Chapter three

Determinants <l dasal)
2-1 Def:- For every square matrix there exist a function between the
matrix and the value of scalar number , this function i1s called the
Determinant of matrix ,and denoted by ( det(A) or | A| )

2-2 Method to found Determinant Aaaal) alagl (4

1)IF Atni=a — A|= a

2)If Ax2= [an an | ——> | A| = a1l . a22 — a2 .a
alr  ax

Ex:-

J |Al= (-8) () -(5) (D)
——> =0-35=-35

3)If A3« then
-+ ABada
( Diagonal expansion formula ) 4l 4%, Jlally a5 Allal) o3a 8 aaaal) Al ¢
4lay) 4d ghuaal) ) AN 9 Jg¥) 3 gard) Cipuad -
dall a1z dal13
A= | ax ax a3
d31 da3s2 d33
(Al JSAIL 4 shaal) g - ¥
dall a1z dl13 dall al2
|A | =|az1 a» a3 az1 a»
a3l dasz2 d33 a3l da32

(b LaS g Bnaad) 43 ghiaall JUad) o drad g o ghidy Juai ¥

o
e

™

Al 3 LAL A ASDEY 5 daa ga 5 Laly I W) AN Jo ghadl) daad o€
(AN LA 48 ghiaal) 03] daaall Mgl Ay -0

+




Joala = o 8l Il ealic oy Joala - 4l g 51 pall 1 LA pealic oy Juala
A =ai a22 a3z + a1z 223 a31 + a13 a21 a32 - a13 a22 a31 -a11 a23 a32 - a12 a21 a33
Ex:-(1)

10 3
A{ 1 2 1 J find |A |
0 4

A =1)(2)O0)+(0)(-1)(0)+(3)(1)(-4)-(3)(20)-(1)(-1)(-4)-(0)(1)(0)

=0+0-12-0-4-0
-16

/4  1/-6 1/2
-2

|A | =(1/4) (0)0)+(1/-6)(-2)(-2)+(1/2)(0) (8) — (1/2)(©0) (-2 )—- (1/4) (-2)( 8) — (1/-6) (0)( 0)
=0+2/3-0- 0+ 4 -0
= 2/3 +12/3
|A | = 14/3




2-3 Properties Of Determinants Gilddaall (al sA

TH(1):- If all elements of one row ( or column ) of A are zero ,then |A |= 0
Ex:-(1)
8 3

1 -9} — |A]=0
0 0

TH(2):- If there exist two rows ( or columns) are equal then |A | =0
Ex:-(2)

[4 7 -4 }
A= (1/7 0 177 |::>|A =0
0 4 0 |

TH(3):- If two rows and ( or columns) of A are interchanges then the
determinant of the resulting matrix B is( - A| ), i.e |B | = - |A |

Ex:-(3)

—= | Al = (3)(-1)(2)+0+0-0+2 =-6+2=-4

But
4 3 2
B= | -1 -1 0
3 1 0
—> B] =0+0-2+6-0 =4

TH (4) :- If two rows (columns ) of matrix A are proportional ,then A=0
Ex(4)

8 4 -8
A={1 0 1J:>|A| -0

4 2 -4




1 0
-3] K=2 = |c |=‘-14 6 ‘=—6+0=—6
A 234023 o= KIA |=2(3) =-6

Then K|A| = |C |

TH(7):- The determinant of the pTOdu t of two matrices is the product of
their determinants i.e ( | AB | = A B | )
In general

al3
a3 | = |A| = all a22 a33
a33

J =  JAl= (4)(5)(-1)=-20




0

oj = | A= (7)(8)(-2)=112
6 -2
Al = AT

Ex:-(09)

J —> |A|=33

= |AT|= 33

1-1i 2 +1
-1 +1

(1+1)(-1)—-(2—-1)1 ‘A‘z (1-1)(1)—=(2+1)(-1)
-1+1-21-1 =1+1+21-1

— =-31 =+31

|A| =31

TH (11) :-

A7 = 1/]A]
Ex:-(11)
Let A=
Find |Al  and A"
Sol :-
A] = (3)(3)-(4)(3) =9-12=-3

A = (c1)y(-1)=(4B)(1)=1-43=-1/3
NERAR




2-4 Cofactor Expansion & Applications (88 yad) Jalad) ddaci) ga il

Def :- The Cofactor of square matrix A is ( cof(A) = Aij = (-1)™™ Mij

—s Aladla

) A Adgiinall (e A ) A8 gdina Mijdﬂjn*ni\ma\h%,&m A= (aij) oAl
j dsenll s i Ciuall Cada aay lgale Wlas 5 (n—1)*(n-1) el
A Gaadl (e gij il a4l Mij 2asal Ji

