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1. Definitions and Examples of Rings

Definition(1-1):

A ring is an ordered triple (R, +,-) consisting of a non-empty set R and

two binary operations + and - on R such that

I. (R,+) isacommutative group,
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ii.  (R,”) is asemigroup (satisfies the axioms i, ii of group),

ili.  The two operations are related by the distributive laws
a-(b+c)=(@a-b)+ (a-c),
(b+c)ra=Mh-a)+(c-a)Va,b,c€ER.

Definition(1-2):

A commutative ring is a ring in which (R,-) isacommutative.

Examples(1-3):

1. Each one of the following is a commutative ring:

(R, +,),(Q +,), (Z, +,), (Ze, +).
2. The set R = {a + b\/3:a, b € Z} is a commutative ring with identity.
(a+bV3)+(c+dV3)=(a+c)+(b+dV3ER,

(a +bV3) - (c+dv3) = (ac + 3bd) + (ad + bc)V3 €

R,Va,b,c,d € Z

1=1+0J3 €R.
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3. Let R denote the set of all functions f: R — R. The sum f + g and

product f - g of two functions f, g € R are defined as usual, by the

equations
(f + 9 () = f(x) + g(x),
(f-9)x) =fx)-g(x),x €R.
The triple (R, +,-) is a commutative ring with identity.
4. The triple (R, +,0) is not a ring.
The left distributive law f o (g + h) # (f e g) + (f o h).

5. The triple (Z,,, +,,-) IS @a commutative ring with identity.
6. Consider the set R = R X R of ordered pairs of real numbers. We

define addition and multiplication in R by the formulas
(a,b) + (c,d) =(a+c,b+d), (ab)-(c,d)=(ac bd).
(R, +,") is a commutative ring with identity.

7. The triple (Z,, +4,74) IS a commutative ring with identity.

+, 0 1 2 3

0 0 1 2 3
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1 1 2 3 0
2 2 3 0 1
3 3 0 1 2
. 0 1 2 3
0 0 0 0 0
1 0 1 2 3
2 0 2 0 2
3 0 3 2 1

Here, we have 2 -, 2 = 0, the product of nonzero elements being zero.
Note also that 2,1 = 2 -, 3, yet it is clearly not true that 1 = 3. The

multiplicative semigroup (Z,,",) does not satisfy the cancellation law.

8. The triple (C, +,7) is a commutative ring with identity.
9. The triple (M, (R), +,") is a ring with identity, but not commutative.
10. The triple (Z,, +,) is not ring, since the sum of two odds equal

into even number.

2. Basic Properties of Rings
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Theorem(2-1): If (R, +,") be aring, then

(1) a-0=0-a=0
(2) (—¢)ra=—-c-a, a(-c)=-a-c

(3) a*b=(—a) (-b), Va,b ER
Proof: (1)a-(b—c)=a*b—a-c..(¥)
(b—c)ra=b-a—c-a, Vab,c ER..(%)

Substitute b =cin (x),weget a-(b—b)=a-b—a-b=a-0=

OVa€eR

(b—b)ra=b-a—b-a=0-a=0.

Proof: (2) Substitute b = 0 in (*) and by using (1), we have
a(0—c)=a-0—ac=a'(—c)=-a-c
(0—c)-a=-c-a; Va,c ER.

Proof: (3) Substitute a = —a in (2), we get
a-(—c)=—-a-c

(—a)- (=) =—(-a)-c

(—a)(—c)=—(-a-c)=a-c
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Corollary(2-2): If (R,+,") be a ring with identity and R # {0}, then

0+1,(-1)-a=-a

Proof: since R # {0} = 3a € R 3 a # 0, suppose that 0 = 1

a=a-1=a-0=0= a =0,buta # 0 byassumption, thus 0 # 1

Toprove (—1)-a = —a

(—D:a=-(1-a)=-a

Corollary(2-3): If (R, +,") be aring, if R has an identity element, then

it is a unique.

