 
Therefore, in rotational motion of rigid object about a fixed axis, although every point on 
the rigid object has the same angular speed, but not every point has the same tangential 
speed because r is not the same for all points on the object.   
 
The angular acceleration of the rotating rigid object is related to the tangential 
acceleration of the point P : 
 

dt

d
r

dt

dv
a t


==  

 

= ra t                                                            ……(13) 

 
The tangential component of the translational acceleration of a point on a rotating rigid 
object equals the point’s perpendicular distance from the axis of rotation multiplied by the 
angular acceleration.      
                         
We have seen, that a point moving in a circular path undergoes a radial acceleration ar 
directed toward the center of rotation and whose magnitude is that of the centripetal 
acceleration  
 

r

v
a

2

r =                                                           

 
= rv  

 
2

r ra =                                                             ……(14) 
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The total acceleration vector at the point is:  
 

rt aaa


+=                                                                             ……(15) 

 

The magnitude of a


 at the point P on the rotating rigid object is: 

 

( ) ( ) 442222

r

2

t rrraaa +=+=+=             ……(16) 

 
 
 
 
 
 
Ex: A disk 8 cm in radius rotates at a constant rate of 1200 rev/min about its central axis. 
Determine (a) its angular speed, (b) the tangential speed at a point 3 cm from its center, 
(c) the radial acceleration of a point on the rim, and (d) the total distance a point on the 
rim moves in 2 s. 
 
Soln:  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Ex: A wheel 2 m in diameter lies in a vertical plane and rotates with a constant angular 
acceleration of 4 rad/s2. The wheel starts at rest at t=0, and the radius vector of a certain 
point P on the rim makes an angle of 57.3° with the horizontal at this time. At t =2 s, find 
(a) the angular speed of the wheel, (b) the tangential speed and the total acceleration of 
the point P, and (c) the angular position of the point P. 
Soln: 
  
a)     tif +=  →  ( )( )f 0 4 2 8 rad/s = + =        →     ( )( )f 0 4 2 8 rad/s = + =  

b)     
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( )

( )

( )

( ) ( )

22 2

c

2 2

t

2 2 2 2 2

c t

1 1 ot

c

v r 1.00 m 8.00 rad/s 8.00 m/s

a r 1.00 m 8.00 rad/s 64.0 m/s

a r 1.00 m 4.00 rad/s 4.00 m/s

a a a 64.0 m/s 4.00 m/s 64.1 m/s

a 4.00
tan tan 3.58

a 64.0







 − −

= = =

= = =

= = =

= + = + =

   
= = =   

  

   

c)     ( ) ( )( )2 2

f i i

1 1
t t 1.00 rad 4.00 rad/s 2.00 s 9.00 rad

2 2
   = + + = + =        

 
 
7-4- Kinetic energy of rotation 

 
Consider a rigid body being made up of a large number of particles, with masses m1, m2, 
m3,… at distances r1, r2, r3 … respectively from the axis of rotation. 
When the rigid body rotates about a fixed axis, different particles have different values of 

ri and vi but  is the same for all. The total kinetic energy KR of the rotating rigid object is 
the sum of the kinetic energies Ki of the individual particles: 
 

...KKKK 321R +++=  

...vm
2

1
vm

2

1
vm

2

1
K 2

33

2

22

2

11R +++=                           

  

=
i

2

iiR vm
2

1
K  

 
Substituting  rv = . 

 

( ) 2

i

2

ii

2

i

i

iR rm
2

1
rm

2

1
K 








==   

 

The quantity 
i

2

iirm tells us how the mass of the rotating body is distributed about its axis 

of rotation. We call that quantity the moment of inertia (or rotational inertia) “I” of the body 
with respect to the axis of rotation. 
 

...rmrmrmrmI 2

33

2

22

2

11

i

2

ii +++==  

2

R I
2

1
K =        (Rotational kinetic energy of a rigid body) 

Where  must be measured in radians per second. 
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7-5- Calculation of moments of inertia: 
 
The moment of inertia of a system of discrete particles can be calculated in a straight 

forward way with equation: 

 

=
i

2

iirmI  

We can evaluate the moment of inertia of a continuous rigid object by imagining the 

object to be divided into many small elements, each of which has mass Δmi.  

=
i

2

iirmI  

As im →0       →             dmrrmlimI 2

i

2

ii
0m i

 ==
→

 

It is usually easier to calculate moments of inertia in terms of the volume of the elements 
rather than their mass, and we can easily make that change by using equation: 
  

V

m
=  

Where   is the density of the object and V is its volume. From this equation, the mass of 

a small element is:  dVdm =  

 

dVrI 2

=  

 
 
Ex: A machine part as shown in the figure below consists of three disks linked by 
lightweight struts. (a) What is this body’s moment of inertia about an axis through the 
center of disk A, perpendicular to the plane of the diagram? (b) What is its moment of 
inertia about an axis through the centers of disks B and C? (c) What is the body’s kinetic 
energy if it rotates about the axis through A with angular speed 4 rad/s. 
 
