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Chapter Four

Electrostatic field in dielectric media
Text, ch.4
Griffith's, ch.4
Jackson, ch.3
al dans 3 &l yualae
UIUC Physics 435 EM Fields & Sources | Fall Semester, 2007 Lecture Notes 10 Prof. Steven Errede
Schaum's ch.7
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Electric dipole moment: p=gqx... (4—-1)
Al V) x Al g s

15 2ma ikl 25y Aullully dompal) indl (53850 (8 J3hsal ey

Jaliall Jlaal)
4 - 2: Electrostatic field produced outside a polarized

object, E,
Jona sl o s i Al alafine e A g peiiall ASL) L 5o SU Jlaa

Consider a finite piece of dielectric material which is polarized.

Each volume element Av of the dielectric medium is characterized by a

dipole moment Ap = 13(7‘)A1'7, where 13(7*) is the total polarization vector
or dipole moment per unit volume. Since the distance between observing
point p(x,y,z) and Av is large compared with the dimensions of Av,
some mathematical approach can be carried out, this quantity (dipole
moment) completely determines Av's contribution to the potential:

Ap.(F—7)  P(H).(F—7)Av

AU F == - , - = 7
p(7) Ae, |t — 7|3 4dme,|r — 7|3

- (D)

where we know that, using in special case of eq. (2-14), the potential for

a single dipole is;

- +q —q
U = - -
p(7) Ame,|T — 74| Ame,|T — 7|
P().1,

B 4‘71'60'7:\ - f'llz

Lluaadlg dam Lol Lol ol



Department of Physics/College of Education (UOM) 2012-2013 Electromagnetic Theory/4th Class

where 1i,. is the unite vector directed from the dipole toward the point p.

7\ ,%)
dielectric medium

Integrating for all medium space in order to compute the potential due to

all dipoles, we get; 2 8) LS sl
N ; Dl 3 gl (salall
U, () 1 j P(F).(r —r)dv 5 LB il S
r)= = , P salall 8 62 g2
P dme, ), Ame,|T — 7|3 (2) e

There is a directional relation between primed and unprimed coordinates

In our equation; V= —6, thus; the following identity is changed to be;

=/ 1 r—7
Thus;
P(7). (r—r) 1
|7 — 7|3 ()v<|r—r|> e ()

Substituting last eqg. in eq.(2), yields;

;Ofv ﬁ(f).(%(lfir,l» dv ... (5)

Eq.(5) can be further transformed by means of the vector identity (6) in
table (1-1):

Uy = 5

V.(9F) = 90.F + F. Vg

Let: o = — and F= P(r) then:
~ (P ) 1 1
V’(IF—ﬂ)_ |f—r| P(f) + P (). V<| —rl)

3
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)—v.(f(r’), )—V;P(r:) .. .(6)

- P(r) V(

Ir — 7| lr=7l) |r—7

Sub. last eq. in eq.(b), yields;

P(r) —V.P(#)
U(T)— T—T|>+,I‘/0de] (7)

ﬁ.ﬁdd) in the

Appling the divergence theorem (fV V.Fdv = $,

o

1%t term from the last eq., yields;

= ( P(P) L
f V.| ——= =j£ P(r).nda
v, |r —7| S,

Sub. this eq. into eq.(7), yields;

S j@ ﬁ(f).ﬁdd_l_j —5.13(f)d, .
P S me | N, A ), T Y - (8)

The two quantities P.7 and —V. P which appeared in last equation
are two scalar quantities obtained from the polarization P, such that;
- P'njép"} ()
pp =—V.P
which are the polarization charge densities for the medium and it can be
re-writing as: Q, = P(#).fda + I, —¥.P(#) dv and then:

1 dQ,

Ame, ) |r — 7|
Glay 4ild 13 ald) JAAS all 3 a e cliadll e et GUadiaY) Aaad AU
ALS Luli Lgild ) ahud) g ol ) Al (bounded) sadall cliadlly Ulal Lgle
S Gy 68 ) eanall g sl L ¢, phandl e 303 gaal) L) 48l il
o sl Jala el

Substitution of eq.(9) in eq.(8) yields:
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1 o,da P dV
U, () = P P ... (8
p(7) 4re, bio |7 — 7| +JVO |r—f|] (8)

Since U is a function of the coordinates (x,y, z), to calculate the

field E,(7) = —VU,(7), the appropriate gradient is the (=V).