Proof: let 1, 1" are two identity elements of R, then1 =1-1" = 1*

Corollary(2-4): If a;,a, are two inverses of a in a ring (R, +,") with

identity, thena; = a,

Proof:a, =a,"1=a,-(a-a;) =(a,"a)a;=1-a; = a,

Theorem(2-5): If (R, +,-) be a ring with identity and U be a set of units

of R, then (U,") is a group.

Proof: U #+ @, sincedl1 e U

leta,beU=3a,b'€elU 3a-al=atl-a=1
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(a-b)- (b ra)=a-b-bHal=a-1al=aal=1
(b L.a)-(a-b)=b"1t-(ala)-b=b"1-1-b=b"1-b=1
Thismeans a-b €U

Since (R,") is associative, then (U,") is associative (since U € R)
Therefore, (U,) is a group.

3. Subrings, Examples and Properties

Definition(3-1): Let (R,+,”)) be a ring and S < R be a nonempty
subset of R. If the triple (S, +,7) is itself a ring, then (S, +,-) is said to

be a subring of (R, +,).

Theorem(3-2): Let (R,+,) bearingand @ #+ S € R. Then the triple

(S,+,") isasubring of (R,+,) ifand only if

(1) a—b € SVa,b € S (closed under differences),

(2) a-b € SVa,b € S (closed under multiplication).

Proof: (=) let (S5, +,") be asubring of (R,+,)) = (S5,+) isa

subgroup of (R, +)
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= Xx—yESVX,yES
Since (S, +,7) isasubring of (R, +,,) = x-y €S Vx,y €S.

(=)leta—beS,a-beSVabeS= (S, +)isasubgroup of

(R, +)

Since the operation of addition is a commutative on R, S € R
—> the operation of addition is a commutative on S

= (S, +) is an abelian subgroup of (R, +)

Also, similarly the associative and distributed the multiplication on

addition are true on S since S € R.

= (S, +,") isasubring of (R, +,).

Examples(3-3):

(1) Every ring (R, +,") has two trivial subrings; for, if 0 denotes
the zero element of the ring (R, +,7), then both ({0}, +,") and (R, +,")
are subrings of (R, +,).

(2) In the ring of integers (Z, +,"), the triple (Z,, +,") is a subring,

while (Z,, +,") is not.




(3)
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Consider (Zg, +4,7¢) the ring of integers modulo 6. If S =
{0,2,4}, then (S,+¢,¢), Whose operation tables are given at the

below, is a subring of (Zg, +¢,%6)-

+. 0 2 4
0 0 2 4
2 2 4 0
4 4 0 2
. 0 2 4
0 0 0 0
2 0 4 2
4 0 2 4

(4)

Let S = {a + b\/3:a,b € Z}. Then (S, +,) is a subring of

(R, +,"), since for a, b, ¢, d € Z, we get
(a+bV3)—(c+dV3)=(a—c)+ (b—d)V3ES,

(a +bv3) - (c+dV3) = (ac + 3bd) + (bc + ad)V3 € S.
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(5) The triple (Z, +,") is a subring of (R, +,).
(6) Let the set nZ = {0, £n, £2n, ...}, then the triple (nZ, +,) is a
subring of (Z, +,").
(7) (Z[i] = {a + ib:a,b € Z},+,") is a subring of (C, +,").
(8) (S ={a+ bV5:a,b € Z}, +,) is asubring of (R, +,").

a b\,
0 C).a,b,cER}, then

(9) Let (R,+,7)) be a ring and M = {(
(M, +,) is a subring of (M, (R), +,").

(10) (S ={2a:a € Z},+,) is asubring of (Z, +,"). We note that 1 €
Z,butl & S.

(11)  Give example to ring with identity and subring with different

identity.

Take (M, (2), +) and (8 = {(§ 8) aez},+)

The identity of (M, (Z), +,") is ((1) (1))

The identity of (S = {(g 8) q € Z},+,') is ((1) 8)

1 0 1 0
(0 0) > (0 1)
4. Characteristic of the Ring and Related Concepts

10
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Definition(4-1): Let (R,+,-) be an arbitrary ring. If there exists a

positive integer n such that na =0 for alla € R, then the least
positive integer with this property is called the characteristic of the ring.
If no such positive integer exists (that is, na =0 for all a €R

implies n = 0), then we say (R, +,-) has characteristic zero.

