Chapter One

S Matrices Sl ginaall
(1)_Matrix
Def ;- The matrix is any rectangular array of real or complex number ,
which has m rowsand n columns, which we can be written of the form

all al2.......oeeean.. ain
A = dml dm2.....cc000ennn. dmn m*n
Or A= (a;)m*n,foreach i=1,...... ,m ,j=1,.......... ,

Def :-The number of rows and columns is called the size , or dimension of
matrix and denoted by ( m * n ) and read it as follows ( m by n ) matrix )

Ex :-
1 -6 1/8 -1 8 9/4 0
A = |-5 1/2 0 , B=|11 4/7 -13 2
9 0 -4 3 *3 1 -12 0 9 ) 3%4

(2) Operations of Matrices
(a ) Equality of Matrices <l shaall g glud

Def :-The two matrices are equal if they have the same dimension and their
corresponding elements are equal

Ex: 4 2 5 8 0 4 2 5 8 0
A= 1749 0 -1 5 J2*5 , B=l14 9 0 -1 5) 2%*5

Ex2 :-
-5 1 1/7 -5 1 1/7
Let H= 8 16 0 |2*¥3 . D=1L(-8 16 0 )2%*3

Then A= B , but H # D since 8= h21 #d,;=-8




(b ) Sum and Subtraction of matrices cld siaal) 7 b g e

Def :- 1- Let A and B be two matrices of the same order then the sum of A

and B denoted by A + B, can be found by sum the corresponding elements of
A and B

In other words , if A =(a;)m*n , B=(b;) m*n
Then A +B =(a;)m*n + (b;; )m*n
= [(aij+bij)] m*n
2- Also we can defined the subtraction of matrices with same conditions of the
Sum as follows:

A -B =(a;) m*n - (b;; )m*n

= [( ajj - by;) J m*n
Ex :-
-5 9 0 15 4 0
Let A= 6 -4 13)2*¥3 |, B= 1 -3 -5 2%*3

Find A+B and A-B

Sol:-
5+15  9+4 0+0 J [10 13 0 ]
A+B = 641  -44(3) 13+(-5) ) = | 7 7 8 | 2%3
-20 5 0
A-B = 5 -1 18 2%*3
(C ) Multiplication by scalar number Ay o )

Def :- The product of a matrix Am*n by scalar number k denoted by
( KA )m*n , 1s a matrix founded by multiplying each elements of A by k .

By other words, kA=k (a;; ) m*n=(k a;; ) m*n, foreach i=1,...... ,m
j=1, .. ,n
EX :- Let ~
3 1 1/8
A = 5 0 -2 ,k=4 find k. A
S5 177 6/ 3%*3
Sol :- ~
12 4 1/2
KA = 20 0 -8
-20 4/7 24 ) 3%*3




Exc :-

6 -2 177 -2 3 6/5 0
A = |5 1/3 0 , B=]0 I -10 9
8 11 -0 3%*3 1 -8 0 0) 3%

k=-1/5thenfind A-B , A+kB, k(B-A)

(d) Matrices product b ghiaal) o pa
Def :-The product of two matrices A and B is defined only on the
assumption that the number of columns in A is equal to the number of rows
in B
Now ;if A=(aijj)m*p and B=(b1j) p*n
then (A B )= X" aik. bkj =(Cij) m*n=C.
k=1

ail arz  an b1 b2
A =|ax ax a3 , B=]| ba b2z
a1 asx ass | 3%3 bsi bz | 3%*2
Find A*B
Sol :-
a1 bii+aizb21+aisbsi aiibio+anboo+aiszbse
AB=| azibi1+axb2i1+az3bsi a21bio+azboo+azzban
azibii+asz2bzi+assbai asibio+asz2boo+aszzba | 3%2
Ex:- Let
2 0 -3 -3 2
A= |-1 0 4 2*¥3 . B= |7 3
0 -1 3%
find A*B

Sol :-
[(2)(-3)+(0)(7)+(-3)(0) (2)(2)+(0)(3)+(-3)(-1) J
A*B = (-1)(-3)+(0)(7)+(4)(0) (-D@2)+0) 3)+4) (-1)

-6 7
3 -6 | 2%2

Exc:- (H.W)
Let

5 40 8§ 0 -1 4 1
[O 6 1] ,Bz[S -1 4 J ,Cz{O —O}
8 3 0.3*%3 2 9 0 JU3*3 3 3%2

A




Find (AB),(BC),(CA),(A+B),(AC)+C ,9(AC) ,12(AC)-4(BC)