Ex:-(1)
2
4 -1 , Find cof (A)
2 -3 4

-s Al3adla
e palie i JSU 38 el Jalall 2 ol iy A 48 siaall 381 5all Jalall slagl aic
b LS5 48 siunal

4 -1‘
3 4 = 1(-16-3)=-19

Cof (0)=Ar1 =(-1) " [Mi \:(-1)2

31
Cof (1)=A2=(-1)° 122 4 l=(¢1) (-12-2)=14

3 4
Cof (2)=A13=(-1)" =++1) (-948)=-1

Cof (3)=A21=(-1)> = (1D (0+2)=-2

Cof (4)=An=(-1)" = (+1) (0+4)=4

Cof (-1)=A23=(-1)" =(-1) (0+2)=-2

Cof (-2)=A31=(-1)" =(++1) (-1-8)=-9

Cof (-3)=An=(-1)" =(-1)(0-6)=6




0 1
Cof (-4)=A33=(-1)° ‘3 4‘ = (+1)(0-3)=-3

A1l A1z A13
Cof (A)= A21 A A23
A3l A3 A33
Exc:-(1)
-3 4 172
LetA= | -1/3 2/3 O |, Find cof (A)
1/4  -1/5 1

I 0

0O 5 |,Find cof (A)
I 0

0 1

(830 yal) Jalad) 48y oy dasall Ao

Theorem:- If A =(aij )n*n , Then

(1)|A| = ail Ail + ai2 Ai2 + I <i<n
OR
(2) |A| =alj Alj + a2j A2j+
-+ Aaada
el e e HS) e g giag M) Caall gl 3 gaad) AV o5 531 4G Hha Juzadl 5 (1))
IR (e 20aall Alagl ah oDle ) 2yl A (1Y)
(Ail, Ai2 ..., Ain ) <aall 138 yalial 31 el Jalall alag) 5§ caall cundity (Y1 Al )
(Alj, A2j, ..., Anj) 2seall 138 jualial 81 jall Jaladl dlagl g j 2 senl) oy (400GN AT
(n>3) S laic 20350348 Hhll sda (V)
Ex: -
0 -1 2
Let A= 1 -2 0 , Find |A|
0O 2 3

| A| =all Al +ai2 A12+ a1z Ai3 —

= (0)A11 +(-1) A2+ (2) A3




il e S Aqr, A2, Al3 Lﬁ\dj}[\u_b.al\ﬁuﬁé\ﬂ\&\)ﬂ\mo\gﬁo‘i\
2 0
Al =(-1)" 2 3 ‘z(D(ﬁ—Oﬁ>6

3 -1
An=(-1)" |2 4 L(-D(3—0)=3

3 4
An=(-1)" |2 - ‘=(D(2—0)=2
| A| =all A1l +a12 A12+ a13 A13

=0(-6)+(-1)(-3)+(2)(2)

=0+3+4

=7

Aokl adde Gadai s Gl 3 gendl 321 Ca g oK) Balaall JUiall i

a3 A13 + a23 A23 + a33 A3s3
=(2)A13 +(0)A23+ (3) A33

th WS A13, A23, A33 (o) GlU 2 garll palial 481 yall Jal sall aas oY)

)
Az=(-1)" h) 2 l=(DH(2-0)=2
0 -1

An=(-1)%*"? L) 2‘:(-n(o)=o

0 -1
A%:(J)“S‘l -2‘=(n(0+1)=1

| A| =a13 A13 +a23 A23 + a33 A33
=(2)(2)+(0)(0)+(3)(1)
=7
& e Akl B () adaind (Baa) 58 ghady ) Cilg g pul s A ge HIS) A5y Hhay - ¢ ABaadla