Example(4-2): the rings of integers, rational numbers and real numbers

are standard examples of characteristic zero.

Example(4-3): the ring (P(X), A,n) is of characteristic two.

Since AAB=(A—B)U (B —A4)
2A =AM = (A—A) U (A —A) = ¢ for every subset A of X.

Theorem(4-4): Let (R, +,") be a ring with identity. Then (R, +,) has

characteristic n > 0 if and only if n is the least positive integer for

whichn-1 = 0.

Proof: if the ring (R, +,") is of characteristic n > 0, it follows trivially

that n-1=0.1fm-1 =0, where 0 < m < n, then

ma=m(l-a)=(ml)-a=0-a=0

11
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For every element a € R. This would mean the characteristic of
(R,+,) is less than n, an obvious contradiction. The converse is

established in much the same way.

Example(4-5): the characteristic of the ring (C, +,-) is zero.

Example(4-6): the characteristic of the ring (Z,,, +,,7,) IS n.

Example(4-7): the characteristic of the ring (Z, X Z;,®, ®) is 12,

5. ldeals and their Properties

Definition(5-1): A subring (I, +,-) of the ring (R, +,-) is an ideal of

(R,+,) ifandonly if reRanda €l implybothr-a€landa-r €

L.

Definition(5-2): Let (R, +,) be a ring and I a nonempty subset of R.

Then (I,+,7) is an ideal of (R, +,-) if and only if

(1) a,belimplya—be€l,

(2) re€Randa €l implybothr-a€landa-r €l.

Example(5-3): In any ring (R, +,"), the trivial subrings (R,+,") and

({0}, +,) are both ideals.

12
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Remark(5-4): A ring which contains no ideals except these two is said

to be simple. Any ideal different from (R, +,-) is a proper.

Example(5-5): The subring ({0,3,6,9},+,,) is an ideal of

(Z12,+12,12), the ring of integers modulo 12.

Example(5-6): For a fixed integer a € Z, let (a) denote the set of all

integral multiples of a, that is,

(a) ={na:n € 7}

The following relations show the triple ({a), +,") to be an ideal of the

ring of integers (Z, +,):

na—ma = (n —m)a,

m(na) = (mn)a, n,m € Z.

Example(5-7): (2) = Z,, the ring of even integers (Z,, +,") is an ideal

of (Z, +,").

Example(5-8): Suppose (R, +,") is the commutative ring of functions

f:R — R. The sum f + g and product f - g of two functions f,g € R

are defined as usual, by the equations

f+9)x) =fx)+gXx),

13
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(f @) = flx) glx),x R
Define
I={f €R:f(1) = 0}.

For functions f,g € I and h € R, we have

F-9)D=f1D-g(1)=0-0=0
And also

(h-)D) =h(1)-f(1) =h(1)-0=0.
Since both f — g and h - f belong to I, (I, +,7) is an ideal of (R, +,").

a 0

Example(5-9): Let (M,(R),+,)) be a ring, then I = ({(b 0

):a,bE

]R},+,-) is a left ideal of (M,(R),+,), but it is not right ideal of

(Mz(R), +,).

(8 8)61=>®¢I§M2(]R)

@ 0.5 Dermo(s 2w

(b -G 0)=(-a o

14
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X Yy . (a O\_(ax+by 0

(Z W) (b 0) B (az+bW 0) €l
Therefore, (I,+,7) is a left ideal of (M, (R), +,")

(1,+,) is not right ideal of (M, (R), +,"), since

(8 é) € M,(R) and (1 8) €l

;) (p 0)=(0 2!

Example(5-10): Let (R, +,") be the set of all functions on R, then I =

{f €R:f(3) = 0}isanideal of (R,+,).

