
 

 

Definition:- Let XØ, The distance function (metric) is a function d:XX→׀R 

satisfy the following conditions:- 

1.d(x,y) ≥0   x,yX. 

2.d(x,y)=0    if and only if x=y. 

3.d(x,y)=d(y,x)   x,y X. 

4.d(x,z)≤d(x,y)+d(y,z)  x,y,z׀Z 

And the order pair (x, d) is called metric space. 

Example:- Anon –empty set X of complex number is metric space with d(λ,μ)=׀λ-

μ׀ 

Sol:- λ=a1+ib1  ,μ=a2+ib2 

d:ȻȻ→׀R , since ׀λ-μ׀=│a1+ib1-a2+ib2│=√(𝑎1 − 𝑎2)2 + (𝑏1 − 𝑏2)2  ≥ 0 

1. d(λ, μ)=׀λ-μ0≤׀     λ, μ ≥0 

2. if d(λ, μ)=0 →׀λ-μ0=׀→λ-μ=0→λ=μ 

 

3. d(λ, μ)=׀λ-μ׀ 

=│(-1)(μ-λ)│=│-1 │׀ μ-λ׀=׀μ-λ׀=d(μ, λ) 

4. d(λ, μ)=׀λ-μ׀=׀λ- z+ z-μ׀׀λ-z׀ +׀z-μ׀ d(λ, z)+d(z, μ) 

 d is metric and (Ȼ,d) is metric space called usual  m.s in Ȼ 

 

Example:- Let X be any non-empty set, Define  

d(x,y)={
1   𝑖𝑓 𝑥 𝑦

0   𝑖𝑓 𝑥 = 𝑦
   

then d is metric (called distanic metric) or discrete metric space. 



 

 

Sol:-  

1- d(x,y)=1>0   if xy. 

2- if x=y →d(x,y)=0. 

3- If xy→d(x,y)=1=d(y,x) 

      If x=y→d(x,y)=0=d(y,x). 

4- Let x,y,zX. 

a. If x=y=z 

d(x,y) ≤ d(x,z)+d(z,y) 

        0       ≤    0    +   0 

b. If x=yz 

d(x,y) ≤ d(x,z)+d(z,y) 

   0     ≤    1      +1 

       

c. If xy=z 

d(x,y) ≤ d(x,z)+d(z,y) 

   1     ≤    1     +     0 

 

d. If xyz 

d(x,y) ≤ d(x,z)+d(z,y) 

    1     ≤    1    +   1 

 

(x ,d) is discrete  metric space 

 

Remark:- 

 Every non- empty subset of metric space is metric space. 

i.e  if (x,d) metric space and NØ∋ N  x then (N,d) is metric space  

Examples:- 

1) Let X=׀R ,d: XX→׀R be a function defined by d(x,y)= │x,y│, Then (x,d) 

is a metric space  ( called usual metric space ). 



 

 

2) Let X=C[a,b] ( the set of all continuous function defined on closed 

interval[a,b]) for f, g  X  d(f,g)=max│f(x)-g(x)│, x[a,b] then (x,d) is a 

m.s. 

3) Let X=׀R
2
, X=(x1,y1), Y=(x2,y2) Take:- 

d1(x,y)=√(𝑥2 − 𝑥1)2 + (𝑦2 − 𝑦1)2 

d2(x,y)=│x1-x2│+│y1-y2│ 

d3(x,y)= max(│x1-x2│,│y1-y2│) 

 d1,d2 and d3 are metric. 

 

 Definition: A sequence xn in a metric space is said to be convergent to point X in 

case d(xn, x)→0 as n→∞ 

This means given any number  >0 ∃ positive integer N such that d(xn,x)˂  n≥N 

otherwise is divergent. 

Remark:- Xn→x as n→∞ ~ lim𝑛→∞ 𝑥𝑛 = 𝑥. 

Definition:- A sequence Xn in a metric space is said to be Cauchy in case 

d(xm,xn)→0 as m,n→∞ This means: given any >0, ∃ positive integer N∋ 

d(xm,xn) ˂     n,m ≥N. 

