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Chapter 5 : Sequences & Series

1- Sequences
Def. The sequence is an function where its domain the positive integer numbers(nature),

and the co-domain is the complex numbers, denoted by {z,}.

{z,3={21,22,23, 000 e0nn Zny e} 21 = f(1), 2, = f(2), ... ,Zp = f(n),where n =0,1,2, ... .
Ex. {i,—1,—i,1,i,—1,.....} = {i"}.
o A{z,}=1i".

Q. When {z,} become converges ?

Ans. If lim,, . z, =z , thenit called converges, or by the definition of the sequence
converges: VE>0, IN>0 s.t. |z,—z| <€, Vn>N.

Theorem.
Let z,=x,+1iy, , m=123,...) ,and z=x + iy ,then
limz, =z iff limx,=xand limy,=vy.
n-oo n—oo n-eo
Ex. {%} ? limi=L=0 , the sequence is converges .

n-oon o

{(20))"} is diverge.

2- Series
Def. let {z,} be sequence, then the sum Y;_; z, = 21,25,23,...0.n. Zn»
S1=24
S, =2z1+2,

Spn = 2Z1+2z,+23 + ... +2Z, . S, iscalled the Partial Sum Series { S} and

limS, =S =Y"12, .
n—->oo
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Power Series

Yo n(z—z)) " =ag+a,(z—2zy) + ay(z—20)* + - nan(z—zg)" + .,
Where a,, and z, are complex numbers.

1- Ifz=2y = Yopan(z—2))" =a,.

2- If zo=0 =) pan(z—2))" =Yoo an.- 2"

Cauchy ‘test
1 1
. = . = 1
lim |a,(z — zo)™|* = lim |a,|* |z — zg| = <|Z — zg|. draw
n—-oo n—-oo R
I 1
~ lim|a,|n = i R is the radius of convergence.

1
If Elz—zol <1>|z—2zy)| <R — —converges,

|z — zy] > R— — diverges .
Ex. f(z) =e?,sinz and cosz are converges .
Ex. . Discuss the convergence of ) 3" (z—i)"?

1 1 1 1
E= |an|n= |3n|n=3:>R=g

Lz =il < % — —converges,
|z —i| > l — —diverges

Ex. Discuss the convergence of Y 1(”—“)" (z—1)?

n+1

—(—)" z=1,

n+1\n n+1\n
lim | (E™) = lim (2" = 1im (1 + )" =
vlz—1<e is the arcle of convergence.

n+1

“ Xne 1(—)" (z—1) — —converges.

Taylor Series
Theorem.
Let f be analytic everywhere inside the circle C, with center z, and radius ry,

then at each point z inside Cj, :
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F(2) = f(z0) + f'(2)(z—20) + f"' (2 O)( z) (z —zo)

+ 1) g

.+ f(")(zo)% + .- ... draw

Proof. Let |z—2zy| =71 , r<r, and let s € C;,

f(2) is analytic

“ f@) = 5 fo B2 ds

2im
1 1 1
s—z  (s—2)-(z—-zy) _ s—2 (1_ﬂ)
S—ZO
If j 0 < 1, we can write it by the geometric series :
—Zp
L1 Z770 4 (Z720N2 4 .4 (2ZPoyn-1 g (22Zoyn (L
Ts—z sz [1 + s—2 + (s—zo) Tt (5—20) + (s—zo) '<1_ﬂ>]
S—ZO
_ 1 _ 2 1 _ n—1_ 1 z—-Zg\p 1
== ZO)( Sy TET 20 et - Z0) ot ()
f (OLN zof f()ds (z- ZO)Zf f(s)yds | (Z Zgyn- 1f f@)ds
217'[ C1 s—z 2ir JCq1 (s—z )2 C1 (s—2)3 2im C1(s- Zo)n n,
Z—Zg nf(s)
Where U,, = mecl(s =0 08
By using C.LF. 2, we get
(D) = f20) + F1(20) (2 = 20) + " (20) e oo 0 (O)ﬁ‘}'l}n-
_(@—=2z)" f(s) 1 _(Z—2z)" f(s)  s—2z
U, = - T ——-ds = - —- ds
2im ¢, (§—2z)" 1 _2"%0 2im ¢, (5= 20) s—z
S — ZO

< |Z—Zolnf [f(s)] 1

—  2m JC1 |s—zy|" |s—z| |ds]

r*M |ds|
<
e

— 2m JCy|s-z|’

Is—z|l=|(s—2z0)—(Z—2z)|=|s—2zg|l = |z—2zp| =21y — 1

(—)"

Mr
< 1
27'[ 71

(—)"—>O when n - oo , 1 >r
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i.e.
iMoo Up = 0 = f(2) = f(20) + f'(20) (2 = 20) + [ (20) E2L 4 o4 f ) (25) E20

If zo=0 = f(z)=f(0)+f'(0)z+ f”(O)ZZ—Z! + -+ f(")(O)Z;T: , this series
Is called Maclourian’s Series .

