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1.4  Banach space  
 

Definition(Banach space):- Let X be a normed linear space , Let d be a metric 

space defined on X if (X,d) is complete then X is called Banach space. 

 

 

Remark:- Complete normed vector space = Banach space. 

 

 

Example:- Let X be a vector space ׀R or Ȼ for xX Tack ׀׀x׀=׀׀x׀ Then 

 (X,׀׀  ׀׀) is Banach space. 

 

Sol:-  

 0 ≤׀ x׀ = ׀׀x׀׀ (1

׀  →0 = ׀׀x׀׀ (2 x0 = ׀→ x = 0 

X= 0  →׀x0 =׀→ ׀׀  x0 = ׀׀ 

     3)Let z ,w Ȼ 

 ׀z+w׀ = ׀׀z+w׀׀        

׀z+w׀        
2 
= (z+w) ( 𝑧 + 𝑤 ̅̅ ̅̅ ̅̅ ̅̅  ) 

        = (z+w)·(𝑧̅+𝑤̅) 

        = z·𝑧̅ + z𝑤̅+ 𝑧̅ w+ w·𝑤̅ 

        ׀z׀
2 
׀w׀+ ׀z𝑤̅׀2+

2
               by׀z׀

2 
= z·𝑧̅ 

        ׀z׀
2 
+׀ w׀·׀z׀2+ ׀  w׀

2
          by ׀z𝑤̅׀ = ׀zw׀=׀z׀·׀w׀  

         (׀z׀+׀w׀)
2
   

 

        hence ׀z+w׀  ׀z׀+׀w ׀׀ →׀z+w׀׀  ׀׀z׀׀+׀׀w׀׀. 

 ׀׀x׀׀ ׀׀ = ׀x׀·׀׀ = ׀x׀ = ׀׀x׀׀ (4  

   Thus Ȼ and R are both normed linear space and 

 since every Cauchy sequence in Ȼ or (׀R) is convergent , 

 Then Ȼ and ׀R are complete. 

hence Ȼ and ׀R  are Banach space. 
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Example:- (Euclidean and unitary spaces) 

Show that the linear space ׀R
n
 and Ȼ

n
 of all n-tuples 

  X = (x1,x2,….,xn)      , x1,x2,….,xn  ׀R
n
 or Ȼ are Banach space under the norm  

∑)=׀׀x׀׀ ׀𝑥𝑖׀ 
2

)𝑛
𝑖=1

1

2
 

 

Sol:-  

1. Since ׀xi0≤ ׀    i =1,….n→ ∑ ׀𝑥𝑖׀ 
2𝑛

𝑖=1  ≥ 0 

→(∑ ׀𝑥𝑖׀ 
2

)𝑛
𝑖=1

1

2
 ≥ 0 

 .0 ≤ ׀׀x׀׀→   

2. if ׀׀x0 = ׀׀ →(∑ ׀𝑥𝑖׀ 
2

)𝑛
𝑖=1

1

2
 = 0 →∑ ׀𝑥𝑖׀ 

2𝑛
𝑖=1  =0  →  xi= 0    i=1,….,n 

    if xi= 0   i=1,…,n     

׀xi׀→
2
=0→∑ ׀𝑥𝑖׀ 

2𝑛
𝑖=1 =0 

→(∑ ׀𝑥𝑖׀ 
2

)𝑛
𝑖=1

1

2
 =0 

 .0=׀׀x׀׀→

׀׀x+y׀׀ .3
2
׀׀(x1+y1,x2+y2,….,xn+yn)׀׀=

2
 

    =∑ 𝑥𝑖׀  + 𝑦𝑖׀
2𝑛

𝑖=1  

    =∑ 𝑥𝑖׀ + 𝑦𝑖׀ ׀𝑥𝑖 + 𝑦𝑖׀𝑛
𝑖=1   

     ∑ 𝑥𝑖׀ + 𝑦𝑖׀) ׀𝑥𝑖׀ + 𝑛׀𝑦𝑖׀
𝑖=1 ) 

     ∑ 𝑥𝑖׀) + 𝑦𝑖׀ ( ׀𝑥𝑖׀𝑛
𝑖=1 + ∑ 𝑥𝑖׀) + 𝑦𝑖׀ (׀𝑦𝑖׀𝑛

𝑖=1  

  ׀׀y׀׀·׀׀x+y׀׀+ ׀׀x׀׀·׀׀x+y׀׀ =    

 (׀׀y׀׀+ ׀׀x׀׀) ׀׀x+y׀׀  =    

    if ׀׀x+y0 =׀׀ , then the above is true 

    if ׀׀x+y׀׀  0  → ׀׀x+y׀׀   ׀׀x׀׀+׀׀y׀׀ . 

∑) = (x1,x2,……,xn)׀׀ = ׀׀x׀׀ .4  ׀𝑥𝑖׀ 
2

)𝑛
𝑖=1

1

2
  

     = (∑ ׀׀
2
׀𝑥𝑖׀

2
)𝑛

𝑖=1

1

2
  

׀׀) =     
2
 ∑ ׀𝑥𝑖׀

2
)𝑛

𝑖=1

1

2
  

∑) ׀׀  =      ׀𝑥𝑖׀
2

)𝑛
𝑖=1

1

2
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 . ׀׀x׀׀ ׀׀=     

Now to prove ׀R
n
 is complete 

Let ˂Xn> = ˂x1,x2,….,xn>      be a Cauchy sequence in R
n
 where  

˂X1> = ˂a1
(1)

 ,a1
(2)

,…..,a1
(n) 

> 

˂X2> = ˂a2
(1)

,a2
(2)

,…..,a2
(n) 

> 

The projection Xn in ׀R 

˂a1
(1)

 ,a2
(1)

,…..
 
