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h2.5) Variation of Gravity with Height:

We assumed that g was constant. Actually, the force of gravity betwesn two particles is inversely

praportional to the square of the distance between them (Newton's law of gravityl. Thus, the

gravitatiomal force that the Carth exerts on a body of mass m is given by:

pt Ll oD i, s alall 5 8 A R A 1 {0 R 5 e il Sl b g o B i G

et m A nl naly ot g A0 Awdal i o8 dide [lSlall s 08 g ) L Aol
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[Newton's law of Gravity between the earth and paticle of mass m]
in which G is Newton's constant of gravitation, M i the mass of the Carth, and r & the distance
fram the center of the Earth to the bady.

We knaw that there is a relation between the farce and potential energy,
F=—— =8V=Fdr-dl=Fdr —-J[ d¥ = jf‘dr

Substituting eq. (1) into last eg. we get:
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[Invers First — Power Potantial Energy Function]
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F= mg = m#

Thus the equation of motion far the particle m is writken as the following:
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Byt if we apphy the chain rale for the baft hand side:
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Integrating hath sides of the last squation with respect ta © and r, getting:
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[Free Falling Energy Equation]
In which [ i= the constant of integration. Thi is in fact the snengy =guation: the sum af kinetic
and patential energy remains constant throughout the mation af a falling body.
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Where 1, is the radius of the earth. Now, in order to find the spesd of the projectile at any

height X abowe the earth™s surface, combining the fast two energy equations, we can get:
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Substituting by (& = r}, then multiply the eguation by the factar — e pat;
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[Speed at any height above the earths surface]
HMow the sguation of gravity acceleration far the projectile on the sarth's surface is given from

modifying the eguation of mation (%], such that;
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From eq.{6) one can say: M = gr.?, then substituting this value in eq.(5), we get;
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[Speed of the projectile with variont gravity accelerafion]

'y .
In case of (X < 7 — p— = ':]]_. then the last equatiaon reduces ta the form:
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[Speed of the projectile with uniform grovitational field]

The maximum height attained by the projectile, & found by setting (2 = l:l_':l, and solving for X
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Again, if (8,° & 2gr, — E:,,T = {0, then;
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[Maximum height of the projectile with low inttial speed ]
To find the value of &, that make the projectile escape from the sarth’'s gravity, which is called
the escape speed, we need to expand the seres in parentheses in eq. 10}, by using the binomial,

a% the following:
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leth = r, = 64 x 10*m.and g = 9.8 m/5?
B =2 B4 10% 9.8 = 11Km/5




T ovder 4o Lind The €S
Cq/Oe, Velocids o
wWe havie Fo €4\’f’ﬂ;«5f rﬂw, binowial ’?‘qu)P Q‘Z?./e

e FD Z/Tre gre)'”'_]

£ (ohe (5 %

Ng/acﬁg; He Mjl\x/ o raers ofq%; Sewes/ /e ae,‘t

Ea
XmaX. = e
15 29 K

iy g= -9/ 5 the eSape

Sur, , M?(H bie.

CZp Xwax =Ye =6 7RC
C/V(/[&C¢ﬁ /U’) 0011" E‘.“(%

U, = 2(7-8)(¢ 4 3159

—/‘[/km/S / /.
W D "})\)Wﬂ%l’ﬂ’ )5) \,{,«é'j \A//ﬂ‘) /,.M}-"a.f
- (W o)L/rv/')JMo

S Ner 0 \’“/0\; oM ST G}L“'C)L..{-e(

M}i))\ ¢ Ne Ve o
e g 10“9/ 00}(,,7/56(‘ o)!"‘@_,-—- C)'L‘-’
(/7“))/20‘5/‘ e
2017 ’)o;/ﬂ”’ k’//bk»s*\d)"—“’é«u d}dd

g O
i (:?/)/\(al,t,o/ﬁ;/.,we/ f.p,
) Q\M)\,o)/u\u\wj»u e :))



2-—7‘%—1 ForCe ©5 a Fencfibn 970 V&IDC(‘JJ @nlﬂ @ 2
é\sj_/\o/\_pgxﬂcs);'-u (:\_})G/L‘ ST 5 N O}fg,)‘_.?,,,_gt,l.di_é
- o - “ - -
= KT 9‘9‘/:“] A 29, W 257 che & Jlste Vs - r“_-é) >
i LB SLla e de g DRl e E et Dy S
//0\(’)'/'\": 1,3/1‘,,(&,‘:‘/2;)9-/\.;:9& 2, Gy - bl s>
, &mJ_J\geftE“"uz")ﬂ“-‘"“" W) s~ S Lo
IHhete are ne other Sfortes «/75"7,% Ay awaién of motbns
Can be eXpressed as:
| - oA
L(CY)=m ~—— = )
At

4)327/"; /v#jﬁﬁbﬂgl‘d/s (f) as a funchon of (#
. Sitords <[md® o H )

