Definition:-

Let X be a real or complex vector space over F where F is a field of real
number R or complex number € A mapping < , > : XxX — F is called inner
product on X . if it’s satisfy the following properties :

1- <xy>=<yx> VXYyeX

2- <xty,z>=<x,2>+<y,z> VX)Y,ZeX.
3- <AXY>=AXy> VXyeX,heF.

4- <x,x> >0 when X=0.

Definition:-

An inner product space is a vector space X with inner product defined on X .
Then (x, <, >) is inner product space.

Example:-
Let X=¢", The set of all n- tuples of complex number X= (01,05 ,...., o)
y =(B1,Bo,......pn) where a,, B, are complex number define

<X,y> =YY", a,B, Then the order pair (Z", <, >) is an inner product space.

Solution:-

1-<xy> =", « b1

<y,x> =yt pra =Y, fra=Yr, Bt =YY", < ifL

SOy =<y, x >,

AE=sy shasy




2- <x+y,z> =Y (at+ Bu)yt Where Ze€", z= (y1, Y2 »...-»¥n)

=Yi(ayi+ i) = Yl yi+ X fL it

=<X,z>+ <y,z> .

3-<AXYy> =Y Aatfu
=AY, apu
=\ < X,y>

4-<xx>= Yyt o«
_ yn 2
=3, |2 >0—
When x= 0
- (€, < ,>)is inner product space.

Example:-

Let X=c[a,b], The set of all continuous function defined on closed
interval [a,b] with vector addition (f+g) ) = f(X)+ g(Xx).

Scalar multiplication (af)y = af(x).

Define <f,g> = f; f(x).g(x) dx then (x, <,>) is an inner product
space .

Solution:-

1-<f g>= [} f(x). g () dx
<9, f>= [ gt .Fx) dx

=9 T dx

AE=sy shasy




=J, 900 fx) dx
= J, £(). g() dx

n<f,g>=<g,f >.

2-<ftgh>= [)((f + 9)) h(x) dx
= [P(f(@) + g(x)) . h(x) dx

= [ f(0). R0 dx+J; g(x) h(x) dx
=<f,h> +<g,h > .

3-<M.g>= [, (Wf)w -90) dx=1 [ f(). 900 dx
=A<f,g>.

4- <f,f>whenf£0
<ff>= [ () FO) dx

b
=[ | fe)|? dx>0
o<, f> >0
- (x, <,>)is inner product space.

Remark:-
Let X be inner product space then any subspace of X is also inner product
space.




Theorem:-
In any inner product space then :
1- <x,y+z > = <x,y> +<Xx,7>.
2- <X, A\y> = A< X,y>.
<0 ,y>=<x,0> =0.
<X-y,z> =<X,2>-<Y,Z~>.
<XWY-2>=<X)y>-<X,Z~>.
6- <x,z> =<y, z> forall z then x=y.

Proof :-

l-<xy+z><y+z,x>=<y,x >+<z,x>

=<Y, X >+ <zZ+x >=<Xy>+<Xz>.

<XAY> = <Ay, x >= A<y, x >= A<x,y >.

<0, y> =<0 40,y> = <0,y>+<0,y>
= <0,y> - <0,y>=<0,y>

= 0=<0,y>

= <0,y> =0
<x,0>=<x0+6>=<x,0> + <x,0>
=<X,0> - <x,0> = <x,0>

= 0= <x,0>

= <x,0> =0.

<X-y,z> =< x+(-y) ,z> = <x,2> + <-y, 2>
= <X,Z2> - <y ,Z>.

5- <xy-z> = <x,y+(-2)> = <x,y> + <x,-2>




= <X,y> - <X,Z>.

6- <X,z > = <y, 7>
= <Xx,2> - <y,z> =0

= <x-y,z> =0 for all z

= x-y =0
= X=Y.




