Definition:- Let X#@, The distance function (metric) is a function d: XxX—IR
satisfy the following conditions:-

1.d(x,y) >0 WvxyeX.

2.d(x,y)=0 if and only if x=y.
3.d(x,y)=d(y,x) VXy eX.
4.d(x,2)<d(x,y)+d(y,2) VX\y,zelZ

And the order pair (X, d) is called metric space.

Example:- Anon —empty set X of complex number is metric space with d(A,p)=IA-
ul

Sol:- 7\‘:211+ib1 ,u=a2+ib2

d:ZxZ—IR , since I\-pi= | a+iby-ax+ib, | =y/(al — a2)? + (b1 — b2)2 >0
1. d, w=1IAr-pu=0 VA, n>0

2. 1f d(A, p)=0 —IA-uI=0—A-p=0—A=p

3. d(\, pwy=IA-pl
=| D) [ =] -1 | p-Mi=tp-ri=d(u, A)
4. d(A, W=IA-pl=IA- 2+ Z-pl<IA-ZI+ 1Zz-pI< d(A, 2)+d(z, p)

.. d is metric and (¢,d) is metric space called usual m.sin €

Example:- Let X be any non-empty set, Define

(1 if x=y
d(x'y)‘{o ifx=y

then d is metric (called distanic metric) or discrete metric space.



Sol:-

1- d(x,y)=1>0 if x=y.
2- if x=y —d(x,y)=0.
3- If x2y—d(x,y)=1=d(y,x)

If x=y—d(X,y)=0=d(y,x).

4- Letx,y,zeX.
a. If x=y=z
d(x,y) < d(x,2)+d(z,y)

0 < 0 +0

b. If x=y=z
d(x,y) < d(x,2)+d(z)y)
0 < 1 +1

c. If xzy=z
d(x,y) < d(x,z)+d(z)y)
1 <1 + 0

d. If xzy=z
d(x,y) < d(x,2)+d(z)y)
1 <1 +1

~.(x ,d) is discrete metric space

Remark:-
Every non- empty subset of metric space is metric space.
I.e if (x,d) metric space and N=@3 N < x then (N,d) is metric space

Examples:-

1) Let X=IR ,d: XxX—IR be a function defined by d(x,y)= | x,y | , Then (x,d)
is a metric space ( called usual metric space ).



2) Let X=C[a,b] ( the set of all continuous function defined on closed
interval[a,b]) for f, g eX d(f,g)=max | f(x)-g(x) | , xe[a,b] then (x,d) is a
m.s.

3) Let X=IR? X=(x1,y1), Y=(X»Y,) Take:-
d1(x,y)=y (x2 — x1)2 + (y2 — y1)2
d2(x,y)= | X1-X2 | + | y1-y2 |
d3(x,y)= max( | X1-X2 | ) | yi-y2 | )

.. d1,d2 and d3 are metric.

Definition: A sequence X, in a metric space is said to be convergent to point X in
case d(Xx,, X)—0 as n—ow

This means given any number € >0 3 positive integer N such that d(x,,x)< ¢ Vn>N
otherwise is divergent.

Remark:- X,—X as n—ow ~ lim,,_,, xn = x.

Definition:- A sequence Xn in a metric space is said to be Cauchy in case
d(Xm,Xn)—0 as m,n—oo This means: given any €>0, 3 positive integer N3

d(Xm,Xn) <& Vn,m>N.

Remark:- Every convergent sequence is Cauchy sequence but the converse is not
necessary to be true.

Let {X,} is a convergent sequence at a point X, T.P{X,}is Cauchy sequence.
Since {X,} is convergent at a point X,.

Vve>0 3 positive integer N3 d(xn,xo)sg Vvn >N for any n >N, m >N

d(Xn,Xm)< d(Xn,Xo)+d(Xm,Xo)
< § +§ =g
S d(Xn,Xm)<e
~.{X,} is Cauchy sequence but consider the example.
(R-{0},d) be a usual m.s
The sequence {%} Is Cauchy in m.s (R-{0},d) but not convergent because {%}

convergent to 0 and 0¢R-{0}.



Definition:- A metric space is said to be complete if every Cauchy sequence is
convergent.

Example:- Every discrete metric space is complete.