Ex. Expand the function f(z) = e? in the Maclourian’s Series.

flO=e’=1, f/(0)=1, f"(0)=1,

“fl2) =1 +z+§+§+§+ e = Z,"f:o;—r:.

Q. Expand the following functions in the form of Taylor’s series :

1- sinz ,z=0, 2-cosz,z=0, 3- log(1+2z%),z=1

Laurent’s Series

Theorem.
Let f(z) is analytic in a Ring-Shaped region enclosed by two concentric circles €; and C,

with center z and radius r, r respectively, then

() =) anz=20"+ ) ba(z—20)"
n=0 n=1
Analytic Part principle Part

Also we can write the Laurent’s seriesby f(z) = X%, a,, (z —zy)" ,

1 f(s) 1
Where a,, = Ef(& ;ds N SR bn = e

Jo, F)(s = 2" Nds ...,
Proof.
I, ...this integral is proved (Taylor's Series ).

IS g

1
2 7 2in sz zZ—S
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1 -1 1 1
Z—S S—Z<|_ [(S—ZO)—(Z—ZO)]l

Ex. Expand the function f(z) = in the form of Laurent’s series in

_ -t
(z—1)(z—-2

Thering 1<|z| <2 ? draw

1 1
SOl.f(Z)—;—;,
Viz| >1,
1 1 1 1,1, 1 1 1,1 1 w 1
D) At EtEt o Et e S gt S e
and V |z| < 2,
1 1 1

_Z—Z_Z—Z 2(1_%)_
27

1.z  z? .
= tatEt T Znmomm

ik 1
~ f(2) = 2o F"‘Z;oﬂ i
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Chapter 6 : Singularity Of Analytic
function & Residues

Def. The point z, is called a singular point of the function w = f(z), if f(z) is not analytic
at z, butitis analytic in the neighborhood of z, .

1- Non-Isolated Singularity

Def. The point z, is called a Non-Isolated singular point for f(z), if z, is a singular point
for f(z) and the neighborhood of z, contains at least another singular point different
at zg .

Ex. f(2) =

# , Zz==x1,+-,%+~... are Non-Isolated_singular points for f(z).

N |-
W

2- Isolated Singularity
Def. The point z, is called a Isolated singular point for f(z),if in the neighborhood
of z,, the function f(z) is analytic .

Ex. f(2) = é , z=0 is Isolated singular point for f(z).

Ex. f(z) =

20
z2+1

, Z= *i are Isolated singular points for f(z).

Classification of Isolated Singularity
If the function f(z) is analytic V z which satisfy 0 < |z — zy| < p, then
f(2) =Yy (Z—2y)" , (laurent’s Series).
Def. 1. Ifthe principle part Of f(z) at z = z, contains no terms, the z, is said
To be Removable singularity of f(z) .

sinz . . . sinz z2 z%*  z
Ex. f(z) = —  Z= 0 is removable singular point, because - = 1- Prit it S

It is clear that the lim,_,, Slzﬂ =1.
z3+8 . . .
Ex. f(z) = —, + Z= —2 isremovable singular point.

Def. 2. Ifthe principle part Of f(z) at z = z, consists of a finite number of terms (m),
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We say that z, is a Pole of order m of f(z) .

In case if z, is a pole of order = 1, it called a simple pole .

b bm

(z zO> Tz T e

f(2) = Xn=o an(z = 29)" +

by # 0

If zyisapoleof f(z) = lim,_ f(z) = .

1

Ex. f(z) = oy ' %= 2 is pole of order m = 3.
Ex. f(z) = 62;1 , z =20 is asimple pole (m = 1), because
e?-1 1 w Z _ 1,1 z
= (B 1) = kg n
sinhz , sinhz 1 1 z?
Ex. f(z) = —— » Zz=0isapolof order m = 2,because ——~=—+_-+—+

Def. 3. If the principle part 0f f(2z) at z = z, contains infinite number of terms,

then z, is called an isolated Essential singularity of f(z) .