- ~( 1 o,da dv
E,(r)=-V i; L +f ljp—,
4me, | Js, |r — 7| v, |r — 7|

Noting that V (ﬁ) =

r—r
TaE
]_[f<%@—fMd+J'pAF—ﬂd1
S V,

4me |7 — 7|3 |7 — 7|3
o

- E,(7) =

Example: (Jackson 3.10)
A physical dipole moment of two equal and opposite charges (+q)

separated by a distance (d), find the approximate potential at a distance
far away from the dipole.
Solution;

let r_ be the distance from (—q) and r,. is the distance from (+q)
such that the setup will be as in the following fig.;
then, the potential due to these two charges is;

. 1 (+q —q
Udipote () = 4me (r T T )
o \T- +

q (1 1)
4neor Ty

Because of 7 > d, we can assuming that 7 || .. Appling the law of
cosines:
r_2(r,%) =r%+(d/2)? + rdcosd

1+ d 0 + 4
COS 472
Because of r > d, the 3ed term negligible, and the binomial expansion

1

yields: % = %(1 + %cosé’)_E > %(1 + Zd—TCOSG)

1 gqdcos® 1 pcosb

- U r) = =
apote (7) Ame, 12 Ame, 12
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or in vector notation: dcosf = t. J, thus:
1 p,
—7T
4me, 1
A 1 o H - £ ol 3§ v P . . . f« o .
‘f ‘r_z &= g_u.u\_ug cd|p0|e g_daa ‘;_11_14 ‘):\.1\_\.1 cd\_\.d\ Jaa ‘_g G._a\_\]\ J@A.j\ Q\ﬁ cﬁ\}l\ ‘;A

cbdll el Al %3 &= «<monopole bl gala) Als 4 % & iy ) s

Udipole (7_:) =

.octopole bl Jla dlls %4 &= «Quadrupole

4 - 3: Gauss's law in dielectrics Al Llu g¥1 & G glS () 5318
In the following fig., the entire surface S is an imaginary closed

surface located inside a dielectric medium. There is a certain amount of
free charge, Qfree, in the volume V' enclosed by S, and we shall assume
that this free charge exists on the surface of three conductors in amounts

01, 92, and gs. By Gauss law;

. 1
f E.nda=g(eree+Qp) (D

where:

S: is the surface bounding the volume V.
Qfree- free charges inside conductors Sy, S ,Ss.

Q,: polarized charges inside the dielectric and onto its surface, such that:

Qp = —f (V.P) av +3§ (P.7)da

1+52 +S3

" polarized dielectric medium Y.

Appling the div. theorem in the volume integral term in last eq., yields;

Q, = —3@ (P.A)da + jﬂ (P.7)da = —jﬁ (P.7)da
S+S51+5,+53 S1+S,+53 S

sub. in eq.(1);
$E.

S|

1 n A
da = g(eree o i (P.n)da)

jg (€:E +P).7da = Qfree

Integral form of Gauss's low in dielectric
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Inside the closed surface, the vector summation(e-E + P) may be
replaced by a vector D, and the above equation can be re-writing as;

% Bﬁda = eree
S

where D is called the electric displacement vector
also, Q¢ree = pdV, and again applying the div. theorem, yields:

V.D=p

Differential form of Gauss's low in dielectric
For isotropic (homogeneous) dielectric media, the polarization

vector P and the electrostatic field E have the same direction. For a linear
medium P is directly proportional to E , thus we can write;
PxE

[N

P=)(F?

where y is the electric susceptibility constant, which is a dimensionless
constant.