;&LSJJ}A;J\L_LA
I -3 6
A= [1 4 }
0 8




3 o %l
=+ (1) -(-3) 10 21 4+(6) |0
=(1)(-8-0)-(-3)(2-0)+(6)(8-0)
= -8+6 +48 =46
Exc : -Evaluate the determinant of the following matrices by using cofactor

(1)
4

LetA=| -3 ,Find |A |
0
1/4

-4 0‘

(2)

0
LetAz{ i _1/4 2} Find | A |

1 7 -0

Exc:-Evaluate the determinant of the following matrices by using properties of
determinant

5 8 2
(1) Let A= 0 ,Find |A|
; 0
-1

-7

0

(2)LetA= 1/4 —1/4 3
1/3

5

(3) LetAj= O
0

1/5

(3
(4) Let A9 0
2




2-5 Adjoint Of Matrix 48 shadl calad) Jalal)
Def :- If A square matrix then the transpose of the matrix of cofactor of A is
called the Adjoint of A ,i.e (adj(A) = (cof(A))" =( Aij)"

All A2l
adj (A)=(cof (A))" = | Al2 A22

Aln A2n
,Find adj (A)

Sol :- cof ( A) ) Gl Jalall 323 (V) - g
L LSy (adj (A)) caladl Jalall e Jans Sl Jgiid) aniad (V)

1 1

Cof (al1)=Al1=(-1)""" Mn =(-1)? ‘2 3 ‘
2 1

Cof (ar2)=A12=(-1)"° ‘1 3|=(-1)(6-1)=-5

= 1(-3-2)=-5

2 -
2‘=(+D(4+1)=5

Cof (a13 )=A13=(-1)" ‘ 1

‘-1 0

Cof (a21)=A21=(-1)" 2 3‘ =(-1 (-3-0)=3

3
Cof (a22)=A2=(-1)" ‘1 =+1)(9-0)=9

3

Cof (a23 )=A23=(-1)" ‘1 2
‘-1 0

Cof (a31)=A31=(-1)* L1 1
30

Cof(a32)=A32=(-1)5‘2 1 ‘ =(-1)(3-0)=-3

=(-1) (6+1 )= -7

‘z +1) (-1-0)=-1




3 -]
Cof(a33)=A33=(-1)° ‘ 2 -1 ‘=(+1)(-3+2)=-1

A1l A12 A13 -5 -5

> Cof (A)=| A21 A2 A23 3 9
A3l A3 A33 -1 -3

All
adj (A)=(cof (A))" =| A
A13
-5
adj (A) =|-5
5 -7
Exc:-(1)

4 -6 O
LetA= | O 1/4 5 ,Find adj(A)
1 0 2/4

Exc:-(2)
172 -1/3 5/2

Let A= -1/6 0 -1/2 ,Find adj(A)
0 -1/2 0

Exc:-(3)

Let A ,Find adj(A)

1
0
3
6

Theorem :- If An*n square matrix then
A (adj(A)=(adj (A)A=|A| .,

Ex : - Evaluate the determinant of the following matrices by using adjoint
of matrix
3 -1 0
LetA= | 2 -1 1
1 2 3




agubill @k SV - Jadl
adj (A) 230w ()
Dbl s cpall (madj (A) 2 A e dalaaai(Y)
s 5l A shian (B g pme S U (S Ol e (V)

dall e Boai (ST A 23aa a3 (£)
S5 3

(1) adj(A)= | -5 9
5 7

3 -]
(2) A.(adj(A)=2 -1
1 2

-15 +5 +0
-10 +5 +5
-15 -10 +5

-10 0 O
0 -10 O = -10
0 0 -10

(3)A.(adj(A)) = -10 Is3
(4)

+ +
3 -1 0
|A|= 2 -1 1
| 3

2

101 21 2 -
=(3) ‘2 3‘-(-1) ‘1 3 ‘+(0)‘1 2

o

3(-3-2)+(1)(6-1)+0
-15+5 ‘ ‘
:-10 A =-10
Ol dga (e Allall Ll g e ) Aga (e 4 il Gkl )




Theorem :- If A square matrix and|A | # O ,then
A'=1/]A | adj(A)

- ¢ daada
A A8 shadl o el AlagY saaa 38y Hha ey 3y plail) o8 (Gadat )
Ex: -
2 3 1
LetA= |[-1 2 3 |,Find A" by determinant of A
0 2 1
Sol :- S sl it odle ) Ay il aladinly G Sl Ay -z Jal)

OB e (g g 2l IS 1A L) Jadly palid jhia g gy IS 1A A daae aai (1))
dall (e Bigiig asm 50 & (L sSadll

adj (A ) 23 (V)

dallaais AT=1/ A (adj (A)) A8 Ghi(T)

103 -1
!