Soln: 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The moment of inertia about axis A is greater than that about axis BC. Hence of the two 
axes it’s easier to make the machine part rotate about axis BC. 

 a) 

 
b) The particles at B and C both lie on axis BC, so neither 

particle contributes to the moment of inertia. Hence only 

A contributes: 

 
c) 
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Ex: Four tiny spheres are fastened to the ends of two rods of negligible mass lying in the 
xy-plane. We shall assume the radii of the spheres are small compared with the 
dimensions of the rods. (A) If the system rotates about the y-axis (Fig. a) with an angular 

speed , find the moment of inertia and the rotational kinetic energy of the system about 
this axis. (B) Suppose the system rotates in the xy-plane about an axis (the z-axis) 
through the center of the system (Fig. b). Calculate the moment of inertia and rotational 
kinetic energy about this axis. 
 
Soln: 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Ex: The four particles in the figure below are connected by rigid rods of negligible mass. 
The origin is at the center of the rectangle. If the system rotates in the xy-plane about the 
z-axis with an angular speed of 6 rad/s, calculate (a) the moment of inertia of the system 
about the z-axis and (b) the rotational kinetic energy of the system. 
 
Soln: 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 a) 

 
b) 

 
 

 

 

 

a) 

=
i

2

iiz rmI  

 
b) 
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Ex: Rigid rods of negligible mass lying along the y-axis connect three particles as in the 
figure below. If the system rotates about the x-axis with an angular speed of 2 rad/s, find 
(a) the moment of inertia about the x-axis and the total rotational kinetic energy, and (b) 
the tangential speed of each particle and the total kinetic energy 
Soln: 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Ex: Uniform thin rod of length L and mass M. Calculate the moment of inertia: (A) about 
an axis perpendicular to the rod (the y-axis) and passing through its center of mass. (B) 
About an axis perpendicular to the rod (the y-axis) and passing through one end. 
 
Soln:  

 
a)  

 
=

i

2

iix rmI  

 
b) 

 
c) 
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The mass per unit length (the linear mass density) can be written as L/M= for uniform 

rod.  

The rod is divided into elements of length dx, the mass of each element is dm=dx. 
A) 
 
 
 
 
 
 
 
 
B) 
 
 
 
 
 
 
 
 
 
 
 
 
Ex: A uniform solid cylinder has a radius R, mass M, and length L. Calculate its moment 
of inertia about its central axis (the z axis). 
 
Soln:  
Divide the cylinder into many cylindrical shells, each having radius r, thickness dr, and 
length L. The density of the cylinder is V/M= . The volume dV of each shell is: dV= 

L(2r)dr. 
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Ex: A uniform hollow cylinder has inner radius R1, outer radius R2, mass M, and length L. 
Calculate its moment of inertia about its central axis (the z axis). 
 
Soln:  
Divide the cylinder into many cylindrical shells, each having radius r, thickness dr, and 
length L. The density of the cylinder is V/M= . The volume dV of each shell is:  

dV= L(2r)dr. 
 
 
 
 
 
 
 
    
 
 
 
 
 

 

 

 

 

 

 

7-6- Torque 

When a force F


 is exerted on a rigid object pivoted about an axis, the object tends to 
rotate about that axis. The tendency of a force to rotate an object about some axis is 

measured by a quantity called torque  which is defined as: 

 

Fr


=                                   ………(1) 

 
Where r is the distance between the rotation 

axis and the point of application of F


. 

 
The torque is a vector quantity its magnitude is: 
 

= sinrF  

 

( ) FrFsinr ⊥==                                    …..…(2) 

 

( ) trFsinFr ==                                    …..…(3) 

 

Where ⊥r : is called moment arm (lever arm) of F


,  and tF  is the tangential component of 

F


.  
The SI unit of torque is the newton-meter (N.m) 
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Ex: A force of ( )  N ĵ3 î2 F +=


 is applied to an object that is pivoted about a fixed axis 

aligned along the z coordinate axis. If the force is applied at a point located at 

( )  m ĵ5 î4 r +=


, find the torque vector. 

Soln: 

Fr


=     →    ( ) ( ) N.m k̂2ĵ3 î2 ĵ5 î4 =++=


 

 

 

7-7- Newton’s Second law of rotation 

 
Consider a rigid object of arbitrary shape rotating about a fixed axis passing through a 
point O as in in the figure below. The object can be regarded as a collection of particles 
of mass mi. 
From Newton’s second law an external tangential force of magnitude iF  exerted on a 

particle of mass im  can accelerate it along the path with an acceleration of ia . 

