Chapter 2 : Analytic Functions

Def. Let be S be aset of complex numbers . A function f defined on S a rule which assigns
to each z acomplex number w. The number w is called a value of f at z and denoted
by f(z), thatis w = f(z). The set S is called the domain of definition of f (Dy ).

Ex. w = z%2 4+ 2z — 7. the domain of def.is C.
D; = {C\+2i}.

Ex. w = 5 .
zZ“+4

Suppose that w = u + iv is the value of afunction f at z=x+1iy,
~u+iv = f(x+iy), eachof the real number u & v depends on the real variables x &y,

cw = f(2) =ulx,y) + iv(x,y).

Ex. w=f(2)=z2>w=x2—y2+2xy su+iv=(x%—-y%)+i(2xy)
u= x?—-vy%, v=_2xy.

Limits
Def. lim,_,, f(z) =w, mean VE> 0,36 > 0 such that
|f(z) —wy| <€ wherever 0 < |z—2z,| <§. draw
Ex. Prove that lim,_,;_1(2z+3) =4i+17?
Sol. V€>0 wemust find § > 0 such that
0<|z—QRi—-1)|<d§ - |2z+3 - (4i+1)| <E€.
By the def. |f(z) —wy| <€
|12z+3—-4i+1)|<e-|2z—4i+2|<E
- 2(z- i - 1)| <€> |z - 2i — 1) <§=5.

Theorems of Limits
1- When a limit of a function f exist at apoint z, , it is unigue .
2- Suppose that f(z) = u(x,y) +iv(x,y), zo =x+ iy & wy = uy +ivy,,
then lim,_,, f(2) = wy & limgy ),y U Y) = U,
& lim(y ) xey0) VO Y) = Vg .
Suppose lim,_,, f(z) =wy & lim,, g(z) =w;, then:
3- limZ_,ZO[f(z) + g(2)] = wy = wy.



4- limzazo[f(z)-g(z)] = Wo . Wy.

5- lim,_,,, [z) _ W , wy #0.
1

6- If P(z) =ap+ayz+ az?+azz3+ - ......+a,z",

when ao,a,a,, ....., a, are complex constants, then lim,_,, P(z) = P(z,).

7- If lim,,, f(z) =w, , then lim,,, |f(z)|= |w,]|.

5z+1 _ limy,q4;5z+lim, ;41 _ 5(1+D)+1 _ 6450 50 | i

Ex. Find the lim,_;,;

Exercises :

|. Prove that
@ _,
VA

2- lim,,_;[x+i(2x+y)=1+1i.

1- lim,_,,

. Z . .
[I. Prove that hmz_,oz is not exist.
z3+48 5

lll. Find the following limit lim T ————
z—2e3 z*+4z2+16

Continuity

Def. A function f is continuous at point z, iff :
1— lim,,, f(z) exist;

2— f(zy) exist;

3 - limz—>zo f(Z) = f(ZO)

5z2—1  limyq4;5z-limy14;1  5(1+i)—1  4+5i 41 41"

Def. A function f is said to be continuous in D, means its continuous at each point of D.

Ex. 1 — f(z) = z is continuos, 2 — f(z) :§ is discontinuos ,

3— f(z) =xy?—i(2x —y) is continuos .

Theorems

1. Let f(z) =u(x,y) +iv(x,y), zo = xo + iy, . Then f(2) is continuos

iff u(x,y) and v(x,y) are continuos at z = z,.



2. Let f and g are continuos fun ctions ,then

i.f +g cont.
ii. f.g cont.
ii. f—) cont., g #0

iv. fog cont. .

. 3z4-223482z%2-2z+5 . .
Q. Does the function f(z) = — continuousat z =1i7?

Derivatives
Def. Let f afunction whose domain of definition contains a neighborhood of a point z,.

We define the derivative of f at z, ,written by f(z), by the equation :

f(z) = lim,_,, (2@ @)

zZ—Z

provided the limit here exists.

The function f is said to be differentiable at z,, when its derivative at z, exist.
Expressing z in equation (1) in terms of the new complex variable Az =z — z,,
We can write the equation (1) as

7 . (z+Az)-
f2) =tim,,_, L22T0 (2
Or Z—VZV = AI;IEOAA_V; ........................... (3) , where Aw = f(z+ Az) — f(2).

