1.4 Banach space

Definition(Banach space):- Let X be a normed linear space , Let d be a metric

space defined on X if (X,d) is complete then X is called Banach space.

Remark:- Complete normed vector space = Banach space.

Example:- Let X be a vector space IR or ¢ for xeX Tack [1X11=Ix] Then

(X,11 11) is Banach space.

Sol:-
1) uxi=1x1=0
2) 1IXI=0—1x1=0—-x=0
X=0 —=IxXI=0—11x11=0
3)Letz we ¢
lZ+WI| = 1Z+W]
1Z+wWi2= (z+w) (z F w )
= (z+w)-(z+w)
=zZ-Z+7Zw+ Z W+ wW-w

< 1zI” +21zw ! +Iwi byizi’=z-z

2 2 —
<1ZI°+21Z1-IW 1+] Wi by 1zw| = 1zwI=Iz]-1wI
< (1Z1+1w1)?

hence 1z+w| < 1ZI+HIW |— [Z+WII < [1ZI+HITWII.
4) HAXIT = IAXI = [l 1XI = IA] X
Thus € and R are both normed linear space and
since every Cauchy sequence in € or (IR) is convergent ,
Then ¢ and IR are complete.
hence ¢ and IR are Banach space.
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Example:- (Euclidean and unitary spaces)
Show that the linear space IR" and ¢" of all n-tuples

X = (X1,X,....,Xn) 4 X1,Xo,....,X, €IR" or € are Banach space under the norm
1

nxn=Cxr, |xi|2)E

Sol:-

. . 2
1. Since X1 >0 Vi=1l,...n— X", Ixil >0

1
(TP, il )* 20

—IXI1>0.
1

2.if1x11 =0 -, |xi|2)5:0—>2?=1 xil© =0 — Xi=0 Vi=l,....,n
iin:O Vi=Il,...,n

2
2 LS
—IX1=0—-Y1, Ixil =0

1
(TP, il ) =0
—1X11=0.
3. XY IS (XY, XoHY o, o Xt ) 11
=)o Ixi + yil2
=Yieq Ixi + yil Ixi + yil
<3 x4 yil (1xil + 1yil)
<Y (1xi + yin ) 1xi+ X, (1xd + yil) 1yil
= LXFYH- X HIXFYH- YT
= UX+YH (X1 Y1)
if 1X+yl1= 0, then the above is true
if 1IX+Y1I#0 — [IX+YH < XY
1
4. 1NAXI = H(AXy,AXo,. ... AXn) = (O Mucilz)2
1
= (X ki)
1
= QA Y 1xi)?
1

= M QR |xi|2)E

Jsen jina 2 Aoyl Al ) byl and S sl




=ML IXI
Now to prove IR" is complete
Let <X,> = <X1,Xp,.....Xp>  be a Cauchy sequence in R" where
<X;>=<a;® 3,?,.....a,">
<X,>=<a,Ya,?, ... a">
The projection X, in IR

<a,® a,Y,....> <a;? a,?,....>,......,<a\™ ,a,"™,.....> is Cauchy in IR and since
IR is complete.

Then <a;® ,a,Y,.....> <a;? ,a,2,.....>,....., <a,™ ,a,"™,.....> are convergent.
<, M ... >5by,...., <™ 2", ... >>b,eIR"

Then X, — q =<by,b,,.....bp>

. X, convergent — IR" is complete.

-.IR" Banach space.

Example:-

Let C(x) denote the linear space of all bounded continuous mapping on space X,
Show that C(x) is a Banach space under the norm

11f11= Sup {If(X)1:xe X} ,feC(x).
Sol:-
Let (f+g)(x)= f(xX)+g(x)
(af)(x) = af(x).
1.since If(X)I >0 VxeX — |Ifll >0.
211 fll =0 < Sup {If(X)I:xeX}=0
<If(xX)1=0  vxeX

of(x) =0 vxeX < f=0 (zero function).
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3.11 f+gil = Sup{I(f+g)(X)I1:xe X}
= Sup {If(x) + g(X)I:xe X}
< Sup {If(x)1:xeX}+Sup{ig(X)1:xe X}
<1fir+1gi.

4.1lafll = Sup {I(af)(x)I:xe X}

Sup{laf(x)l:xe X}

Sup {lal-If(x)1:xe X}
= lal Sup {If(x)I:xe X}
= lal IfIl.
Hence C(x) is normed linear space
Now to prove C(x) is complete.
Let {f,}“n=1 be any Cauchy sequence in C(x) then ,¥& >0 Im,> 0
Such that Vm ,n>m, — [If-fill <eg
— Sup{I(fn- f)(X)I:xeX} <e¢
Sup {Ifn(X) -f(X)1: xeX} <e
—|fn(X)-f(X)I < € VX eX
This condition of uniform convergent.
Hence {f,}”*,=1 must convergent to bounded continuous function f on x
i.e f,—feC(x).

Thus C(x) is complete and hence if is Banach space.
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Exe:-

Let X+ @ be any set , and let B(X)={f/ f: X —»R is bounded}

Show that B(x) becomes a normed linear space if we define

1Ifl1= Sup{If(X)I: xe X}, T ef(x).

Let C[0,1]={f/f :[0,1] —IR is continuous}
Defined a normed by 11fil = max{If(t)1} , 0<t<l.

Remark:-
Every Banach space is a normed space but the converse is not necessary to be
true we can see the following example.

Example:-

Let X be a normed space of finitely non-zero sequence with d(x,y) = 11x-yII , Show
that X is in complete .(not Banach space).

Sol:-

X1=(1,0,0,...)

Xz= (1 .0.0....)
Xs= (1 7.00....)

11
Xn= (1,5 i3 e ~,0,0,....)
Foralln,p=1,2,3

2 _ 1 1 1 2
HXn4+p= Xn 17 = ||(0,0,...,m ,m,.....,m ,0,0,....)”
_Znﬂ? 1
T 4n+1 k2

Since the sequence is convergent

—A(Xn+ps Xn) = 11Xnap= Xnll —0

As n—oo , that is X, 1S Cauchy sequence

Suppose X contained a vector X= (A1,A;,..,An,0,0,...)
Such that x, — X
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Ifn>N
2_vn, 1 B
[ Xn-XI | —21|;—1k|
2
Lettingn—>oo—>2’f|%—ik| =0,

hence A= % for all k

This contradiction that x is non —finitely zero.
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