Theorm (1)
if A,B,C be matrices and K real number then
A)H)A+(B+C)=(A+B)+C
(2) A+B=B+A
3)K(A+B)=KA+KB
(4)A(BC)=(AB)C
(55 A(B+C)=AB+AC
Proof :-
(1) Let A=(ajym*n , B=(byj)m*n , C =(cij)m*n
L.H.S
A+{B+C}=(aij)m*n + {(bij)m*n + (cij)m*n}
= (a1))m*n + { ( bij + cij )m*n } (by Sum law )
= {( aij +b1j +c1j )m*n } (by Sum law )

since aij ,bij ,cij are elements in R then they have associative property
= { (aij + bij ) + cij}m*n
= { (aij +bij )m*n +(cij)m*n }
= { (a;j)m*n + (bij)m*n } + (cij)m*n
={A+B}+C
Remarks :-
(1 ) matrices multiplication is not commutative

AB # B
Ex :- Let 2 3 1 -1
A = |-] 0 , B = 0 4

2 10 {3 3}
AB = -1 1 R BA = -4 0

(2) A B may be équal to 0 with neither A nor B equal to 0
i.e AB=0,but A= 0, B =0
Ex :-

b= (1 2] .- [0 2]

(2 5
AB= L 0 0




(3)IFA.B=A.C thatis not necessarytobe B =C

Ex :-
[ 2 4 J [ 4 2} 4 14
A= 4 8 ,B=0L 6 4 , C=10 -2
32 20 {32 ZOJ

AB= 64 40 , AC = 64 40

Kinds of Matrices <ld ghuaall £1 430
(1) zero matrix :- is a matrix all of whose elements are zero and is denoted

by Om®*n

Ex:-

A= 10 0 0 | = Oz
0O 0 O

0O 0 O
Osx= |0 0 O
0O O

(2) square matrix :- is a matrix has the same number of rows and columns

Ex:-
aill aiz ai3
A = azi ax as
a3l as2 as3
Remarks :-
(1) square matrix has ( main diagonal ) with its elements
arl , a2 , as3

(2) the frace of matrix is the sum of elements of the main diagonal

ie if A=(aij)n*n T(A)= ) aii
= ainn+ax+ ......... 4+ a nn
Ex:- let
-7 3 9
A= 0 5 -8 find T(A)
2 6 12
sol :-

T(A)=(-7)+(5)+(12) =10




(3) Diagonal matrix :- is a square matrix which all elements are zero except
elements of diagonal

Ex:-

(4) Row matrix :- a matrix with only one row and ( n ) columns

A=[3 0 7 0 192 4] 1=

(5) Column matrix :- a matrix with only one column and ( m) rows

Ex:- .

>
I
N o o 9w W

6*1

~ J

(6) Lower triangular matrix :- a square matrix A= (aij ) n*n such that
aij=0 forall i <j

Ex:-
22 0O O
A=|7 8 0
0 9 2 3%3

(7) upper triangular matrix :- a square matrix A=(aij)n *n such that
aij=0forall i>]
Ex:-
33 2 7
As0 4 -55
0 O 1/9 _/3#3




(8) Identity matrix :- a square matrix of order n which every diagonal
elements are equal to 1 and other elements are equal to 0  denoted by In

Ex:-

1 0 I 0
=0 1 , I3 0O 1 O
0O 0 1

Note :- let A n*n be a matrix and In be identity matrix then

3*3

AI=1.A=A
Special Matrices ladl) il i)
(1) Periodic Matrix g 9l 43 ghaall

Def :- A matrix A such that A® = A s called periodic matrix , where
K is positive integer number .

Ex :- Show that A is periodic matrix of degree two
-2 -6
As-3 2 9
2 0 3] 3%3

(2)ldempotent Matrix s Al Lgluda 4dgiuan
Def :- A matrix A such that A% =A s
called Idempotent matrix

EX :- Zero matrix is idempotent matrix .

H.W :- Give an example of an idempotent and  periodic matrix .
(3) Nilpotent Matrix 558 da gara 43 ghiaal)

Def :- A matrix A suchthat A" =0 iscalled Nilpotent matrix , where
P is positive integer number .