But: D = E + xE
=(e+x)E ... (#)
If x = 0 ,i.e. the medium i

S a vacuum , and then :

— ]

D. = e.E| (electric displacement for vacuum)

—

otherwise: D = eE (electric displacement for medium)

where, € is the Permittivity is a measure of the ability of a dielectric
material to be polarized by an electric field. Sub. last equation in left hand

side of eq.(#), yields;

—

sE=so(1+£)E—>e=so(1+i)

X

—>kappaorK=eT=§=1+

L 21)

K is the dielectric constant (relative permittivity) of a medium, which is

also pure number (dimensionless) quantity.

The dielectric constant (k) of a material 1s the ratio of its
permittivity & to the permittivity of vacuum go, so k = g/fo. The
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dielectric constant 1is therefore also known as the relative
permittivity of the material. Since the dielectric constant is just
a ratio of two similar quantities, it is dimensionless.

Given its definition, the dielectric constant of wvacuum is 1. Any
material 1is able to polarize more than wvacuum, so the k of a
material is always > 1. Note that the dielectric constant is also a
function of frequency in some materials, e.g., polymers, primarily
because polarization is affected by frequency.

A low-k dielectric is a dielectric that has a low permittivity, or
low ability to polarize and hold charge. Low-k dielectrics are very
good insulators for isolating signal-carrying conductors from each
other. Thus, low-k dielectrics are a necessity in very dense multi-
layered IC's, wherein coupling between very close metal lines need
to be suppressed to prevent a degradation in device performance.

A high-k dielectric, on the other hand, has a high permittivity.
Because high-k dielectrics are good at holding charge, they are the
preferred dielectric for capacitors. High-k dielectrics are also
used in memory cells that store digital data in the form of charge.

4 - 4: Electrostatic field produced inside a polarized
object, Lorentz field model Es

alsall Jlaal) iy alads Cliadsl) a5 58 3ale Y dagih Qe iy Jladl o
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) e ()5S 5,88 o) Cpad) Il (e o8 Jalad) Jlaall 3Ll (al 3l ¢ )
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Ol Aol 5 L) 5 Ao gal) Bl (e 4y glaia AaaS o O 5Sh Tani ) ) Gy (5 ala
i nl) s
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In order to determine the electrostatic field at the center of a
spherical cavity inside a polarized medium and due to the surface

polarized charges on its surface, as in the following fig.;
E

—_—
Central

gt t =

s S = - c e
T *”‘. ‘\ \? ,+/ / 7/1 \ 0
& I
s oA = B i
i =7 '\;!))/I

)

From last discussion, the distribution of charges is only on sphere's

surface. According to Coulomb's law, the electric field is given as;

N

~ . 1 (™ R
Eqpn(r) = 4n60f0 |§|30p(7‘)da ... (D

from eq.(?), we have: o, = P.7i = P cos(m — 8) = —Pcos6, also in

spherical coor.: da = r?sinfd6dg, substituting these in eq.(1), yields;

T

R

j (—Pcos0) W (cosO)R?sinBdOdg
0 R

1
4te,,

- Esph (F) =

the additional cos@ term is added because we are evaluating the field that

only is in the polarization direction.

2m
VA
Eqpn (1) = 4ﬂ60f0 cosze(—sine)dej do R
0
P {COS39 n}ﬁ
2¢€, 3 0
= L 1 (+1)]
26,3

—_

- Esph(F) = ?
0

This is the macroscopically averaged E -field at the center of an
imaginary small diameter sphere of radius R (somewhere) deep inside of
a uniformly polarized dielectric [Prof. Steven Errede, 4e=.2].
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4 - 5: Point charge in a dielectric fluid:
Assume us apply Gauss's law to a spherical surface of radius r

encloses some electric charge g which is located inside a dielectric fluid,

_

such that it behaves as a linear, isotropic medium. In this situation, E, D

and P are all parallel. For convenient, g will be located at the origin.
Then, application of Gauss's law, in scalar form;
AD = qfree
4r2D = Qfree

