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Definition:-

Let X be a real or complex vector space over F where F is a field of real
number R or complex number € A mapping < , > : XxX — F is called inner
product on X . if it’s satisfy the following properties :

1- <x,y>= <y,—x> vV Xy e X

2- <xty,z>=<x,2>+<y,z> VX)Y,ZeX.
3- <AXY>=AXy> VXyeX,heF.

4- <x,x> >0 when X=0.

Definition:-

An inner product space is a vector space X with inner product defined on X .
Then (x, <, >) is inner product space.

Example:-

Let X=¢", The set of all n- tuples of complex number X= (01,05 ,...., 0y)
y =(B1,P2,.....,.Bn) where a,, B, are complex number
define <x,y>=Y", a,f,

Then the order pair (", <, >) is an inner product space.
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Solution:-
1- <xy>=YL,; < 1B
<yx> =y fra =Y frai=Y" Bt ar=3", o1
Xy =<y, X >
2- <x+y,z> =Y (at+ Bu)yr Where Ze€", z= (Y1, Y2 »...»¥n)

=Yi(ayi+fiyi) = Yilja yi+ X fL it

=<X,z2>+ <y,z> .

3-<Axy> =Yt Aatfu
=AY, apu
=\ < X,y>

4-<xx>= Yyt o« a
=y, |«i|2 50—  <x,x> >0
When x= 0
- (€, < ,>)is inner product space.
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Example:-

Let X=c[a,b], The set of all continuous function defined on closed
interval [a,b] with vector addition (f+g) ) = f(X)+ g(X).

Scalar multiplication (af) )= af(x).

Define <f,g> = f: f(x).g(x) dx then (x,<,>) is an inner product
space .

Solution:-

1- <f g>= [} f(x). g () dx
<0.f>= [, 900 J@) dx

=["g() F(0) dx

=f: g(x). f{x) dx

=[7 f(x).g(x) dx

nL<fg>=<g,f >.

2-<frgh>= [((f + 9 ) h(x) dx
= [P(f () + g(0) . R(®) dx

= [, f).hG) dx+[; g(x) h(x) dx
=<f,h> +<g,h > .

3-<Mig> =[] (M) 9@ dx=1[]f(x).g() dx
=Ar<f,g>.

4- < f,f>whenf£0
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<ff>= [ F(0) . TG dx

b
=J, lf@[* ax>0
so<t,f> >0
- (x, <,>)1is inner product space.

Remark:-
Let X be inner product space then any subspace of X is also inner product

space.

Theorem:-
In any inner product space then :
1- <x,y+z > = <X, y> +<Xx,7>.
2- <X, Ay> = A<x,y>.
3- <0.,y>=<x,0>=0.
4- <X-y,z>=<Xx,2>-<y,z>.
5- <X ,y-z>=<x,y>-<X,7>.
6- <x,z> =<y, z> forall z then x=y.

Proof :-

l-<xy+z><y+z,x >=<y,x >+<2z,x >
=<Y, X >+ <Z+x >=<Xy>+<X27>.

2- <X Ay> = <Ay, x >= A<y, x >= A<x,y >.

3- <0, y>=<0+0,y> = <0,y>+<0,y>
= <0,y> - <0,y>= <0,y>
= 0=<0y>
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= <0,y> =0
<X,0>=<x04+0>=<x0> + <x,0>
—=<x,0> - <x,0> = <x,0>

= 0= <x,0>

= <x,0> =0.

4- < X-y,z> = <x+(-y) ,z2> = <x,2> + <-y, 2>
= <X,Z> - <y ,Z>.

5- <x,y-z> = <x ,y+(-2)> = <x,y> + <x,-2>
= <X,y> - <X, Z>.

6- <X,z > = <y,Z>
= <Xx,2> - <y,z> =0
= < x-y,z> =0 for all z
= x-y =0
= X=y.

