% nth term is defined é/ a, =L canbe
writlen as |, :2!_ ,:3'.. P IR na//pere the
n

first term s a =1 5, the second term
- s QZ:.EI_ P the third Zerm s a3= -‘;—- 2
- e, the nth term s e . The
e —————— . ; ,
S );an;eof 2his Seguence /s ?’ ] 5 _ZL,? PR

—_— 7‘,4,_5_ ’ - -f!

Exam/o/e...._/!{- & The segaenceﬁf Qn‘f _—
whose nth ternr i's defined 504, a = |J— A
= | , ” 7
_& Can be written as 0,L 2, By g e
I D -,7.1.-----64//76)‘?67——?."/73— frrst ternr is a = S
I n . . l
tx’veqsecona/ftenm_/s_aé_z-.r’z__. , the thirad
Leym is a,=2 , the fourth termis @, =3 ..

| 3 . — &
)éh&—”—é/?-é—'@f)”—/S—a —=— /——-f-l—-—: - -«—-Jhe ranrgoe
7 7] 0?

707['_é/7/ls_s-e‘gaencekisf-O—-:-—‘-,-g'- T - P ——
L > 2 3 “
i -

’ E%wﬁ—/f—}—‘ik7ﬁ72?-6$d$aence { a”} —
Whose 7 th term is defined éc’f & =(-1) ~L
! ; o

€ ___‘T-.ca.z?q_élac_wmfééen._asgL,..f_é_- s 5 s s
— ] *.__L_.,_.-.--m_a//vere.._.té e First berm IS

| a,:l-_,_é/ye—s econa’_-éer‘mzsczz-_-_.é 5 ¢he
__the third term s 03_--;— 5 the fourth

S | —

|

| | term_./‘sAa.lzu-sz%,.-k. s the nth term s
‘; n+} .
‘ o et B - l e B e e e T —r- - ~ - -
=L, The range 'of this —

, \ n+
e e i__ e en e_,s,,,f — - v—r—f-l———— — S ¥} — t — S— - — ' - —L
| SEJUCAL ? gy A TR 2 (-1) 2

L b maa - s
|
|

| .. | Ex am/a//ei/ui/-.. 3 The s equence. { a, ?
‘ ;,ajbosewl’)i’/ﬁ—vfc‘_’)’fmm/'SwC/eﬁ'ﬁe.o/,b CZn:.‘ \/_I;.
can be written as 1,02 ;3 5 2,71 ,..-




_ where the First term /s as=1, the seconcl

. Zlerm s Q, = V2 5 the third terrm is = P
Lthe fourth term is Ay=2 5--.,2the nith
—Lerm.us - \/—' v v e ra nge of ¢this

- .Segquepce Is 31V V3 52525 52 F

T Exaple 00 T sequance for) .
— whose n th term 1S defined b o .

e Sinnx_—If nis odd B
a — o ) o B o o
ey | CosNx__1f r s even R
_Can be written as sinx,cos 2x ,SiN3x,
_COSHX 9 uuuysy SINNX (N isocdd), Cosnx (r2
;/Is-eu¢n4)7-.,.-._wéereff/?efﬁ’x‘s E termm s
Q. =Sin x _,_z‘/ﬂe_secona/éerm/saz_-zco_szx,_._ o

—the-thirel term is. A, =Sin3x 5 the fourdh
Ferm IS QA = COSHUX 3 «ne 5 Lhe nlh term
(nis-odd) is—Sin-nx—then th-term (nis

_EUen)-15-Cos-Nx—. --»-Aﬂefanjeo Fthis
seguencc-/;s_{s/hx_,Cosv:).x,Sl‘n«ax e
§ 75 COSHX g mnn SN NAX(2isodd),Cosnx
(_nq'.s_et/en_)—,,-.-v-__}v- -

|
|

5

_Exam wle 14.10: The se quence Ja

s §

._*__j_wéose_n th_term rs_defined b YRy =

*i*wée"e—l‘/’e—lgrsz‘wc‘exm~/ls~_a/,=5v,_,}/¢¢ o
second term s A, =5 5Lhe thivo term.
‘"""’“‘“‘“'"f“"*l.s“'*a3*=v5--9—f/?e~foar:t/oﬁz."erm,_ I's-a, = 5,
} e, the N th term s a =5,.. .The

o ra nyqeuoﬁéh/‘s.__scguenceismi,s}.




(109

. Exercise I14.1l« Find the values of the

...,,,,;/'nst Six 2erms of each of ¢the fo//ow/ﬂ;?