>, ˂a1

(2)
 ,a2

(2)
,…..

 
>,……, ˂a1

(n)
 ,a2

(n)
,…..

 
> is Cauchy in ׀R and since 

 .R is complete׀

Then ˂a1
(1)

 ,a2
(1)

,…..
 
>, ˂a1

(2)
 ,a2

(2)
,…..

 
>,….., ˂a1

(n)
 ,a2

(n)
,…..

 
> are convergent. 

˂a1
(1)

 ,a2
(1)

,…..
 
>→b1,…., ˂a1

(n)
 ,a2

(n)
,…..

 
>→bn׀R

n
 

Then Xn → q = ˂ b1,b2,….,bn> 

Xn  convergent  → ׀Rn
 is complete. 

׀R
n
 Banach space. 

 

Example:- 

Let C(x) denote the linear space of all bounded continuous mapping on space X, 

Show that C(x) is a Banach space under the norm  

 .fC(x), {xX:׀f(x)׀} Sup =׀׀f׀׀

Sol:- 

Let (f+g)(x)= f(x)+g(x) 

       (αf)(x) = αf(x). 

1.since ׀f(x)0 ≤ ׀    xX  → ׀׀f0≤ ׀׀. 

2. ׀׀  f0 = ׀׀   Sup {׀f(x)׀:xX} = 0 

               ׀f(x)0 = ׀     xX 

               f(x) = 0     xX   f= 0̂ (zero function). 
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3. ׀׀  f+g׀׀ = Sup{׀(f+g)(x)׀:xX} 

               = Sup {׀f(x) + g(x)׀:xX} 

                Sup {׀f(x)׀:xX}+Sup{׀g(x)׀:xX} 

                ׀׀f׀׀  + ׀׀ g׀׀ . 

 {xX:׀(x)(αf)׀} Sup = ׀׀αf׀׀.4

     = Sup{׀αf(x)׀:xX} 

     =  Sup {׀α׀·׀f(x)׀:xX} 

 {xX:׀f(x)׀} Sup ׀α׀ =     

 . ׀׀f׀׀ ׀α׀ =     

Hence C(x) is normed linear space  

Now to prove C(x) is complete. 

Let {fn}
∞

n=1 be any Cauchy sequence in C(x) then , > 0  ∃mo> 0  

Such that  m ,n ≥ mo  →  ׀׀fm-fn׀׀ ˂  

→ Sup{׀(fm - fn)(x)׀:xX} ˂  

Sup {׀fm(x) -fn(x)׀: xX} ˂  

   x X  ˂ ׀fm(x)-fn(x)׀→

This condition of uniform convergent. 

Hence {fn}
∞

n=1 must convergent to bounded continuous function f on x  

 i.e   fn →fC(x). 

Thus C(x) is complete and hence if is  Banach space. 
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Exe:- 

1) Let X Ø be any set , and let β(X)={f/ f: x →R is bounded}  

Show that β(x) becomes a normed linear space if we define 

  .f β(x)  ,{x X :׀f(x)׀}Sup =׀׀f׀׀

 

2) Let C[0,1]={f/f :[0,1] →׀R is continuous} 

     Defined a normed by ׀׀f׀׀ = max{׀f(t)׀}  ,    0 t 1. 

 

 

 

Remark:- 

Every Banach space is a normed space but the converse is not necessary to be 

true we can see the following example. 

 

Example:- 

Let X be a normed space of finitely non-zero sequence with d(x,y) = ׀׀x-y׀׀ , Show 

that X is in complete .(not Banach space). 

Sol:- 

X1= (1,0,0,…) 

X2= (1,
1

2
 ,0,0,…) 

X3= (1,
1

2
 ,

1

3
 ,0,0,….) 

: 

: 

Xn= (1,
1

2
 ,

1

3
 ,……,

1

𝑛
 ,0,0,….) 

For all n ,p =1,2,3 

׀׀ xn+p- xn׀׀
2
,…,0,0)׀׀ = 

1

𝑛+1
 ,

1

𝑛+2
 ,…..,

1

𝑛+𝑝
׀׀(.…,0,0, 

2
 

= ∑   
1

𝑘2

𝑛+𝑝
𝑛+1  

Since the sequence is convergent  

→d(xn+p,  xn) = ׀׀xn+p- xn0→  ׀׀ 

As n→∞ , that is  xn   is Cauchy sequence  

Suppose X contained a vector X= (1,2,..,n,0,0,…) 

Such that xn  → x  
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If n ≥ N  

׀׀xn-x׀׀
2
= ∑ ׀

1

𝑘
− 𝑘׀

2
𝑛
1   

Letting n → ∞ → ∑ ׀
1

𝑘
− 𝑘׀

2
𝑛
1 =0 , 

 hence k=  
1

𝑘
   for all k 

This contradiction that x is non –finitely zero. 

  

 

 

 

  

 

 

 

  

 

 

 