Exercises:-
LetX=RZ, x=(x1%X2), y=(Y1y2)
Show that whether the function are inner product on X or not

1- <x)y> = x1y1 + X2¥2
2- <X, y> = 3X1y1 + X2y2
3- <x,y> = X12y12 + X22y22
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Proposition:- In any inner product space
1- < Xk=1 Qi - X, Y > = Dgq A <Xp, Y >
2- <X, Xk=1Qk Yk > =Dk=1% <X, Vi >

Proof:-

1- To prove that by using mathematical induction
a) To prove it’s true when n=1

1 _ _

<Ak=1Qk X,y > =<1 X, y>=a1 <X1,y>
1 _

D=1 <Xp,y>=0ap <X,y >

.> it's true when n=1

b) Suppose its true when n=m
Then < Yy=; ax X,y > = Xj=q A < Xg, y>

c) To prove its true when n=m+1

<Y g Xy > = < XRlg Qe X+ QCpyq Xppgr Y >
=< Yke1 X X Y > T < Amy1 Xmyr Y >

[ since < x+y ,z> =<Xx,z> + <y, z>]

:ZZl=1ak <Xk Y2 T Opir <Xmy1, Y

[by (b)and <A X,y>=A<Xx,y>]

=ol <xp,y>+toop<x,y>+...... T Um+1 <Xmt+1,Y >

—wvm+1
= Xko1 U1 < X1 Y >
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Definition:- Let X be inner product space the norm of a vector x eX
is defined by

Ixl=v< x,x > .

Example:-

In the unitary space ¢" if x= A, Then

1/2
= (2o, | 4 1)
Solve:-
In the unitary " if x= 2 and y=

<Xy~ = ZLL:l ﬂ“k /_lk

—_ 1/2 1/2
K=v< x> = (Cfor ke A= o 14,1

Example:-

In the inner product space C[a,b] , defined by
<f,g>= f:f(x)g(x) dx then

=0 | Foo |2 dytr2

Solve:-
I =<FF> = (J, f().FC) dx)™/?
=7 | F(0) |2 a2
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Theorem:-
In inner product space

1) IAxl = |A] . IxI
2) Ixl >0 when x#0; Ixl =0 if and only if x=0.

Proof:-

1) Iaxl2 = <Ax, Ax> = A <x,x> = [A[* IxI°
SoxlP = L Ik = I = AL Ik

2) When x£0 = <x,x> > 0 =>J/<x,x > >0=1IxI>0
If x=0 = <x,x> =0=+/< x,x > =0 = Ix|=0
ciflxl=0=<x,x> =0=<x,x> =0 =>x=0.

Theorem:- (( parallelogram Law))
In inner product space then

Ix+yl° + Ix-yl* = 2IxI° + 2lyl°

Proof :-

Ix+yl® = <x+y x+y>

= <X, X> + <X, y> + <y, x> + <y, y>---------- (1)
Ix-ylI* = <x-y , X-y>

= <X, X> -<X,y> - <y, x> + <y, y> --------- (2)
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L IxylP A+ Ix-yl® = <x,x> + <x,y> + <y, x> +<y,y> + <x,x> - <x,y>- <y,x> +
<Yy~

= 2<x, x>+ 2<y,y>

=2 IxI? + 2lyl* .

Theorem :- (( Polarization identity))

In inner product space then

<X,y> = Yo { Ix+yl? - Ix-yl® + i Ix+iyl® — i Ix-iyl® }
Proof:-

Ix+yl* = IxI* +lyl* + <x,y> + <y,x>

Ix-yI* = IxI* + Iyl* - <x,y> - <y,x>

Ix+ iy 1% = IxI* + Iy I° — i <x,y> + i <y,x>

Ix-iyl® = Ix1% + Iyl® + i <x,y> -i <y,x>

Vi [IxI% + Iyl? + <x,y> + <y,x> - IxI” - Iyl* + <x,y> + <y,x> +i IxI* + 1 lyl* +
<X, y> - <y,x> -1 IxI® —i ||y||2 + <x,y> - <y,x>]

Vald <x,y>]=<xy> .