 

Remark:- Every convergent sequence is Cauchy sequence but the converse is not 

necessary to be true. 

Let {Xn} is a convergent sequence at a point xo T.P{Xn}is Cauchy sequence. 

Since {Xn} is convergent at a point xo.  

>0  ∃ positive integer N∋ d(xn,xo) 


 2
  n ≥N for any n ≥N, m ≥N 

d(xn,xm) d(xn,xo)+d(xm,xo) 

              ˂   


2
 + 



2
  =  

 d(xn,xm)˂      

{Xn} is Cauchy sequence but consider the example. 

(R-{0},d) be a usual m.s 

The sequence {
1

𝑛
} is Cauchy in m.s (R-{0},d) but not convergent because {

1

𝑛
} 

convergent to 0 and 0R-{0}. 

 

 



 

 

Definition:- A metric space is said to be complete if every Cauchy sequence is 

convergent. 

 

Example:- Every discrete metric space is complete. 

Sol:- d(x,y)={
0   𝑥 = 𝑦
1   𝑥 ≠ 𝑦

     

Let Xn be Cauchy sequence  

→d(xn,xm)→0           as n,m→∞ 

→xn=xm 

→< 𝑋𝑛 >=< x1,x2,….,xn, x,x,……> 

→d(xn,x)→0        as n→∞ 

 Xn→x 

 Xn convergent  

 every discrete m.s is complete. 

 

 

Example:- Let X be a space of all complex sequence {Xi} and d be a metric 

defined on X as follows:  

d(x,y)= ∑  
1

2𝑖
∞
𝑖=1   

│𝑋𝑖−𝑌𝑖│

1+│𝑋𝑖−𝑌𝑖│
 

Where X=(x1,x2,….,xn,…) 

Y=(y1,y2,…..,yn,….) 

1) d(x,y)=∑  
1

2𝑖
∞
𝑖=1   

│𝑋𝑖−𝑌𝑖│

1+│𝑋𝑖−𝑌𝑖│
 ≥0 

→ d(x,y)≥0   x,y X. 

 

2) d(x,y)=0→∑  
1

2𝑖
∞
𝑖=1   

│𝑋𝑖−𝑌𝑖│

1+│𝑋𝑖−𝑌𝑖│
 =0→Xi=Yi    i 

X=Y →Xi=Yi   i→∑  
1

2𝑖
∞
𝑖=1   

│𝑋𝑖−𝑌𝑖│

1+│𝑋𝑖−𝑌𝑖│
 =0 

→d(x,y)=0. 

 

3) d(x,y)= ∑  
1

2𝑖
∞
𝑖=1   

│𝑋𝑖−𝑌𝑖│

1+│𝑋𝑖−𝑌𝑖│
 = ∑  

1

2𝑖
∞
𝑖=1   

│𝑌𝑖−𝑋𝑖│

1+│𝑌𝑖−𝑋𝑖│
 

=d(y,x). 



 

 

 

4) Let x,y,z X  Where Z=(z1,z2,….,zn,…) 

d(x,y)= ∑  
1

2𝑖
∞
𝑖=1   

│𝑋𝑖−𝑌𝑖│

1+│𝑋𝑖−𝑌𝑖│
 =∑  

1

2𝑖
∞
𝑖=1   

│𝑋𝑖−𝑍𝑖+𝑍𝑖−𝑌𝑖│

1+│𝑋𝑖−𝑍𝑖+𝑍𝑖−𝑌𝑖│
 

  ∑  
1

2𝑖
∞
𝑖=1   

│𝑋𝑖−𝑍𝑖│

1+│𝑋𝑖−𝑍𝑖│
 + ∑  

1

2𝑖
∞
𝑖=1   

│𝑍𝑖−𝑌𝑖│

1+│𝑍𝑖−𝑌𝑖│
 

 

 

Example: 

Suppose that PN consider the set ℓ
P
 of all infinite Sequence X=( x1,x2,…..) of  

complex number such that the series ∑│𝑋𝑖│𝑃˂∞ is converges we can defined a 

metric ℓ
P
 as : 

d(x,y)= ( ∑ │𝑋𝑖 − 𝑌𝑖│𝑃)
1

𝑃𝑛
𝑖=1   . 