— ,,<7chaer)ce_$ :

i Definitions 14.12 : The_sequence faﬂf
__converges to_.ébc_naméejc__L_,, z'f..to ..euei}l/
| /o,aszziczeﬁnumber_e_z‘}:eer s an rntegeyr

N_such that |a,— L |£€ forall n=N.
If no_such -rnumber L _exists ,ther we
Say thal the seguenc e_f-an}a//ue rges.
| If the seguence 3a, }c: onverges o L,

then we write lim a, =L or we write
72—>v0

£ gaa*_)-j._,ano/_a/eca//L_é/)é//hw'é..of - |
?tbcﬂseyamcew{a”},._w .

Remmerktis: e sequence [4,]

_vﬂ_;canueriesvto‘LAk I for e very po sitive
 number € , there /s an index N such

_that all the terms after the N ¢k
_term lie within the distance € From L.

- E;I.;:m w/;:'mm.lq :iS);owtéaé the seguence
¢ E { .’l,_ }---conuerges-....éo_o.,._ I



“ | Soelution: Let € M0 be any given
;/oasz'z‘/'ue number and let N be the
]easi /‘nc‘C;er‘ yc;reater har or egaa/ Zo

et -—!—- . 7_}36/?
_l,l____ol,-_.,_:_ 2l 2 € forall nN
n n N

 since. N 1 . Ths proves that {Lf
| = n
G ,ACoﬂVe_?c. to _O.

__W_M_ExaM/o/e_mJ_H.lS,:.S/ww thatl the seguence
.*4_{_1.2@} _converges o 12 . |

| Solutron: Let € X0 bea ny pos ’tive
o ”numéeziu._jﬁen
W,f./-a;..1.#]».-_-;1*12‘#_-/2“ __(smce a,=12 anc!
- = _ _L=12)

S ,,._*.._,#_m__.m,,g__-_-__,O_,,._/.LE_______./,%}C,,,a//,, n > |,
4777':‘5...-/0;/0(/35“._3.12}‘Cam/er es Lo 12,
__Exam/o/e VU8 Show that the sequence

l W
-~ ‘f';i} —converges to O

, ~So/uL‘/'a/’)»-.‘~leé.f E ~0 be 01)97”. ;/Uel?

v/oosii/'ue number and et N be the

| Jeast /Oos/ft/'Ue, C@Zezen,;reaéef than or
| egual to. Ao Then

._ IS S | 1 ze for
- l-—-—-—--ol Z 1 2 N o

nz n:- T— n

AN since N>z
l



pos/t/ue number . let N

Thi's proves that {,:a ? Co/)Ue{‘;es Zo Q.
ExaM/o/e 1417 « Show that

2he seguence
f c:om/eroqes o O .

So/at/on Let € N0 be a Ny iven
- positive number and let N° be the
smallest integer greater than or g we |

e | hen” N¥ IS L . Thes
€

€ —
R e
+
S s ; anol L = o)
| RGN 2 f for
n _S.N since N+ P L 6 This }ofOch
{ i" Conyer‘ac,es to O, or //m |l  —o.
n+| N—o>oco N+l

ExaM/O/é 14,18 Séoaj_é‘éaf tbc seiaeﬂce_
z"' ' g Cor?Ver';es-éo | . |

So/aé/on Lez'“ E X0 be a/aq///e/)
b

/oos/z‘u/e /ﬂfc.’ie)" Sac/') that N > Thern

] -1 = | Azizs :—-r) , _ ] — 1 } =."74 __'_'

Ze l7’n>/\/ since N > L e

n=l _j|2€ Vn>SN.

Tnis proves § A-1 { convergestol ;or

/I.m .’_?—-:-L. — I -
1 —>C0 n

e the sn?a //esZ



| Exam/o/e 14.19: Show that 2he Sequence fru-z}

- diverges .

- SoluZion : Suppose thal the seguence

. Z”"'2} converges to L . Ther for e€=o.l

. there exists a/oos/z_‘/'z/e /'/n‘é_ﬁer‘ N swuch
thatl | n+2 L) L€ YV n AN swhicsh

‘ /'/77/0//}:5 that

J(N+D+2=L | £ € and [(N+I0)+2~L|Le.

 Thus 0.2=2€=€+€> |[(N+1)+2- L]
e (Nroyra— L] = (N2 L |1
L (N#OY=2 | BN+ D42 L 4= (N3 10) )

:-_—1)9(_—1: [=p-10l=9 ct .

. the seguence Jn+af diverges.

. Example |1.20: Show that the sequence
G i(nﬂ)z} diverges.