0 x=
Sol:-d(x,y)={1 . ii

Let X, be Cauchy sequence
—d(Xn,Xm)—0 as n,m—oo
—>Xn=Xm

- XN >=< X1,X0,. .., Xny XoX,unntnn >
—d(X,,X)—0 as N—oo

s Xp—X

. X, convergent

.. every discrete m.s is complete.

Example:- Let X be a space of all complex sequence {X;} and d be a metric
defined on X as follows:

_ 1 |xi-vi
dxY)=2iZ1 5 TTxiord

Where X=(Xy,Xa,.....Xp,...)
Y:(yl,yz,.....,yn,....)

w 1 |Xi-vi
1) dxy)=32, 2+ 20
— d(x,y)=0 V X,y eX.

1 | xi-vi

2) d(xy)=0-X:i21 5 T Txivi]

X=Y HX=Y, vioye, L Xl

=1 20 14| xi-vi|
—d(x,y)=0.

=O—)Xi:Yi Vi

_voeo 1 |Xi-vi] _Ge 1 |vi-xi]
3) dx¥)=Eit1 5 T Txiovd] ~ 2=t 3 T [vicxi]

=d(y,x).



4) Letx,y,z eX Where Z=(z4,2,,....,Zn,...)

w1 |Xi-vi] e 1 |Xi-zi+zi-vi|
dxy)= Xiz1 21 | =Xi=1 20 1+ | Xi—zi+Zi-Yi]

1+ | xi-vi
1 | xi-zi| 1 |zi-vi]
< VYR, =+ ¥V -
< Xiz1 2t 14| xi-Zi| Ziz1 2t 14| zi-vi|

Example:
Suppose that PeN consider the set ¢” of all infinite Sequence X=( X;,X,,.....) of

complex number such that the series ) | Xi | P<w is converges we can defined a
metric £ as :

d0y)= (S | Xi—vi|Py7 .
Sol:-
1) [ XeYi| > 0o(Z, | Xi - Yi| P)? >0-d(xy) >0.
d(xy)=0—( XL, | Xi — vi| )7 =0
| Xi-Yi|P=0|Xi —Yi| = 0 X=Y;.
2) doxy)= (S, | Xi—vi| Py =3, (| — 1] |vi—xi| Py
= (X, | Yi—XilP)r = dyx).

3) d(x2)= Sy | Xi—zi|P)p = (T, | Xi—Yi+vi—2zi| Py
< (2, |xi—vi|P+ |vi—zi| Py

< d(x,y)+d(y,2).
Example:-

Consider the set of all bounded infinite sequence of complex number £, for any
sequence €0”, X=(Xy,Xy,.....) and Y=(y1,Y2,...) Write d(x,y)=Sup | Xi-Yi|, ieN

Then (£%,d) is a metric space on £”.

Sol:-



1) Let X,Y € €7 5X=(x1,Xs,...), Y=(y1,Y2,....)

| Xi-Yi| >0 — Sup | X;-Y;[>0

~d(x,y)>0

d(x,y) =0 —Sup | Xi-Yi|=0

— | Xi-Yi | =0— Xi-Yi:O—>Xi:Yi

Let Xi=Y;— X;-Y;=0

- | Xi-Yi | :O—>Sllp | Xi-Yi | =0 —>d(X,y)=0.
2) d(x,y) =Sup |Xi-Yi|=Sup | Yi-Xi|=d(y,).
3) LetZ e U —>Z=(2,25,....)

Then d(x,z) =Sup | Xi-Z;i |

<Sup | [X-Yi|+|Yi-zi| |

SSup | Xi-Yi | + Sup | Yi-Zi |

<d(x,y) +d(y,2)

(0% d)ism.s.,

Exe:

1)Consider the set ¢ of all infinite sequence X=(Xy,X,,....) of complex number such
that ), | Xi | 2 <oo is convergent , for any two sequence X=(X1,Xy,...) and

1
Y=(y.Ys,...) Write d(x,y)= (3%, | Xi — Yi|?)z the check (¢%d)isam.s.

2) Consider the set C[a,b] of all bounded complex valued function defined on an
interval [a,b] forever f,g € C[a,b] with

d(f,g)= Sup | f(H)-g(t)|, te[ab].