—
:D«g—-;fﬂ_-—-m Hl > £ 20
F(&)
/455 Cth"V7 ‘/ﬂw?" wWe Gan =9 - aboye ?m,ﬁém ﬁ,-f(cp}/
s ey t/eﬁ:a‘@ @y a JurOf v

|U’ = Uw('é) "f({’)
j’cwr\/ {n Jymhﬂ
If()’l‘é) Q/‘I£ = %[’f}l /0051'7'719;4 as aﬁ{nqéan

w) - . o/
2t AFAE ZX

seb-  In a) |

7 e A5

F(F)=m ()'7"
X r ’4 v
{ﬂ}ﬁra/fe Jo obtain (X) as 4 Sunchidn ayg([/’):

Jax = f %Z} oA
a —LM%/}‘L‘m,‘

Pos. fon <3

— _ (m ]
=SB -2 T e

)




a(, E’.S\/Zr\d boo ki (/l_(ﬁﬂ'jaw'ﬁz{ Mohon with (inear Ae&sf
Suppase @ blocK is P '\"J‘”ﬁ"/ ‘é”ﬁf initia I/doa‘(}y (2

a Smdth horfﬁonfzzl P’ane( but that there i< ail YeSistance

| mlooﬂ"/?bﬂa/ to & that s F(#)=-CLF, wheve C i's a
Constant of proporitiorality- (The xXaXs is alory The

| direchiva of wotion) Find ) the velooly a< @ furedon of

' distanice , ) the equa%‘an of time  as e fumehon sf()-

el
Newo fon’s Ind (a0 (a5 a funefon f’ﬂf v
A
Fiord=m—— ===

He aiy Vesistanrce Loyce (s
Lio=-CF — (P

Ton equaton ofmohon is:
"7 e
7

f/f:f—;m dAF _ 5 4= /n&"/f

7
| é='2—g'—/n% Lime as a-ﬁ)w/wq of &>
i _ct
A P : e/c/a _



2-5 The ovile a3 a,/::éncﬁbn ef’ Time on@ @
/ : '
Newds fon's 2 el lac/ as Qvar\v}ébn a;z(—{-) O:‘(/em af

Frt)= mAV
At

_ F)
do = At

oAX _ EZ) -
At m oAt = )

2nd Infeymﬁ“ﬂn gves X as afoornition of & -
~ . & :/y(é) AL where ! ;7/2%( = Y

(1 Ew Equaton of Position as a
. B F o 9 S 779 afs
0° \7( = [[ “m 00{;] d£ Ffunchon of (t) [For forces

b ec‘? given as abuns o < £

g B.53,2 B beoie )

A block is (nitially T Yest on a Smooth han"jonfa/
surface. At teme E=2) & Constantly Increas,vy hoti'2on —
‘o\{ ‘709(56 (s QIU,OII\QJ : F= C't— F’T\V\d e VQ/[GCV‘b and Yoo

olz&p) aCememf as fumv‘z‘amf o/ﬁ frme -

Sol -
Sl wedofons 2ud laco s given as < furefbn (42

F(oo = m 4 @
dZ

F:C'-é "“@

¥ - \ -
ozﬂr%ua/ﬁbn of mofon (X ¢ pof = mf//_g

+e othes lmm”ﬁg af/"\e( Lre (s

A= & e [
_ AL —->ofo/0b—maf2‘o/z‘



3
o X = _C:'é_ — 76[1[) €7u‘?—ﬁb14,

5479,495 2-9 Vertd wohdn in a Resisti M{/MWJ
i ‘erff;?:\i/ Vdaayy (53, ;3 book)
| An o/yjcof 7411///‘/;7 Ve//z‘az/[y Fhisgh theai of 4/:;@0(74 ang
A os ﬂf[?jeol‘ o VIs CousS vesiitance - TF Hhe resistance
s /V\o[)o/,*_h-pr\c?/ o tle "g“VS‘f o uler 9f () [/(‘y)m,;/‘we)/ we.
Can €XPVESS s forCe as (—-C ) Veg ardless of the Sign
of (F)s because he vesyfance 13 Q/a/ayf oﬁ/osflwa +o
e d_f'reo(wn 97ﬂ mo frgn. <€- 103 a Cous - d%ede ou o{,*ea}j
| 5/\—7,00 ard 5z e ard The Vf3605"'39 of Hu [fw“/«
Jot s Aeke A akvs to be posihive upward  He ik <

b ,m,o')é“‘a/l s then!

wmg-at=m 3
ﬁoff :/(fo/y/_.? . [y /
o rﬂy —(;7(9+COV)¢ “m T T ”/’7*?0’) 7

=3 1 = -'—'g[/n[hg-w(f;) -(f’:’j*kf‘sa’)]

) _:L/l- Mj-f(,c}"
o0 ‘t-—— = !}’)(—“——mg{-cw



) atr s I () o Aot & DUh g sSan B <D
v (f) €00 elV e () et ol

o mg £ b exe-
7—- - /n/y%»&ca;,’) d
é’%_ 9 4 C
gt e
y)ﬂ_{_,cc}':@’y{’cdg)e/
= L ,?
~ - %1 VYeloc'hy as a )Gmﬁ/(rcn of