1
Ex. f(z) =ez=1+ i +——+——+4- , z=0 is essential singular point.

21z2 3123
Ex. f(z) = (z—3)sin (ﬁ) , z = —2 is essential singular point.
Proof. Letu=z+2=2>z—3=u-—25,

f(z)—(u—5)sm——(u—5)[———+—_ ]_1____+_+

3lu3  s5lus u  3luz  3lud

5 1 5 1
=1--5- 6(z+2)2 + 6(z+2)3 + zozizr W

Residues

Def. Let f(z) is analytic function, z, is isolated singular point of f(z), we can find a
neighborhood of z, : 0 < |z — zy| < r such that the f(z) is analytic except at z,.

a_q a_p

(z-20) | (z-20)2 '’

Then f(z) = Ypoan(z — zp)™ +

L LD gy n=04+142,..

where a, = T

2mi
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Incasewhen n=-1 = a_; = %fc f(2)dz ,where C is a simple closed curve,

The a_; iscalled the Residue of f(z) at z, and written by Res(f(z),z,) = a_4.

f f(z)dz = 2mi.Res(f(2),z,) .
c

1
Ex. Find the residue of the function f(z) = ez ?

1,11 1
Z = —_— —
¢ z 2122 3123

1
~ Res (e_E ,O) =-1.

Ex. Compute the integral fc z—z dz ,where C:|z| =1 ?

_ef 1 z? 73
f(Z)—Z—Z—Z—2(1+Z+§+§+"')
::j%_kl.+.l.+.£.+... )

z z 2! 3!

#Res(5,0)=1 = [ S dz =2mi.1=2m

Residues Theorem

Let f(z) is analytic function on & in the simple closed curve C except at a finite number
Of points z; , where z, are isolated singular points, then

J; f(@)dz =2mi¥}_ i Res(f,z;) .
notes.

1- If z;, are removable singular points of f(z), then Res(f,z,) =0 Vk =1,2,3,...,n,
because the Laurent series become the Taylor series = a_; = 0.

2- If z, are essential singular points of f(z), in this case we expand the f(z) in the
Laurent series and calculate the residues of f(z) at every point z,, k = 1,2,3,...,n.

3- If z, are a poles of f(z), we find the order of the pole, then we calculate the residue
of f(z), ifitis difficult to do that, so we use the following theorem :

Calculation of Residues Theorem

Let f(z) has a pole of order n at z,. Then
d®™1D

1
Res(f,z,) = m=1)1 ;L%W [(z —2zo)" f(2)].

Proof.

e

v zgisapoleof ordern = f(z) = z ax(z—zy)* ,a_, # 0,

k=—n
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[oe)

(z —2)" f(z) = Z a,(z — Zo)n+k

k=—n
[ee]

=ant+an1(Z—2)++ta(z-2)""+ z a,(z — z)™*"
k=0
It is clear that this series is the Taylor series and we can find the derivative for all terms,

Now we find the derivative of order (n —1):

d @1 n | w d®D
m[(z —ZO) f(Z)] = (n - 1) .a_1+ Zkzomak(z — Zy

When z - z, theright hand side — constant

i d (n—l)
o lim gy 1z~ )" f @] = (0= Dy
1 .. a D n
SaAoq = mhmz_% PR =) [(Z - ZO) f(Z)] |

Note. When n =1 = Res(f,z,) =lim,_, [(z — z,).f(2).

Ex. Using the theorem of calculation of residues to find fc B —
(z-1)(z+1)
C:lz| =37

Sol. z =11 are simple poles inside the circle, now by using the theorem above

1 1
Res(f, D =lm [~V - m—pg+n = Me+n ~2
1
Res(f,—1) = lim [(z+1). Z-DaT 1)] = zl—i>r£11m =
dz _ . _ _ 11 _1 _
9 1D = 2 Res(f, 1) + Res(f,~1)| = 2ni [§+< 2)] = 0.

Ex. Compute fC e(l:il;z dz, C:|lz—=3| =17
Sol. z = is a pole of order n = 3, by the theorem
1 4G , €% +sinz| 1
Resthm = G i 26D [<Z - Wl "2
f elZ+—sn;de_2m_:m
c (z—nm) 2