Theorem:- ( Cauchy — Shwarz inequality) :

In any inner product space |<x,y>| < Ixl .lyl
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Corollaries :-

1) If ag,00,........ ,0h and B1,Bo,.....,pn are complex number then

1/2 1/2

S Bl < Qg ) . Clq 18D

2) If f and g are continues complex valued function on C [a,b] then

7 F0).9G) dx <[] IfF @) dx. [ |g(x)|? dx

Proof:-

D<xy>=Y" a; B = |<xy>|=2",a; B
Ixl=vV< x,x > = Lia; a;

_ _ 1/2

=YX lal? = Gy lag]®)
Iyl=/<y,y>= [~ B Bi

_ B 1/2

= VX B = k11817

By Cauchy — Shwarz inequality |<x,y>| < IxI .lyl

Q1 181

1/2 1/2

SE e Bil< Gy lal®)

2) <f.g>=[7 f(x). g(x) dx
= [<fg>P =[] f(x). gx) dx
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0=J<RF> = [P f@ f@dx = LIl dx
= IfI? = [7 |f (x)|? dx

Igl=/<g,9 > =\/ffg(x)-mdx =\/ff lg(0)|? dx

= 1gl’ = [ |g(x)]? dx

By Cauchy — Shwarz inequality |<x,y>| < IxI .lyl
= [<x,y> < IxI? Iyl?

o <fg>ff <17 gl

= | (). g(x) dx [
<[P @2 dx. [ |g(0)I? dx

Theorem:- (Triangle- inequality) :-

In inner product space | x+yl < IxI + lyl

Proof:-

Ix+yl=<x+y,x+y>

||x+y||2 = <xty, xty>

= <xX,x> —|-<X,y> —|-<y,x> —|—<y,y>

= <X,x> —|—<x,y> + W + <y,y>
[ since<x,y>=<y,x>]

= <x, x>+ 2Re <x,y> + <y, y>

< <x, x>+ 2|<X,y>| + <y,y>

< Ix1? + 2(IxI . Iyl ) + ||y||2

[ by Cauchy — Shwarz inequality |<x,y>| < IxI . lyl
and <x,x> = IxI° , Iyl* = <y,y> ]
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< (Ix1 +lyly?
L Ixyl? < (Ix1+ Iyl = Ix+yl < DIx+ Dyl

Corollary:- if f and g are continuous complex valued function on
[a,b] then:

(f:lf(x) +g(x)|?dx)1/? < (f;9 |f(x)|2dx)1/2 + (f: |g(x)|2dx)1/2
If+gl=y<f+g,f+g >:\/ff|f(x)+g(x)|2dx

= (G + gCol dxy/?

Il =J<f.f> = Jff FEOIP dx = (J1f (017 dx)/?
lgl=/<g.9> =Jff 92 dx = ([, 1g(0)I? dx)1/2

By triangle inequality Ix+yl < IxI +lyl
=lf+gl < Ifl +lgl

= (PIf @) + 9@ d) 2 < (CIf @0 + (P lgeoRdn
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Definition:-
An inner product space which is complete to metric drivetive from inner
product is called Hilbert space.

Remark:-
Complete inner product space is called Hilbert space.

Example:- Let ¢" the space of all n-tuples of complex
Let x= (a1,00,.....,0)
y= (Bu.P2,-..... ,Bn)
Define inner product by <x,y>=Y". atf1 then the space ¢" with inner
product defined is Hilbert space.
Sol:-
1) To prove <x,y> is inner product.
2) To prove €" is complete .

1) <x,y>=YL atf
<y, x>= Yt pia=Yr fiai =Y, fra =Y, auft

Ty =Ly, x >.

2) <xty,z>= Yy (a+ Byt = Yizq(awyt +Buyi)
=Dyt Y iyt
<X,z> + <y,z> .

3) <Ax,y>=Y", dat f1 =AY, atfL = A<x,y> .

4) <xx>=Y" arar=Y", |at|* >0 when x= 0
So<x,x> >0

- (€", <,>)1is inner product space.
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Exercises:- To prove ¢" is complete.