 

iii amF =         

 

iiiii ramFr =  

 

( ) ( )2

iiiiiii rmrrmFr ==  

 

= Ii  

 
 
 
The torques on all of the particles making up the rigid object to obtain the net torque on 
the object about an axis through O due to all external forces: 
 

= I
i

i        (Newton’s second law in angular form) 
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7-8- Work and rotational Kinetic energy 

 

Suppose a single external force F


 is applied at P. The work done on the object by F  as 
its point of application rotates through an infinitesimal distance ds rd=  is: 
 

( ) == rdsinFsdFdW


 
 

= ddW  

 





=






=


==

d

d
I

dt

d

d

d
I

dt

d
II

 
 

= dIdW  
 

The work W done by the net external force acting on a rotating system: 

2

i

2

f I
2

1
I

2

1
dIW

f

i

−== 


  

2 2

R f i

1 1
W K I I

2 2
 =  = −         (Work-Kinetic Energy Theorem) 

 
 
Ex A uniform rod of length L and mass M is attached at one end to a frictionless pivot and 
is free to rotate about the pivot in the vertical plane as in figure below. The rod is released 
from rest in the horizontal position. (A) What is the initial angular acceleration of the rod 
and the initial translational acceleration of its right end? (B) What is its angular speed 
when it reaches its lowest position? 
 
Soln:  
 
 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(A)  

 
L

rF Mg
2

 = =  

 I =  ,   21
I ML

3
=  

L
Mg I

2
=    →  2L 1

Mg ML
2 3

=  

3g

2L
 =    →   t

3g 3g
a r L

2L 2
= = =    

(B)    
i fE E=  →    

i i f fK U K U+ = +  

       21 1
0 MgL I 0

2 2
+ = +        

2 21 1 1
MgL ML

2 2 3
=      →  

3g

L
 =   
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Ex: A uniform disk, with mass M=2.5 kg and radius R=20 cm, mounted on a fixed 
horizontal axle. A block with mass m=1.2 kg hangs from a massless cord that is wrapped 
around the rim of the disk. (A) Find the acceleration of the falling block, (B) the angular 
acceleration of the disk, and (C) the tension in the cord. The cord does not slip, and there 
is no friction at the axle. (D) If the disk start from rest at time t=0 what is its kinetic energy 
at t=2.5 s. 
 
Soln:  
(A) 
Apply Newton second law on the block 

yy maF =    →   mamgT =−

  

  →   mgmaT +=      …..(1) 

Apply Newton second law in rotational motion on the disk 

= I    →    =− 2MR
2

1
TR   









=−

R

a
MR

2

1
T        →     Ma

2

1
T −=                       …..(2) 

Equate eq.(1) and (2) 

Ma
2

1
mgma −=+    →   mgaM

2

1
m −=








+     

 
( )Mm2

mg2
a

+
−=    →  

( )( )
( )( )

2m/s 8.4
5.22.12

8.92.12
a −=

+
−=    

 (B)      ( )( )21 1
T Ma 2.5 kg 4.8 m/s 6 N

2 2
= − = − − =                           

  

(C) 
2

2a 4.8 m/s
24 rad/s

R 0.2 m


−
= = = −       

 

(D) tif +=    →  ( )( ) rad/s 605.2240f =−+=  

2

R I
2

1
K =    →  22

R MR
2

1

2

1
K 








=      

 ( )( ) ( ) J 90602.05.2
2

1

2

1
K

22

R =







=  
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Ex: Find the net torque on the wheel in the figure below about the axle through O, taking 
a=10 cm and b=25 cm. 
 
Soln:  

 

i

i

i

i

i rF =  

( )( ) ( )( ) ( )( )

N.m 55.320.125.250.2        

10.01225.0925.010
i

i

=−+=

−+=
 

 
 
 
 
 
Ex: Two blocks having different masses m1 and m2 are connected by a string passing 
over a pulley as shown in Figure below. The pulley has a radius R and moment of inertia 
I about its axis of rotation. The string does not slip on the pulley, and the system is 
released from rest. Find the translational speeds of the blocks after block 2 descends 
through a distance h and find the angular speed of the pulley at this time. 
 
Soln:  

  
i fE E=  →    

i i f fK U K U+ = +   

1i 1i 2i 2i Ri 1f 1f 2f 2f RfK U K U K K U K U K+ + + + = + + + +  

2 2 2

2 1 1f 1 2 2f f

1 1 1
0 0 0 m gh 0 m v m gh m v 0 I

2 2 2
+ + + + = + + + +  

( )
2

2 2 f
2 1 1 f 2 f 2

v1
m m gh m v m v I

2 R

 
− = + + 

 
    

( ) 2

2 1 f 1 2 2

1 I
m m gh v m m

2 R

 
− = + + 

 
      

( )2 1

f

1 2 2

2 m m gh
v

I
m m

R

−
=

 
+ + 

 

 

 

( )2 1f
f

1 2 2

2 m m ghv 1

IR R
m m

R


−

= =
 

+ + 
 

 

 
 
 
 
 
 
 
 
 

 

 


