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2.9 Expectation Values

If a system is in state ¢ which is not an eigen state of a such operator 4, then it
IS not possible to say with certainty what measured value will be found for A.
Therefore, one has to use the average value (4) = A which called in Q.M.
expectation value of A. however, it is defined mathematically as;

KA _IW*AW dr
S

For a normalized wave function ¢;
A=(A =y Ay dr
The probability that a measurement leads to the eigen value for such a case is defined

as follows:;

_ [ ¥neadrl®
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For a normalized wave function ¢;

pn = [ Yropdr|?

Remark: The integration in the last mathematical formula is called overlap integral
which is a number, that has a value in the range 0 (lowest value) and 1 (maximum
value). For the lowest value, the two functions are exactly different while for the

maximum value the functions are exactly similar.

We have learned that for each operator A there are a set of eigen values a,

(a1,a2,a3,...) with corresponding eigen wave functions y,, (v, ,¥, ¥3, .....). The not
eigen function ¢ can be expanded in terms y,,as follows;

¢ - C].Wl + C2W2 + C3l//3 + o + Cnl//n - chwn ......... (2_19)
n
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Equation (2-19) called the completeness or linear superposition principle. Since the

total probability is unity we can prove the following important relation Z\cn\z =1,

as follows;

[#'pdr=1

allspace

JZenvn Zenyin dr=1

ZZC C jl//nl//mdl' 1

zzcn m nm_

>c,c, =1

Me =2 (2-20)
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Each term in the last equation (|c,,|?) represent the probability that the system being
in state n. Therefore, the physical meaning of this equation is that the total
probability (1) is equal to the partial probabilities (¢, |? + |c,|? + |c3|? + -++) for the
system to be in all of the different states.

On the other hand, each term may have regarded to the probability that a
measurement for an observable A leads to the eigen value a,, and can be proved as
follows;

n = | Yrodr|?
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= ‘Cn 5nn‘
=k (2-21)
Actually, we can prove that the probable results on measure the observable A for

a system describe by the non-eigen function ¢, is given by; (A)=Z\cn\2 a, as

n

follows;
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This means that the expectation value of A is the sum of each eigen value a, times

the corresponding partial probability \cn\z of the system to be in that state n.

2.11 Variance
The variance defined as the deviation in the measurement result from its expectation

value. It is defining by the root-mean-square deviation as follows;
M={(A- (A"}
The last definition can be formulating to another for as follows;
(AA)? =((A—(A)?)
= [y (A=(A)?y dr
:IW*(AZ —2AA +{(A?*) w dr
=[v Ay dr- [y @AMy do+ [y (A y dr
(AA)? =(A%) —2( A A) + (A

(AA)? =(AY—(A¥? (2-23b)
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H.W: Show that, when a system is describe by an eigen function i,,, the probability
that a measurement for observable A yields the value a, is (1). Find the expectation

value of A in this case. Calculate the variance in A.

2.12 Equation of motion and constant of motion

When a wave function v is an eigen function for the operator A with eigen
value a. Then all measurements process for the observable A leads to the eigen value

a. i.e. (A)=a. In this case the observable A is called constant of motion (or
conserved), which means that A is time independent quantity. i.e. A= 2—? =0. Let

us try to prove this fact.

(A =y Ay dr

§<A>=K=j(aa—";Ay/+y/*A%) de (@)

Ih%//: HW

I (b)
P

Substitute of equation (b) in equation (a) yields;
. A I o« A
A= (Ry) Ay -y ARy} dr
According to the definition of Hermitian operator we obtain;
IA(/I(HI//)*dTZJ.l//*ﬁ Ay dr
d L
—(AY=A=— HA- AH d
A =A=[u( ) v dr
In Q.M we gefine that;
A=A

A= [y (FA-AR)pdr (2-24)
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Al (2-25)
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Equation (25) is called the equation of motion, which imply that an observable A is
a constant of motion (conserved) when its operator being commute with the
Hamiltonian operator.

Example: Show that, the linear momentum p, of a free particle is a constant of
motion.

Solution:

. _p2 P2
H="""_41V(x
2m ox? ()

For a free particle V(x) =0, thus;

2 2
Ho-n o
2m ox?
— il~
=—|H,p
p=—[H.0]
— i A "
h=—(Hp - pH
p h( p—pH)
- I A N
py = (Hp— pH)y
— i_—-h* o Oy 0, —h*d%y
Yy =—{(—— =) - (mih—=) = (mih—) - (— =~
Pv =G o) o)~ ) G 5
_iintddy in®dd
Py =— f— f}
A 2m ox 2m ox
p=0

Since, p=0 thus, p=_constan of motion

Example: Prove the Ehrenfest theorems that given by; a) %(x} = %( p,» and b)
d oV

a( Py) = —<&> :

Proof (a):

(X) =Il//*)21// dx
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—< >——Iw Ry dx
Py
—J.X(l// p +y 8t) dz (a)

32
The T.D.S.E. given by; ih%Z%VZW +V(r)y, So, divided by 3 yields;

a_l//_ﬂvz +V(r)‘//

=—Vy+—""— b
ot 2m T i ®)
The complex conjugate of (a) leads to;
oy” _—ih o « V(Y
——=—VyY —————
ot om VT i ©
Substitute of equations (b and c) in (a) yields;
—( )——I(WXVW w XV ) dr (d)

Using Greens Theorem;
I(W*VZXW —xy Vi) dr= _[(l//*VXW — Xy Vi )-ds=0
The boundary condition imposed on ¥ make the surface integral equal to zero.

Where, the probability of finding the particle outside the volume is equal to zero i.e.

the wave function w is equal to zero on the surface.
I(W*VZX(// drzjxwzw*dr
Therefore, equation (d) becomes;
d |h * 2 * 2
—(X)=— XVyw—w Vxy) dor. .. e
£ 0 =5 [ XV -y Vixy) de (e)
Since; VX =V-VX i XV AV 4V
szz//:xvzy/+2£t// ................ 63
OX
Substitute of equation (f) in (e) we get;

d ih * 2 * 2 *81//
—X)=— XVay -y xVy -2y ——) d
L me(l// vy XViy -2y ) dr

6
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Proof (b):

1 in O
(P = (Fin—) v dr

R _| R
<px Il// ¢
d « 0 Oy 81// oy
<px nf’ - —me o) dr (a)
. . Gl// —hz 2 ..y . .
Regarding the T.D.S.E.: |h—:—mV w +V (r)y , and dividing by: i7 yield;

oy _—h o V(N
—Vw+—22 b
o 2mi T i ®)

The complex conjugate leads to;

o ho_a » V(Y
- =V 15 e
a oami . VT i ©)

The substitution of (b) and (c) in (a) leads to;
V .

d,py_ i 9 —h Voryet w2,V o7
G (Po= 'hf["’a(zm. W)+(2m| v -y e

d * 281// *6 h? 5 «0W « Oy
— —Vy-—Vy —+Vy —]d
dt<IOX I[ ax 2m v ax+ v ldz
d « 0 « Oy n* ¢ Oy

— =— —Vy—-Vy L) dr—— —V d
R L L [ S AR A S CSILE

Apply Greens theorem on the second term we get;
7
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N "”vz : 28"”]o|f j[—'/’v —1//V—] ds =0
However, the integration of the first term is;

.0
=-[" (V—+v1 NMyvy Y 4
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