{\{3 £t 77 D/c 7 and V&/wc{‘& qpp/\oc//w‘wy Hhe !;‘m(‘#;y Value
(-mg/c) " The iim.»lf;, velocd) o f a faling body (s Glled
‘//}-e ‘tﬁfmfrta/ Ve/é?c{‘? D Lo SpfN
‘w/(u’/)‘.:&L\ &> ol l&:j a7,y 355 O ¢

- " , Fa} . )' » e ]
~ a2l $1ods 5 7 5L B s Vb s an: o o:; 0_9-1—3‘\
‘%fernm,)y’tza/ Fw s = £

A
x- Xo :/U‘éf’)/f
:~M+/%+ﬁ;);f%ﬁ —‘@
< C




X=Xe=UGt+ X (- )

whovg; K= Py md - gv el
ot &

" - - T
/;“fee/[v%),ff[%w) & Fa=li e
(}';(/—e:%)(é”

l‘; mt =2

sfo-0-E |

a,};—}ey‘ an lnterval 0%40 73’)/ The 5/04:{0/(5 “7"‘@/ ﬁ@)




Problems

2.1

2.2

2.3
2.4

2.5

2.6

Find the velocity ¢ and the position x as functions of the time ¢ for a particle of mass m,
which starts from rest at x =0 and ¢ =0, subject to the following force functions:

(@) F.=F, +ct

(b) F, = F, sin ¢t

(€) F,=Foe”

where F; and ¢ are positive constants.

Find the velocity % as a function of the displacement x for a particle of mass m, which starts
from rest at x =0, subject to the fpllowing force functions:

(a) F,=Fy+cx

(b) F,=F 0™

(¢) F,=Fycoscx

where F, and ¢ are positive constants.

Problems 79

Find the potential energy function V(x) for each of the forces in Problem 2.2.

A particle of mass m is constrained to lie along a frictionless, horizontal plane subject to
a force given by the expression F(x) = —kx. It is projected fmrn x = 0 to the right along
the positive x direction with initial kinetic energy T, = 1/2 kA”. k and A are positive con-
stants. Find (a) the potential energy function V(x) for this force; (b) the kinetic energy,
and (c) the total energy of the particle as a function of its position. (d) Find the turning
points of the motion. (e) Sketch the potential, kinetic, and total energy functions.

(Optional: Use Mathcad or Mathematica to plot these functions. Set k and A each equal
to 1.)

As in the problem above, the particle is projected to the right with initial kinetic
energy T, but subject to a force F(x) = —kx + kx*/A%, where k and A are positive con-
stants. Find (a) the potential energy function V(x) for this force; (b) the kinetic energy,
and (c) the total energy of the particle as a function of its position. (d) Find the turning
points of the motion and the condition the total energy of the particle must satisfy if its
motion is to exhibit turning points. (e) Sketch the potential, kinetic, and total energy func-
tions. (Optional: Use Mathcad or Mathematica to plot these functions. Set k and A each
equal to 1.)

A particle of mass m moves along a frictionless, horizontal plane with a speed given by
v(x)= ot /x, where x is its distance from the origin and o is a positive constant. Find the force
F(x) to which the particle is subject.



2.7 A block of mass M has a string of mass m attached to it. A force F is applied to the string,
and it pulls the block up a frictionless plane that is inclined at an angle 8 to the horizontal.
Find the force that the string exerts on the block.

2.8  Given that the velocity of a particle in rectilinear motion varies with the displacement x
according to the equation

x=bx

where b is a positive constant, find the force acting on the particle as a function of x.
(Hint: F = m¥ = m# di/dx.)

2.9  Abaseball (radius = .0366 m, mass = .145 kg) is dropped from rest at the top of the Empire
State Building (height = 1250 ft). Calculate (a) the initial potential energy of the baseball,
(b) its final kinetic energy, and (c) the total energy dissipated by the falling baseball by com-
puting the line integral of the force of air resistance along the baseball’s total distance of
fall. Compare this last result to the difference between the baseball’s initial potential energy
and its final kinetic energy. (Hint: In part (c) make approximations when evaluating the
hyperbolic functions obtained in carrying out the line integral.)

2.10 A block of wood is projected up an inclined plane with initial speed v,. If the inclination of
the plane is 30° and the coefficient of sliding friction u, = 0.1, find the total time for the
block to return to the point of projection.

2.11 A metal block of mass m slides on a horizontal surface that has been lubricated with a
heavy oil so that the block suffers a viscous resistance that varies as the 5 power of the

speed:

Flv)= -0
If theiljiﬁnitia] speed of the block is v at x = 0, show that the block cannot travel farther than
2moy e,

2.12 A gunis fired straight up. Assuming that the air drag on the bullet varies quadratically with
speed, show that the speed varies with height according to the equations

p? = Ae”F —% (uprward motion)

v = %—— Be®™  (downward motion)