Remark:-
Every Hilbert space is inner product space but the converse is not necessary
to be true see the following example.

Example:-
Let x=c[a,b] for f, g € x
b _
<fg>=J, f(x).g(x) dx
Then (x, <, >) is an inner product space which is not Hilbert space.
Sol:-

To prove <f,g> is inner product
Let f,:[0,2] —|R defined by :

YneN
n
Let 0 = { ;“;11 0<x<2
0 1
fo(x):{1 xx;1 0<x<2

if m>n :>||fn-fm||:f02|fn— £
2
= [ 1= ful + [V fa = fon
xnt+1 xm+1

_f %" —xm|+f|1—1| +1 -m+1 0|

-1 .1 o
n+1 m+1
|fn| 1S Cauchy.
e fol = f; 1 = fol = Jy U = fo) + [, (= fo)
=[G =0+ [/ (1—1) [y x"dx=— —0

. T, =T, but fy is not continuous in [0,2]
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.. T, is divergent = c[a,b] is in completes
" (x, <, >)1s not Hilbert space .

Remark:-
Every inner product space is normed space but the converse is not necessary
to be true .

Theorem:-
A norm on vector space is induced by an inner product if and only if it
satisfies the parallelogram law.

Proof:-
To prove <x,y>= i (Ix+yl® - Ix-yI?) (Real case) is inner product which
induces the norm.
1) <x,X> = i (Ix+xI? - Ix-x1%) = i (12x1% - 101
=|xI°>0 VxeX
= <x,x> >0 when x# 0 .
2) <xy> =+ (hetyl’ - Ix-yl) = 5 (Ixtyl® - 1-(y-xI°)
= i (ly+xI? -|-1] . ly-xI) = i (ly+x1° - ly-x1%)
= <y, x>,
3) Let V u,v,w € X
<utv,w>+ <u-v,w>=2<u,w> ....... s
If u=v = <Ru,w> = 2<u,w>
Now letting u= % (x+y) , v= % (x-y) and w=z in =

We get <x,z> + <y,z> = <utv,w> + <u-v,w>
=2<u,w> = <2u,w> = <x+ty,z>.
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4) <ox,y>=o0<x,y> Voae|R , x,yeX (cheek)
. <x,y> is inner product which induces the norm
Then from above we can get.

Remark:-

Every Hilbert space is Banach space but the convers is not necessary to
be true.

And we get the following Corollary.

Corollary:-
A Banach space is a Hilbert space if and only if the norm satisfies the
parallelogram law.

Proof:-

—=suppose X is Hilbert space

=X is Banach space (Remark)

=X is normed space (Remark)

=X satisfy the parallelogram law

Conversely <= suppose x is Banach space set the norm satisfy the
parallelogram law = X is inner product space (Theorem) = X is Hilbert
space.

Example:-
Lp" (is a Banach space under the norm)

Ixl, = [XF |x|p]1/p 1< p <o but not a Hilbert space , only in the case p=2
When we prove Hilbert space we must satisfy the parallelogram

law
Let x=( 1,1,0,0,...) and y= ( 1,-1,0,0,...)
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X+y = (2,0,0,...) and x-y = (0,2,0,0....)

We have

Ixl = [E7, |xi|P]P= (11P +[1P +0+0+... +0)P = 217

Iyl =[E™, |yi|P]P = (1P +]-1P +0+0+... +0)P = 217

Ix+yl = (2P +0+0+.....+0)"P = (]2 =2

Ix-yl = (0+[2P +0+.....+0)"" = (|]2])P =2

The parallelogram law Ix+yl® +Ix-yl % = 2 IxI* +2lyl?

:>(2)2 + (2)2 -8 . 2(21/p)2 +2(21/p)2

Thus if p=2 the parallelogram law satisfy =Lp" is Hilbert space

if p=2 the parallelogram law is not satisfied = Lp" is not Hilbert space.
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Orthogonal Complements

Definition:-
1) Two vectors x and y in a Hilbert space X are called orthogonal ,
denoted by x L y if <x,y>=0.
2) A vector xe X is orthogonal to @ # A € X, denoted by x 1L A if <x,y>
=0 VyeA.