_ eree

D =
42

- qT‘eeA
_ 1ree 4

D = vector form
4mr3 !

we have:

P= XE, K= Ei,x = €,K— 1, then;
= q
E=——

47TKer3r

also:

(EOK - 1)61 ~
—_— 7

p =
4mKer3

AMall I,lasg | d! S Ualall A

U5 Gl bl e K laiey jaml o Jile Ly 3929 A>3 SLySI Ul ol . P = XE

1ty il Slimadl sss il Jlall man Jiols o alsn Jilall Jsls Jadl ol s aesl

eay @lai LS ey oo callis sugall wlixddl Loy q 589 dly sa byl clieddl sue 3,

p sl 53 O 5 Jiatsy (4imad) po obaill) glasl ey Pp = V. Py Jiensg Lasgll J1s

ams 0 dule Hlaitas duams Slind dss o @l e ) oD 5491 Aslall e V.
Y 05K Wl s 3 Badiall clinddl

_(K-1)q

op = })i_rg 4nb2(13. ﬁ)r=b = <

10
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Thus, the total charge is;
1

wd

+ =
O'p q K

1
O-p = q(i_ 1)

4 - 6: Boundary conditions on the field vectors:

Schaum, p.85 & p.100. Q.7 in text.
In order to treat the problem of electrostatic field in an interface

between two media, which involves; dielectric-conductor, dielectric-

vacuum, and finally dielectric-dielectric, suppose the following argument.

! 2

Dielectric 1
3 \x\x\\m\‘\\\w‘\m

""_} Dielectric 2

ot Jeoladl wdl dalie § gy SLnSO Jlelly ol 28LS Glusd dale Al> L Jglidiu
Juolall amll 455lslly Aagenll S yally dalies (olss Lod clasy
e pladg el Jlady Blae e delas) nlaugl) ros pi S Glslaul @bl A8 o o]
AS s)luze Jolall ol dslus (o slas

The free charges enclosed by the surface S are;

1
o AS + E(pl + p,) X volume

But_volume negligibly small, applying Gauss's law to S;
D,.7,AS + Dy.7;AS = o AS
but 71, and 71, are ant direction; thus we can write:
D,.7,AS + D,. (—A,)AS = g AS
(D, —Dy).fi, =0

let i, = 7, which is the normal to the interface, such that:

DZn—DanJ ...(1)

Discontinuity for the normal component of the flux

11
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or Jiolill anll e pagall ZEUST Assandl RS § Aplaral ol W1 5x5¥) Aslall gdd
ol 5y Slimd anlsn @ ol «plaad) Byl Sliedd) Toxla ) el ZUS e datad ghes

aud! I3 e Bretun (98w S, s
Now, we have the field — potential correlation: E = —VU, which means
that in one dimension form, E = —%Ui SE.dl=—-dUi=0, ie. the

path around any closed loop into the interface vanishes. Applying this

fact in the following fig. yields;

BA R C_\ N D_\ R A_‘ R
j EZ'AZAB + J E'AlBC + J El'AlCD + j E.AlDA == 0
A B C D

According our earliear assmption that pillbox high is small, AfBC} — 0 in
DA

the 2" and 4™ terms, thus;

BA N CA R
.[ EZ'AlAB +.[ El'(_AlAB) = O

A D
B —_ —_ -
j (B, — E)) .l = 0
A

(Ez - El)'AZAB =0

i EZt = Elt e (2)

Continuity for the tangential component of electric field
According to eq.(2) we can also write the equation of potantial

continuity;

U2t = Ult e (3)

12
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Note:

Equations (1), (2) & (3) have been obtained for two arbitrary media. If
medium 1 is taken as a conductor, then 1771 = 0. i.e. there is no

polarization, P, and the electric displacement vanishing;

—

D = Eoﬁl + [_; = O
thus eq.(1) and (2) will be;

D,y=0 ...(%)
E,, =0 ... (5

Displacement and electric field
in a dielectric just outside of a conductor

Example: Schaum p.95
Given that F?l = 21 — 3j 4 5k V/m, at the charge free dielectric interface

of the following fig. Find D, and the angles 6, and 6,.
For two charge free dielectric media located in contact and having ¢,, =

2,and &, = 5, given that E; = 2{ — 3 + 5k V/m, inside medium 1 and

13
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directed away from the interface, and making an angle of 6, with the

horizontal axis. Find 52 for the incoming field passing within medium 2
and the angle 6, for it with the parallel to the horizontal interface.