Ex :- Show that A is nilpotent matrix of degree two

1 3 4
A= [-1 3 4 }
1 -3 4 J3%3

Sol:-
1 3 -4 1 -3 4 0 0 0
A= |1 3 4 |.| -1 3 4 | =10 0 0
-3 -4 1 -3 -4 0 0 0
A =AA=0
(4)Transpo se Of Matrix (A8 shaall gia) 43 shaall Jshia

Def :- If A=(aij)n*m then the matrix Al =(aji)m*n obtained by
_interchanging rows and columns is called Transpose of A

A ghadll & (uSally 5 Cogtiall Ja saee V) Jlagiud (e 2ai A8 hiae 2 AT o) ) -; Aiadla
A
Ex :-
6 1 -14 8
A= -3 0 5 7
0O -1/4 2 0 3%4

6 -3 0
AT=] 1 0 -1/4
1405 2

8 7 0 /4%3

Theorem :-if A" and B' are transpose of A and B , and if K is any

scalar number then :-
1) AH'=A

2) A+B)"' = AT +B"
(3) (AB)' =B" . A"

@) kA" =k AT




Proof -: )

(1) let  A=(aij) m*n

L.H.S Y] caplall 3l
(A" = ((aij)’ m*n)"
= ((aji)n*m )’ by { (ai))’ m*n = (aji) n*m }
= (aijj ) m*n by { (aij)T m*n = (aji) n*m }
=A

2) let A =(aij)m*n , B=(bij) m*n
then A’ =(aji) n*m , B' =(bji) n*m by { (aij)’ m*n = (aji) n*m }

L.H.S ¥ G lall 380
(A+B)" = [ (aij)m*n + (bij)m*n]"

=[(aij +bij )m*n 1" by { (aij) m*n+ (bij) m*n =(aij + bij ) m*n
=[ (cij) m*n ]
by { (aij)T m*n = (aji) n*m }
=[(¢ji) n*m ]
= [(aji+bji)n*m ]

= (a1 n*m + (bji)n*m

= A" + B'
H.W :-prove (3,4)

(5)Symmetric  Matrix 5l Lilal) 48 giiaal)

Def :- A square matrix A suchthat A =A" iscalled Symmetric
Matrix.

Ex:- Define and given an example of a symmetric matrix
Sol :-

3 7 2 , 37 2
A= | 7 g8 3 ,AT=[78 3}
2 3 9 2 3 9

A=A"
Then A Symmetric matrix .




B = B'
Then B isnot Symmetric matrix .
Theorem :-if A square matrix , prove that A+A' is symmetric

matrix .
Proof :-

We must prove that
[A+ AT " =[A+A"]

L.H.S
[A+AT ] s[AT+AD"], by (A+B) =A"+B'
=A'"+ A , by AN = A
= A+ A" : by A+B=B+A
Then A+A' is Symmetric matrix
(6)Skew -Symmetric Matrix Lase b Lital) 44 ghuaall
Def :- A square matrix A suchthat A = - A" s called

: Skew-Symmetric Matrix.
Ex :-

A= [o 6} , AT=[0 } , -AT=[ 0 6]
6 0 6 0 6 0

A=-AT
0 13 5 0  -1/3 5

B=1|-1/3 0 7 B'= [1/3 0 7
5 7 0 5 7 0

1/3
_B'= [-1/3 0 7 ]
5 7 0

B = -B'
Then B Skew-Symmetric matrix .
il hadll yualic ()5S ol ang Ll 3 )laliie 48 shiae (o Jle pua g die -3 Aiadka
B LY (S jhea (g sl




H. W :- (1) Give an example of Symmetric and Skew-Symmetric
matrix such that the order of the matrix is (3*3) and (4*4) .
(2)Theorem :- if A square matrix , prove that A-A" is skew-
symmetric matrix .

(7)Orthogonal Matrix Blalaial) 4b siuaall
Def :- A square matrix A such that AA" = AT A=T iscalled
Orthogonal Matrix .

Ex :-

12 0 12
A= |IN2 0 -1A2

0 1 0 3%3
Sol :-

AT = 0

12 12 oj
0
112 N2 07 3%3

1 0 0
A.ATH 0 1 0
0 0 1 | 3*3
1 0 0
AT .A=|0 1 0
0 0 1 )3%3

A AT = AT A =1

H. W :- (1) Give an example of Orthogonal Matrix such that the .
order of the matrix is (3*3) and (4%4) .

(2) Give an example of Orthogonal matrix of the order (3*3) and (4*4).
(3) Solve Exc-(1.3) Page (33)?