 Solution: Suppose that the sequence

| §(n1)*} converges to L . Then for

e =0.1"there exists a positive integer
N sac/)ébaé'_“/,(n_-;-})"_[_,} L€ Vn NN,

. which /}W/g//és._g‘ba.z‘u_ % |
- ----—--—--,[((N+I)+l)-—l.]4 éano/.-_l.((N+/0)+l)—L | L€

= [(N+2Y=L) L€ and |[(N+I)=L] L € .

Thus 0.2 = 2€ = €+ €



.
N (NERYSL )+ (NI L
| (Nr2)S L = (N

B :=|Ni‘1/\/+‘i—-/~/‘:22f\/~’2’|

. =)=18N=-117 |= 18N+/7  CI

L the seguence [(0+15] diverpes.

o Definition JH.2]: 777_c Sequence aﬂ} /'S sard " ““ |
to be bowunded if there is a /oos/f/'de.f -

 number M such that |a,| =M foral
'"""'_‘_——'*/005/2/’113l‘ﬂzlefers/) L B -

_Converges to both L a/?a/,l./, then -

| n—soo 1

o L-.—..J.L_éz_'._&u_l'fklfmga—. =L and —

Y

i a, = L then L=L).

”—)” Qq,-

Eﬁco[emm/_ﬂ,l“f c If lim a,- = A and
:‘ n—>»e0

o AJrM bng.;B _are _bo Z;._éx)'s ta no/_ finrte 5

>0

S SE—— -

- ,A,_.iﬂ,thcn; _ U —
w»i:-tl)_ﬁ/im;(.an-f-,b,,)_.:::)q,—f-B._- ,,,,, PR

h—>e0

W lim (ka)= kA (ks agy number),

; n -»°o

| Theorerm |H.22 :,Ifé/m:seguence__{q L } S
ﬁ CanUer;es—,_t/)en{aﬂ}*isbaunded. S

Theover? [H .23: -I}[_Z‘bf*SG_?Ué’ﬂcc" __{Qn ? I



@,

2 ) '{/'MM (a,b )= AB ,

vy lm
nN—>oco

)_..———- /0/‘0(//'0/60/ 2hat B %+ 0
nd b, Is never be
O N

| ._DCFJI?/Z."IO)’? 14.25: Lel fa )?ée. a seguence
L of real numbers and let } be
@ seguence af/oa.su.‘We mz‘e er‘s such that
N < 4;73 Lo , then the seguence
{an } /s ca//eo/ asaésegucnce of {a ’7

____________EXQM/O/C l"l 26 que Seven o/ffﬁ‘.’re)?i
-~ subseguences. of the Sseguence { f
| Solution:

| The terms of- é/?c_Segaeﬂce { f are
l Lo

“"-—"*'%,r—;f; TP g 2T

I)Ihe Segaence {—-—-— f ajéose éerm.s xre

5;,%?_ > .I:_ ,_5'_ yee IS a saésegaence of f =5

| 2) Te segaence { f w/)ose. termis ayve

_L e lS asabsegaence oF{ }

}
\
S —

__3)773 Seguence {_f}w/voseée;’ms are

odades o is o subsequence of {11

y) 775e scgacncc{g’—n-f wbose terms are



1

O R S B | ‘ l
5 g 1S asaése;i_ae/}ce of Z.ﬁf

5) The sequence {zrlz , f whose terms are
+

' /
op-a 50 15 R saésegueﬂce of 2';7}

&) The sequence {_li'g whose terms are
n

SRR IS SR S S SR 7.

R b 2ty S /s a sa/:tsegaencc of Z'F;'}

e

L 17) lhe seguence {-zl—ﬁ-}tdéose Cerms are

I Y TR R AU R S |
EE e e a7 e subseguence of {_5}

_ Example 14.27: Give four different
_ subseguences of the seyuence {(-/)". n f :
- Selution
| The terms of the sequerice {(-1)". n f
lare —1,2 ,-3,4,-5,85---

l)'mcsc:_'quence {2/)? whose terms ars
2,4,6,8,10,-- Is aSubsequence of {¢=13. n}.
2) The sequence §-2n+1 { whose terms are
13 =3,-55-7is a subseguence of 31N
i ;'3)777_: Se guence ..f2n+2? whose terms arg
Y, 8y 8910512,-is asubseguence of 3C1)-nf-
,\; T1-,')'777'& seguence. (—-l)”.(ﬂ-f-l)} whese z‘ef‘msna}’e
=324 5-5,6,-7,-- I's a subseguence of {(—-l) ./?f-