Solution:
Joalil) aall adge o alaic] dpulas s 430 sexS DA Jlaall LS jo 3aad Cany folaiy
b alas (i A5le Aalae (e s A sac A8 je (A7 A8 je (Ol iy a0 ¢ interface
B8y Lag) () eolimilan Logild Qliddiall LS pall Ll 3 aiua e (A D33 seall 48l
s sl (5 jaiine U 58y (Al Aaleal
the interface is a z —constant plan. The x and »
y components are both tangential components, l E,
and the z-component are normal. The medium
is charge-free, thus o = 0, i.e. D,,, — Dy, = 0 4" o
which means that the normal component '
becomes continues
continuity of the tangential component of
E and the normal component of D gives:
E, =2i-3j4+5k ...
E,=2i-3+E,k ...(2)
but: D = ¢,¢,E, substituting in eq.(1) & (2) yields;
Dy = (£0r1)21 = (20£r1)3] + (£0271)5k
=¢£,(2)21 —¢,(2)3] + ¢,(2)5k

> D, =¢g,(4)i—¢&,(6)] +&,(10k . .. (3)

also;
D; = (&0€r2)2T — (&0&r2)3] + (‘c-'o‘(:rz)EZziE
- D, =¢,(5)21 —¢,(5)3] + £,(5)E,,k ... (4)
We have: D, — D;,, = o, but the interface is charge —free, o = 0, thus;

—_

Dyon = 5Zln
Comparing the field z component in egs.(3) & (4), we get;
80(10) = &,(5)E>;
- E,,=2 ... (5
The angelsf, and 8, between the interface and the two fields E,and E,
are given as;
E,.k = |E;|cos(90 — 6,)

14
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From eq.(1); and the identity: cos (A - B) = (cos A)(cos B) + (sin A)(sin
B)

Ei.k =5=(2)% + (-3)2 + (5)2[sinb,]

5
- sinf, = —
' /38

% 91 == 54‘20

also;
E,.k = |E;|cos(90 — 6,)
From eq.(2) (including eq. (5)), and the same identity;
2 =/(2)% + (—3)% + (2)?[sinb,]

2
- sinf, = —
217

v 6, =29.0°

H.W,
Region 1, defined by x < 0, is free space, while region 2, x > 0, is a
dielectric material for which g,., = 2.4.

4 - 7: Boundary - value problems involving dielectrics:

If the dielectric with which we are concerned is a linear, isotropic

and homogeneous, then; D = eE, where € is const. charactristics the
material, substituting in the differential form of Gauss,s law in a

dielectric;
V.D = prree

where p is free charge density.

—_

V.eE = Pfree

E—l
e Epfree

<

15
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also: E = —VU, then:

L 1
v.(-vU) = ~Prree

V2U=—1p (6)
Prrec

The potential equation in dielectrics, (Poisson's equation)
Thus, the potential satisfies Poisson's equation.
Cases:
1. In vacuum, € replaces by €,,.