Ex. By the def., findthe  f(z) for f(z) = z% ?
f(z+Az)—f(z) _ . z2+2zAz+(Az)%—z2
Az - Alér—{lo Az

Sol. f(2) = limy,_ = AlimO(ZZ + Az) = 2z
Z—>

Ql.Does f(z) existat z =0 for f(z)=|z|? ?

Q2. Prove that f(z) is notexist for f(z) =z ,(Im # 0) ?

Theorem: If f has aderivative at z;, then it is continuous at z .
Theorem : If a function f is differentiable at z,, then it is continuous at z .
Proof:

v f diff. atzy = f(z,) exist.

T _ — Tim L @ot+A2)~f(z0) — im L G@ot82)-f(z0) .
- Al;r_r)lo[f(zo +47) — f(20) Al;r—r}o Az Az Al;r_r}o Az 'Al;r—r}oAZ

=f(2,).0=0 .
AI;IBO[]C(ZO + Az) = f(z)



~ lim f(z) = f(zy) =+ f(2) is continuous at z, m

Note : The converse of this theorem is not always corect.

f(z+Az)-Z
Az

= lim 2, Az = Ax + idy and Az = Ax —iAy

Ex. f(z) =2, Im(2) #0 - limp,_, W = limy,_
Az—0 Az .
if AzisRe - Ay=0, Az=Ax and Az = Ax
Ax

<~ limpz—ax—o Ax =1,

if AzisIm - Ax =0 ,Az =iAy and Az = —ilAy

—iAy 1

~limpy, -
Az=Ax—-0 iAy

. f(2) isnot exist even f(z) is continuous .

Differentiation Formulas

1- % (¢) =0 ,c constant.

2 S(@=1

3 Glef@l=cf@

4 —[f(2) £ 9@ = f(2) £ §(2)

5 2 [f(2).9()] = f(2).§(2) + 9(2)f (2)
4 [f@] _ 9@f(2)-f(2).4()

6 Zlool = @) » 9(2) #0
7- di z" = nz"1

8 letf(z) = g(h(z)) - f(2) = g'(h(z)).fl(z).

Ex. Does f(z) existat z, =0 for f(z) = |z|? ?
|z+Az|2—|z|> . (z+Az)(Z+Az)—|z|?

Solution: f(z) = lim — = lim
f(@) = limy, o ZEEL = lim G20

= lim z2Z+ 744z = lim Az =0
Az—0 Az Az—0

~ f(z) isexist at zy = 0 and equal to zero.

Q. Does f(z) exist atany point ? No, check ???

zZ4+zAz+ZAz+AzAz—2zZ
Az




The Cauchy-Riemann Equations (C — R Eq.)
Def. Let f(2) = u(x,y) + iv(x,y), where z = x + iy. The equations
u(x,y) =v,(xy) —————— (1)
u,(x,y) = —v,(x,y) ————— (2),
are called the Cauchy — Riemann equations or Cauchy —Riemann conditions at z =x + iy.

Theorem (Cauchy - Riemann)
Suppose f(z) = u(x,y) + iv(x,y), where z, = xo + iy,. Then f(z,) exists iff
Uy (%, ¥),uy (x,¥), v (x,y) and v, (x,y) are exists and satisfy C-R Eq. 1and 2,

moreover f(Zo) = Uy (X0, Vo) + i (X0, Y0) = Uy(on’o) - iuy(xolyo) .

Ex. Let f(z) =z2 =x?2 —y?2 +2ixy > u=x*>—y% , v=_2xy
Uy =2X , ,Uy, = =2y , Uy =2y, Uy, =2X

YUy =V, and vy = —Uy

. C —REq. are hold.

o f(2) =uy +ive = 2x + 2iy or f(2) =v, —iu, = 2x + 2iy .

The Cauchy-Riemann Equations in Polar forms

Let z=x+iy= ret® ,x =rcoso , y =sinf, andlet f(z) = u(x,y) +iv(x,y),

Using a chain rule and the def. of the derivative:

1- For r, f(z).g—izur+ivr

since z = re? - Z = ¢if
or
o f(2).e =u, +iv, - (1)
- (). %% = j 9z _ .0
2- For 0, f(z).ae—u9+w9’ 5 =Tie
~ f(2).rie? =ug +ivg e 2)
f(2).ire?® = iru, —rv, —--eeeeee- (1)  (xir)

ie. from1 & 2 = iru, —rv, =uy +ivyg

Uy = —rv,
Vg =TU, C-R Eq. in polar form.

