Chapter Five
The Continuity

Def.:

Let (x,d) and (x’,d") be metric spaces and let f:x — x’
be a function. f is said to be continuous at x,eX, if Ve > 0,36 =

&6(xy,€) such that for any xeX if d(x,x,) <& then
d'(f(x), f(xo) <.

l.e. f:x — x' is continuous at x, €X, if for any ball (neigh.) in x’
with center f(xo) and radius €, B.(f(x,)), there exists a ball

Bs(x,) in x with center x, and radius § such that f(B) € B'.

If f is continuous at each x,eX, then we say that f is continuous

!/

onx .

Theorem 5.1:

Let f:x — x’ be a function then f is continuous at x, iff
for any open set v in X' with f(xy)ev, f~1(v)is open in X
where f~1(v) = {xeX: f(x)eV}
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Proof: (=) suppose that f is cont.
Let V be an open set in x’ such that f(xy)eV.
T.P. fY(v)is openin X.
v f(xo)ev, V is open
= 3 a ball (neigh.) B'(f(x,)) € V (by def. of open set)
~ fis cont.

~ 3 a ball (neigh.) B in X such that x,eB and f(B) € B’ [by
def. of cont.], B' € V

~B S f(v)
(<) Suppose that every open V in X', f ~1(v) is open in X
T.P. fis cont.

Let xoeX, f(x0)€X’, and B.(f (x,))be a ball (neigh.) in X’ with

center f(x,) and radius G.

T.P. 3 aball B(xy)s.t. f(B) € B'.

B isan opensetin X', f(x,)eB’.

=~ by the assumption f~1(B") is open in X,
Clearly xqef ~1(B") [since f(x,)eB’]

~3Jaball Bin Xs.t. B(xy) S f~1(B")

f(B(xo)) S B’(f(xo))



Theorem 5.3:

Let (x,d) and (x’,d") be two metric spaces, f:x —» x' is a
mapping, f is cont. at x,eX, iff for every sequence < x, >

converges to x,eX the sequence < f(x,) > converges to f(x;).

Proof: (=) suppose that f is cont. at x, and let < x,, > be a

sequence in X. that conv. to xyeX.

T.P. < f(x,) > converges to f(xy)

X2 Xy

Let v be any open set in x’ s.t. f(xy)ev

~ fis cont. at x

~ f~1(v) is open in x [th. 5.1]

xo€f (W) = fxo)ev [+ fxo)ev = xoef ~H(v)]
v Xn ™ Xo

~ f~1(v) contains most of the terms of the seq. < x,, >.
I.e. v contains most of the terms of the seq. < f(x,,) >.

(Aaliiall 3 goa alana (g g3a% o lal) ddasi (g ¢35 open set JS)

@533 1 (o) 0N ol Ak g 15 x5 sinisopen set o» f71)
(Faniial) 2 gas alasa

“ f(xn) = f(x0)



Suppose that every seq. < x,, > conve. To xy,eX the seq.
< f(x,) > conv.to f(xg).
T.P. fis cont.

Assume that f is not cont.

s~ Je > 0s.t VneN, 6 = % dx,eX

s.t.if d(x,, xy) < %then d’(f(xn),f(xo)) > €

l.e. 3 sequence < x,, >IN XS.t. x,;, & xp€X

1 1 1
(-‘-e>O,Elkez+s.t.E<e=>d(xn,x0)<E<E<e,-'-n>k)

But f(x,,) » f(xq) contradiction (with assup.)
~ fis cont. at x

Example 1: let f:R - R, f(x) = ¢, ceR, VxeR f is cont.

Sol: let x,eR
T.P. fis cont. at x,

Let < x,, > beaseq.in Rs.t. x,, = x,
T.P. f(xn) = f(x0)

¢ = ¢ = f(x0)

~ f is cont.



Example 2: let f: R - R, f(x) = x,VxeR

Sol: let< x, >iInRs.t. < x, >= xy,x0€R
fxn) = x5 = x0 = f(x0)
“ f Gen) = £ (x0)
~ f s cont.

Example 3: let f:R*™ —» R be defined by f(x) = %,‘v’xe]RJr

then f is cont.
Sol: let x,eR™,and lete > 0
T.P.36(€, xp) s.t.if |[x — x| < S then |[f(x) — f(xo)| <€

1 1
G = Flo)l = |- —

X Xg

_ | — o

‘x—xo

XX XX

lx — xo]  |x — x]
ol _ 0

XX Xo

|x — xo| < x0€, Choose § = min. {1, xy€}

Let x, = xo, f(n) = — = — = f (o)
Xn X0

x0€(0,0) = R*, x5 # 0, xpeR”"

Example 4: let f: R — R be defined by

2 if x is rational
3 if x is irrational
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Theorem 5.4:

Let (x,d), (x',d") and (x",d") be metric spaces and let
f:x — x' be continuous at x,, cont. at x,, g: x' — x"’ be cont. at

f(xp) then gof:x — x" is cont. at x,

xMx”

Proof: let < x,, > beaseq. inxs.t. x, = x,

T.P. (gof)(x,) = (gof)(x)

%, = x, and f is cont. at x,
“ Fley) = fxo), <f(xy)>a seq. inx'
g is cont.at f(xg)

» g(f(xn)) = 9(f (x0))

(gof)(xn) = (gof)(xo)

~ gof is cont.

Definition:

Let (x,d) be a metric space, the mapping f:x - R is

called real valued mapping.

Theorem 5.5:

Let £, g: x = R be real valued mappings, if f and g cont. at

X, then

1) f + g is cont. at x,.



2) f.g iscont. at x,.
3)5 IS cont. at x.

4) cf iscont. atx,, VceR.
5) |f] iscont. at x,.

Proof: 3) g:x - R

Let < x,, > beaseq.inxs.t. x,, = x,
f f

T.P. g (xn) - E (%0)

foo )
g (n) = g(xp)

 fand g are cont. at xo = f(x,,) = f(x0)

And g(x,) —
a, > a a a
x n 0 _Tl 0
g( 0) bn_’bo} bn_)bo
fCn) _ f(xo0)

Hence e ™ 9o




Definition:

Let f:x — x' be a mapping we say that f is uniformly

continuous, id Vx, yeX.

Ve >0, 35 =8(e) s.t. if d(x,y) < é then d’(f(x),f(y)) <

€

Vx, yeX.



Theorem 5.8:

Every uniformly continuous function on an interval is

continuous on that interval.

Remark: the converse of theorem 5.8 in general is not true as

shown by the following example:

Ex.: let f defined on (0,1] as follows
) ==, xe(0,1]
=~ f is cont.

Forany § > 0, 3nez* s.t. % <0

1 1
Letx = ;and y =52, ye(0,1]

| l_‘l 1‘_‘1‘_1<1<6
x y_n 2nl 12nl  2n " n
And
1 1
|f(x)—f(Y)|=‘;—;‘=In—2n|=|—n|=n>1

Hence § > 0,3x,y €(0,1] s.t.

|f(x) — f(y)| > e whenever |x —y| <

Hence f(x) = i Is not uniform continuous in (0,1]

s~ f(x) = % is cont. in (0,1] but not uniform cont. in (0,1]