2. Inside dielectric, no free charges found, i.e. p =0, thus, the
potential equation satisfies Laplace's one, V2U = 0.

3. Inside conductor, no free charges found, p = 0, instead, it
contains point charges, p — );q;, and surface charges. The

potential equation transforms to be Laplace's one

16
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44 LINEAR DIELECTRICS 181

Figure 4.20

Example 4.5

A metal sphore of radion o carrion 4 chaege 0 (Fag. 4,200 0 s surroumded, out w0 sudis b, by
lincar dhedectric matcrial of permittiviey «. Find the potential st the conter (relative Lo intinay )

Soluthon: To compute V., we seed 1o know E: 10 find E. we might fist try (o bocate the boand
change. we could get the bosnd charge from P, bet we can't calculsse P unless we already
kpow E (Eq 4300 We seem o be in 2 bind, What we do know is the free charge @, and
forunately the arangement s spherically symmetric, so ket's begin by calculating D, vsing
Baq. 4.23:
Q .
D« o f for all posnas ¢ >
4nrs

(Insade the metal sphere, of course, E = P = D = () Once we know D, it is a triviol mater
0 obtasn E. using Eq. 4.32

]
"(”_: t a<re<h
_Q:i_ forr = h
dxeys’

I'he potential at the center i therefore

D b )
;= o 0 (-2 -/"
V = -Lb dl = /\(m dr ,{.. (JR"})dl ‘amdr
U !

I (q.h v ta v.h.)

As 1t b 0ut, 1 waas Dot necensary for s 10 compute the poliarization or the bound charge
explichly. though thes can cesly be done

‘olr(zi
drer’

=egreE =

1
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in the diclectne, and hence
/)h= -»V»P:()_

while

[ 3
5”‘“--‘-,'-. at the outer surface,

X dreb

op=P.n=

—¢ )
—"X'.,( . at the inner surface,
drea*

Notice that the surface bound charge at @ is negarive (n points outward with respect 1o the
dielectric, which is +F at b but —F at a). This is natural, since the charge on the metal
sphere attracts its opposite in all the diclectric molecules. It is this layer of negative charge
that reduces the field, within the diclectnic, from l/-&.-ren(Q,'r:)i' 10 1/47e(Q/r2)F. In this
respect a dielectric is rather like an imperfect conductor: on a conducting shell the induced
surface charge would be such as to cancel the ficld of Q completely in the regiona < r < b
the dielectric does the best it can, but the cancellation is only partial

4 - 8: Dielectric sphere in a uniform electric field:

4 - 9: Force in a point charge embedded in a dielectric:

Solved problems: (Schaum ch.7)
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1. Find the magnitudes of P and D for a dielectric material in

which E = 0.15Mev/m, and y, = 4.25.
We have:
P=yE = xoe,E

N

where: y, = f Sub. in eq. of D, yields; D= & &rE

& =1+y,
= 5.24
D = e,6,E
= 6.96uC/m?
P = y.eoE
= 5.64uC /m?
19
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T.1.

7.1

73.

Tl

&

Solved Problems

Find the polarization P in a dieleciric material wiih €, =28 if D=30x 10" aC/m’.
Assuming the materizl to be homogeneous and Botropic,
F=yE
Since D=, E ond y,= 0. — 1,

r-{";t]n = 1.93 % 10" C/m®

Determine the value of E in a material for which the electric susceptibility is 3.5
and P=23%10""aC/m’

Assuming that P and E are in the same directson,

1
E=

P=T.42 = i(Fa V/m

(1]

Two point charges in & diclectric medium where €.=52 interaci with a force of
E6x I07*N. What force could be expected if the charpes were in free space?

Coulomb’s law, F =, 0,/{dmege,d®), shows that the force is inversely proportional to «,. In
Free gpasce the foree will hawe s marimiem il

F_-%E{E.ﬁx 107%) = 4.47 % 102N

Hegiom 1, dehned by x<U, 15 free space, while regon £, x =W, & a dielecine matenal
for which «,=2.4. See Fig. 7-9. Given

D, =3a, — 48, + 68, C/m?
find E; and the angles 8, and 8,
The x componenis are normal to the interface: D, and E, are continuouws.

4
n.-]l:_ 4'.:"' “r .:.*1.:-_.:+'§'.|
L7 £y L
4 G
Dy=3a + Da + Doa, ["=E""'s_"+?"
1] 41
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