3
1‘-(3) 0 +(1)1]0
—(3)(-1-0)+1(-2-0)

-1 .
exists

)
(2)cof (A) = 4
7

4
adj (A)= (cof (A)) =|1 2
2 4

(3) A'=1/ |A|(adj(A))=1/-7




4/7 1/7 -1
Al = -1/7 -2/7 +1
-2/17 4/7 -1
Exc:- Find A™ by using the
determinant of A

(1)A=

(2)A=| 1/4 6
1 0 -1

2-6 Cramer's Rule ()8 Basld ) Aol gy Audadl) Y alaall Ja

Theorem:- If AX =B be system of linear equations which have (n) variables
and (n) equations such that| A| # 0 ,then the system has one solution is

Xi= Al /] Al . Xo= |ad/l Al L. Xa= lAnl/ |A]

Adbgiadl 3] dgeall Jae B &ghead) jualic Jud (e dadlill dhoad) Aj o) Cus
Ex:- Solve the following equations by using Cramer s rule
X+2Y+372Z=2
2X+5Y+372=3
X+8Z=4
Sol :- GGl ¥l 2 el HS Bac 8 aladiuly Jall die -3 Jad)
Gl siiaall alas ) alaill Jeai (1))
3ieall 48 shaall saaall 2n3 (Y )
(A3 |, (a2 ] | ALl ol ghadl sl ani (1)

EA;GJ\@.LJ?S(Z)
X 2
3 Y 3
Z 4
X B




(2) |A| =1(40)-26-15=-1 #£0
(3)

2 2 3
Al = 3 5 3
4 0 8

|A1|=2(40)-2(12)+3(-20)
=80 — 24 — 60
=4

I 2 3
A2 = | 2 3 3
I 4 8

A2 = 1(12)=2(13)+3(5)
—12-26+15
1

I 2 2
w25 3
I 0 4

|A3|=1(20)-2(5)+2(-5)
=20-10-10
=0

Al|/|Al =-4/-1=4

A2/ A = 17-1=-1

A3l 7 IAl = 0/-1=0
Solution Set ={4, 1.0 }

- A3ada

Jualaall sae (g b OYalaall 220 ) S A A GubillALE ) Seacld o) (1))

e g b (OOlaall dd jhinn ) A a5 Ol sy (V)

e Slan &) n>4 0SS ladie dgluall alill e85 e jal S Bl mual (V)
O 0elS Ayl Jleatil Bdie GuaW) (e s (Jilaall 22e (5 5hun 58 5 3lalaal)




Exc:- ) Y alal) eU:'a.'\ Jda el Sacld e\dﬁ.u\.)
1) X1+2X3=6

-3X1+4X2+6X3=30

-X1-2X2+3X3=8

2) X1+2X2+3X3=6
2X1-2X2+5X3=5
4X1-X2-3X3=0

(3) X1 +X2=3
X2 +2X3=2
X3+3X4=1
4X1+X4=0

2-7 The Rank Of The Matrix 48 giaal) A

-2 by g
Aw@ﬁﬁjw)ﬁ\ﬁu\u&A:\AM\MJulﬁ m*n dme QN Ea0 A KA

Ex:- 43 gaal) 43 aa -2 Jlia

A= [3‘10}
5 71

Ay A shiae Lgie A Gl day e Cand LY 48 ghiaall 53] dana a0 ¥
2%2

2 sl A A )

B= (3 1
5 7] 2%2

—:Jla
48 giinall 45 2a




Sol :- - Jad)
A A g e sy Y daaal) S 130 L aaall aa &3 40 Ja il ghiae A

5 7 2
B = [0 0 OJI:>|B|=
9 0

0 33
B= [5 7}
9 () 2%2

| Bl=-63
Then rank A =2