 

Sol:-  

1) │Xi-Yi│> 0→( ∑ │𝑋𝑖 − 𝑌𝑖│𝑃)
1

𝑃𝑛
𝑖=1   >0→d(x,y) >0. 

 d(x,y)=0→( ∑ │𝑋𝑖 − 𝑌𝑖│𝑃)
1

𝑃𝑛
𝑖=1  =0 

│𝑋𝑖 − 𝑌𝑖│𝑃=0 │𝑋𝑖 − 𝑌𝑖│ = 0  Xi=Yi . 

2) d(x,y)= ( ∑ │𝑋𝑖 − 𝑌𝑖│𝑃)
1

𝑃𝑛
𝑖=1   = ∑ (│ − 1││𝑌𝑖 − 𝑋𝑖│𝑃)

1

𝑃𝑛
𝑖=1  

= ( ∑ │𝑌𝑖 − 𝑋𝑖│𝑃)
1

𝑃𝑛
𝑖=1   = d(y,x). 

 

3) d(x,z)= ( ∑ │𝑋𝑖 − 𝑍𝑖│𝑃)
1

𝑃𝑛
𝑖=1   =  ( ∑ │𝑋𝑖 − 𝑌𝑖 + 𝑌𝑖 − 𝑍𝑖│𝑃)

1

𝑃𝑛
𝑖=1  

            ( ∑ │𝑋𝑖 − 𝑌𝑖│𝑃 + │𝑌𝑖 − 𝑍𝑖│𝑃)
1

𝑃𝑛
𝑖=1  

           d(x,y)+d(y,z). 

Example:- 

Consider the set of all bounded infinite sequence of complex number ℓ
∞
 , for any 

sequence ℓ
∞
 , X=(x1,x2,…..) and Y=(y1,y2,…) Write  d(x,y)=Sup │Xi-Yi│,  iN 

Then (ℓ
∞
,d) is a metric space on ℓ

∞
. 

Sol:- 



 

 

1) Let X,Y  ℓ
∞
 →X=(x1,x2,…), Y=(y1,y2,….) 

│Xi-Yi│>0 → Sup │Xi-Yi│>0  

d(x,y)>0 

d(x,y) =0 →Sup │Xi-Yi│=0  

→│Xi-Yi│=0→ Xi-Yi=0→Xi=Yi 

Let Xi=Yi → Xi-Yi=0 

→│Xi-Yi│=0→Sup │Xi-Yi│=0 →d(x,y)=0. 

2) d(x,y) =Sup │Xi-Yi│= Sup │Yi-Xi│= d(y,x). 

3) Let Z  ℓ
∞
 →Z=(z1,z2,….) 

Then d(x,z) =Sup │Xi-Zi│ 

 Sup ││Xi-Yi│+│Yi-Zi││ 

Sup │Xi-Yi│+ Sup │Yi-Zi│ 

 d(x,y) + d(y,z)  

( ℓ
∞
, d) is m.s . 

 

Exe: 

1)Consider the set ℓ
2 
of all infinite sequence X=(x1,x2,….) of complex number such 

that ∑ │𝑋𝑖│2  ˂∞ is convergent , for any two sequence X=(x1,x2,…) and 

Y=(y1,y2,…) Write  d(x,y)= ( ∑ │𝑋𝑖 − 𝑌𝑖│2)
1

2𝑛
𝑖=1   the check (ℓ

2
,d) is a m.s . 

2) Consider the set C[a,b] of all bounded complex valued function defined on an 

interval [a,b] forever f,g  C[a,b] with  

d(f,g)= Sup│f(t)-g(t)│,     t[a,b]. 

 


