Chapter 3: Motion in two dimensions

3-3- Projectile Motion

The Projectile moves in a curved path, and its motion is simple to analyze if we make two
assumptions: (1) the free-fall acceleration g is constant over the range of motion and is directed
downward, and (2) the effect of air resistance is negligible. With these assumptions, we find that
the path of a projectile, which we call its trajectory, is always a parabola.
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Figure 3.3

The projectile is launched
with initial velocity V.

When solving projectile motion problems, use three analysis models:

1) The expression for the position vector of the projectile as a function of time is
L=t +\7it+%gt2

where the initial x and y components of the velocity of the projectile are
V,=V;cosg and v, =v;sing,

2) The particle under constant velocity in the horizontal direction

1
X — X, =vxit+§axt2 > X, =X, +V, cosot
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3) The particle under constant acceleration in the vertical direction with ay =-g :

Ve =V, —gt 2 V,=Vsing —gt

Ye —Yi :Vyit_%gtz > Yi —Y; =V;sin Qt_%gtz

2

Vi =Vi-29(y,—y,) > Vi =visin®6-29(y; -V,

Ex: Show that the trajectory of a projectile is a parabola.
Soln.

Assume a projectile is launched from the origin x, =y, =0

X; = X; +V, cosot > X, =v,cosét (1)
1 ., . 1 .,
Y Vi :vyit—Egt 2> Y; =V,sin Hit—zgt ........... (2)

Insert equation (1) into equation (2)

. X 1 X i
y=v;sing, —-59
v,cosé 27\ v,cosé,

y =(tand )x - (LJXZ

2V’ cos” 6,
The equation is of the form y = ax — bx?, which is the equation of a parabola that passes through the
origin.
3-3-1- Horizontal range and maximum height of a projectile:

Assume a projectile is launched from the origin at ti=0, with a positive vyi component as shown in
figure 3.4 and returns to the same horizontal level.

Two points in this motion are especially interesting to analyze: the peak point ®, which has
Cartesian coordinates (R/2, h), and the point ®, which has coordinates (R, 0). The distance R is
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called the horizontal range of the projectile, and the distance h is its maximum height. Let us find h
and R mathematically in terms of vi, 6, and g.

¥
vy = vy — gt = 0= v;sinb; — gig
vgmn="0
v; sin f; ®
t® = — ' - @L/
g v." //’ H‘\‘\
’ N\
. . 2 // h \\\
B s B . visin; | [ wv;sin 6; K o. \
Y=yt vt —ggtt > k= (v;sin 6;) — 38 i l \®
g g 0 . ‘—JC
B v sin® 0, R ~
2g Figure 3.4

The range R is the horizontal position of the projectile at a time that is twice the time at which it
reaches its peak, that is, at time ts = 2ta.
x=xt v —> R= vulg = (v; cos 0,;)2t

. @ .
2v;sin §;  2v;”sin 0, cos 0;

(v,cos 8, =
g g

Using sin 20 = 2 sin 6 cos 6

B v, sin 26,

=
The maximum value of R from the above equation is R, =Vv?/g. The maximum value of sin26 is
1, which occurs when 260 =90°. Therefore, R is a maximum when @ = 45°.

Ex: A long jumper leaves the ground at an angle of 20.0° above the horizontal and at a speed of
11.0 m/s. (A) How far does he jump in the horizontal direction? (B) What is the maximum height
reached?

Soln:
v;”sin 26;  (11.0m/s)*sin 2(20.0°) _
R = = — = 7.94m
g 9.80 m /s
2.9 r A2 i 90 102
v, sin~f, 11.0 m/s)"(sin 20.0 N
h = : = ( X ) = 0.722m

9g 2(9.80 m/s%)

&
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Ex: A stone is thrown from the top of a building upward at an angle of 30.0° to the horizontal with
an initial speed of 20.0 m/s. The height from which the stone is thrown is 45.0 m above the ground.
(A) How long does it take the stone to reach the ground? (B) What is the speed of the stone just
before it strikes the ground?

Soln.

A) v.. =V.cosé = (20 m/s)cos30° =17.3 m/s 200 m/s

(A) vy A = ( _) o|/“9—200°"‘\ .
V,; =V, sin g, = (20 m/s)sin30° =10.0 m/s A SN

— Y

Yi =Yi +Vyit_%gt2

—45 m =0+ (10 m/s)t —1(9.8 m/sz)t2 > t=4.22s
2 450 m
(B) v, =v,;—gt

=(10 m/s)-(9.8 m/sz)(4.22 s)=-313m/s

= Vi + V5 \/ 17.3 m/s)’ +(31.3 m/s)* =35.8 m/s

Ex: A plane drops a package of supplies to a party of explorers, as shown in figure below. If the
plane is traveling horizontally at 40.0 m/s and is 100 m above the ground. A) where does the
package strike the ground relative to the point at which it is released? B) what are the horizontal
and vertical component of the velocity of the package just before hits the ground. C) Where is the
plane when the package hits the ground (assume the plane doesn’t change its speed)

|

Soln. ‘
A)x, =x,+Vv,t > x,=0+(40)t > x, =40t e
1 ., 1 2
Yi=Yi=vgt-ogt > —100—0:0—5(9.8)t
t=452s >  x, =(40)4.52)=181m
B) The horizontal component of the velocity of the package
remain constant - v, =v; =40 m/s 5 ‘35 ﬁya
_'-‘r‘ 7 'zk‘\ :, ":_}: 8
Vi =V5 —2gAy > Vi =0-2(9.8 m/s*)(-100 m)> v, =+44.3 m/s J P G

Take Ve = =-44.3 m/s because directed downward

C) x, =Vt > X, =(40)4.52)=181m (directly over the package)
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Ex: A projectile is fired in such a way that its horizontal range is equal to three times its maximum
height. What is the angle of projection?

Soln.

We want to find 6, such that K= 3A. We can use the equations for the range and
height of a projectile’s trajectory,

R= (vf sin ZQJ /g and h= (vf sin? 91_) /2g

We combine different requirements by mathematical substitution into K = 34, thus:

v ?sin26, B 3v *sin®6, or 2 sin® o,
g B 2g 3 sin26,
.2 .2
But sin 26,= 2 sin 6, cos 6, o) sin” 6, — sin”6, - tan®,

sin29j N 2511'19jcos 9}_ 2

I

Substituting and solving for 6, gives 0 = tanl(%] =53.1°

Ex: In a local restaurant, a customer slides an empty mug down the counter for a refill. The height
of the counter is 1.22 m. The mug slides off the counter and strikes the floor 1.40 m from the base
of the counter. (a) With what velocity did the mug leave the counter?

(b) What was the direction of the mug’s velocity just before it hit the floor?

Soln. [ +y
Vertical motion: y=-122m v,=0 v, =" a,=-9.80 m/s? '
Horizontal motion: x=140m v =7 = constant a=0 ;E_ ﬁ ! +3
~
(a) To find the time interval of fall, we use the equation for motion \\ :
. . \
with constant acceleration V=Yt %a}_ﬁ % :
Substituting, ~1.22m=0+0-3(9.80 m/s?) # ‘ N
S0 t=12(1.22 m)s¥9.80 m]** = 0.499 s
oo X _140m _ ‘
Then v o= { =049 281l m/s

(b) The mug hits the floor with a vertical velocity of v,=0,+al and an impact angle
below the horizontal of 8= tan*l(v},,/v)

Evaluating v v,= 0 — (9.80 m/s?)(0.499 s) = —4.89 m/s

=—60.2°= 60.2° below the horizontal.

o -4.89 mss
Thus, 0 = tan [72.81 s
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