Now what about the derivative f(z) in polar form ?
f(2) = e ®[U.(r,0) + iV.(1,0)] - (3)



=2 e7O[Vy(r,0) — iUy(r, 6)] - ().

.6
Ex. Consider the function g(z) =+vr.ez, (r >0, 0 <8 <m). showthat g(2)

Has a derivative at each point in its domain of definition and g(z) = 790 ?
1 1 1
Sol. g(z)=r2 (cos%+ ising) =72 cosg +irz sing.
1 1
U =rfcos; , V= rising
1 1 0 11 6
Urzir Zcosz , U9=—Er25ln§
1 1 6 11 0
V. =§r Zsmz , Vo =Er2 cosz
. C—REq. are holds, - g§(z) exist.
- . o[l 1 6 1.1 g
§2)=eO[U, +iV]=et® [E r Zcoss isr2sing
—i91< 9+--9) g 1 i% 1 —ig 1
=e Y —|cos=+isinz|=eV"—e2=—ce 2=—
24r\ 2 2 2Vr 2Vr ez
1
29(z)

Analytic Function
Def. A function f of the complex variable z is analytic at a point z, if its

derivative exists not only at z, but at each point of a neighborhood of z, .

Def. A function f is said to be analyticin the D if it is analytic at each point
Of the domain D .

EX. f(z) = |z|? is not analytic at any point except at z = 0

f(z) =3z— éz + 1 is analytic everywhere .

Def. A function f is entire if it is analytic at each point of the complex plane.
Ex. f(z) = e* isentire,

f(z) =Yk, axz® isentire.

Def. If a function f is not analytic at z, but it is analytic at each point of neighborhood of z,
, then z, is called a singular point or a singularity of f .



N

Zifzz , the singular pointis z = 2.

Ex. f(z) =

Harmonic Functions

Def. Areal—valued function h of two real variables x and y is said to be
harmonic in a given domain of the xy — plane if through that domain it has
contains first and second partial derivatives and satisfies the partial differential
equation :

hxx(xJ y) + hyy(x:y) =0,
this equation is called Laplace’s equation .

Def. If two given functions U(x,y) and V(x,y) are harmonicinadomain D and
their first partial derivatives satisfy the C — R Eq. Through D .
we say that V is the harmonic _conjugate of U .

Theorem. A function f(z) = U(x,y) +iV(x,y) is analyticina domain D iff V isthe
harmonic conjugate of U.

Ex. If u(x,y) =y3 —3x%y isthe Re. part of the analytic function f(z),
find the Im. Part (harmonic conjugate)?
Sol. U,=—-6xy=V, , U, =3y*—3x*,

V, ==—6xy -V =[—6xydy - V =-3xy*+ F(x)
Ve ==3y2+ F(x) =—U, - -3y>+F(x)=-3y?+3x> > F(x) = 3x?
~F(x) =x3+c.

“V==3xy*+x3+c.

Ex. Prove that f(x,y) = e* cosy isaharmonic function ?

O _ ox *f _ x
Sol. 5y = € Cosy — — =e”cosy
O _ _pxgj % _ _ox
5y — € Siny — 55 =—e’cosy
2 2
a—f+a—f=e"cosy+(—e"cosy)=O.

dx2  0y?



~ f is harmonic .

Ex. If U(x,y) = e* cosy , find the harmonic conjugate V(x,y) ?
Sol. Uy =e*cosy =V, , U,=—e*siny

V, =e*cosy -V =e*siny + F(x)

V, = e* siny + F(x) = —U, - e*siny + F(x) = —(—e* siny)

F(xX)=0 - Fx)=c. , «~V=e*siny+c.

Laplace’s Equation in Polar form

Upx +Uyy =0 =120, +1U, +Upyg =0

Veix +V, =0 = 2V, +1V, +Vgg=0 v (2) Laplace’s Eq. in polar form.

.0
g 6 . 6
Ex. Let g(2) =+re" —>U=\/Fcosz ) V=\/751n5
1 1 6 -1 3 6
U.-=-7r2cos= - U, =—71 2c05-
2 2 4 2
-1 .0 -1 1
Ug =— 12 sin- - Ugg =—12C0S~
2 2 4 2
-1 3 6 1 1 6 -1 1
-'-rz(—r zcos—)+r(—r 2 cos—)——rz cos-==0
4 2 2 2 4 2

~ laplace'sEq. is hold. U is harmonic .

Q. Let g(z) =1r%e™% | provethat V is harmonic? (H.W).