3) Let @ #A c X then the set of all vector orthogonal to A denoted by A L
is called the orthogonal complement of A

e AT= {xeX:<x,y>=0 Vy A}

or A= {x eX:xly VyeA}A" real as A perpendicular).

Remark:-
(A" will denoted orthogonal complement of A™.
4) Two sets A and B c— X are called orthogonal denoted by A 1. B
if<x,y>=0 Vxe A,yeB.

properties:-
1) The relation of orthogonality in a Hilbert space is symmetric
e Xly <yl X

proof:-

Xlye<xy>=0=<x,y>=0
& <y,x>=0 [since < x,y > = <y,x>]
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<y LX
2) If xLy = ox Ly for all a scalar
X1ly=<xy>=0
<ox,y> = oa<x,y> =0 .0 =0 = ax_Ly.
3) 0Lx ¥xeX since <0,x>=0 VxeX.
4) The zero vector is the only vector which is orthogonal to itself.

Proof:-
XX = <x,x>=0 = IxI* =0 =x=0
hence if X 1x then x must be zero vector.

5) It is clear that {0}" = x and x* = {0}.

Proof:- T.p {0} =x letxeX since <x,0> =0 = xe{0}"

= x c{0}" but {0}" =x = {0} =x

And T.p xex™ = <x,y>=0 Vye X

Now take x=y = <x,x> =0 = IxI* =0 =x=0 = x" ={0}.
6) Itis clear that if A LB then A NB = {0} .

Proof:-

Since A 1B = <x,y>=0 VxeA,y B

T.p ANB={0}

Letx € ANB = xe A and xe B = <x,x>=0
= IxI* =0 = x=0

. ANB={0}.

Theorem :-
Let x be a Hilbert space and A be its arbitrary subset then the following
result
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1) A" is subspace of x .

2) ANAT {0}

3) ANA' ={0} < A is subspace .
4) 1fB cAthen A" B .

5) A (AN

Proof:-

1) Letx,y € A* T.p ax+Py € A" for any scalar o,
= <x,2>=0 Vz e Aand<y,z>=0 V zeA
Thus for arbitrary scalar a,3 we get
<axtfBy,z> = a<x,z> + p<y,z> = 0..0+3.0=0
sax+Py eA”
. A" is subspace of x.
2) Let xe ANA" = xe Aand xe A"
s XeA" =xly Vy eA = x1x [since xeA]
= <x,x>=0 = IxI* =0 = x=0
. ANATc {0}
3) = suppose A is a subspace then Oc A and by 1) A" is subspace
=0e A" =ANAT=0.
4) Let xe A" = <x,y> =0 VyeA
- Vy eB =ye A (BcA)
Thus <x,y>=0 VyeB=xeB"
.. At cB"
Theorem:- ( By Thagorean theorem)
Let x be a Hilbert space if x orthogonal to y then
Ix+yl* = Ixl° + lyl?

Proof:-
IIXerII2 = <x+ty, x+y>
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= <x,x> + <X,y> + <y,x> + <y,y>

Since x orthogonal to y = <x,y> =0
also<x,y >=0 = <yx>=0

L Ixyl? = <x,x> +0 +0 + <y,y> = IxI* + lyl° .

Definition:-
A set S of vector in Hilbert space is said to be orthogonal if

1) S is orthogonal .
2) Ixl =1 for every vector X in S .

Definition:-
A Seq [finite or infinite] of vectors X, is called on orthogonal sequence if :-

1) Xi J_Xj Vl?fj .
2) Ix =1 for all k

. <_X>_{o i #j
Le <X, Xj > = 1 i=j
Example:-
1) In the unitary space c3 the vector

-2

1 2 2 2 1 -2 2 1
~ ). Xs=(,~,3) areorthonormal.

X=Gi5i5)%=G53
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