Example(5-11): Prove or disprove, the triple (Z, +,") is an ideal of

(Ql +’.)'

Theorem(5-12): If (1, +,") is a proper ideal of a ring (R, +,-) with

identity, then no element of I has a multiplicative inverse; that is, I N

Proof: suppose 0 # a € I 3 a~! exists

al-a=1¢€]((sincel isclosed under multiplication)

15
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Thus, r-1=r Vre R=RCI,butl € R =1 =Rthisis

contradiction. (I a proper).

Theorem(5-13): If (I;, +,7) is an arbitrary indexed collection of ideals

of thering (R, +,), then so also is (N I;, +,).

Proof: 0 e, =0eN; =N +0®
Leta,beNl;jandrER=aq b€, =a—b,r-aanda-r €l
= a—b,r-aanda-r € NI

Therefore, (N I;,+,") is an ideal of (R, +,).

Example(5-14): Prove or disprove, the union of two ideals is an ideal.

Solution: In general, it is not true, for example, in (Z15, +12,"12)
(4) ={0,4,8},(6) = {0,6} = (4) U (6) = {0,4,6,8} is not ideal, since
6—4=2¢&(4)U(6)

Note(5-15): Consider (R, +,-) bearingand @ #= S € R. Define the set

S)=nN{I:S<cI;U,+,) isanideal of (R,+,)}.

(S) # @, since S € (S)

16
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Theorem(5-16): The triple ((S), +,") is an ideal of the ring (R, +,),

known as the ideal generated by the set S.

Theorem(5-18): If (R, +,7) is a commutative ring with identity and a €

R, then the principle ideal ({a), +,") generated by a is such that (a) =

{r-a:r € R}.

Theorem(5-19): If (I,+,) is an ideal of the ring (Z, +,), then I = (n)

for some nonnegative integer n.

Proof: If I = {0}, the theorem is trivially true, for the zero ideal

({0}, +,-) is the principal ideal generated by 0.
Let 0 # m € I = —m € I, suppose n the least positive integer in [

Thus, (n) € I,anyintegerk €l = k =qgn+r whereq,r € Z,0 <

r<n
Sincek,gnel =k—gqn=r€l=r=0=k=qn

Thus every member of I isa multipleof n =1 € (n) = I = (n).

17
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Theorem(5-20): Let a4, a,,...,a, be nonzero element of a principal

ideal ring (R, +,). Then (N{a;),+,") = ({a),+,"), where a is a least

common multiple of a4, a,, ..., a,.

Proof: (N{a;), +,") is an ideal of (R, +,").

But every ideal of (R, +,-) is a principle ideal; 3a € R 3 (a) = N{a;)
Since (a) € (q;)[i = 1,2,..,n],a = r; - a; forsome r; € R,

So, a is a common multiple of a4, a,, ..., a,.

Let b any common multiple of ay, a5, ...,a,,say b = s; - a;, s; € R[i =

1,2,..,n]
IfreR, thenr-b=r-(s;-a;)) =(r-s;) a; €{a;) = (b) S (a;)

Therefore, (b) € N(a;) = (a) and b must be a multiple of a, thus a is a

least common multiple of a,, a,, ..., a,.

Example(5-21): Consider the principal ideal ({4),+,") and ((6),+,")

generated by the integers 4 and 6 in the ring (Z, +,).Then ((4)nN
(6), +,7) = ({(12),+,"), where 12 is the least common multiple of 4

and 6.

6. Quotient Ring and Related Concepts.

18




Prof. Dr. Najm Al-Seraji, Ring Theory, 2026

Notes(6-1): Let (I, +,") is an ideal of the ring (R, +,7), then

(1) a+I={a+ii€l}
(2) (a+D+ B+ =(a+b)+1,

(3) (a+D-(b+1)=(a'b) +1.

Theorem(6-2): If (I,+,") is an ideal of the ring (R, +,"), then (?, +,") Is

a ring, known as the quotient ring of R by 1.

The zero element of (§,+,-) is the cose 0 +1 =1, while —(a+1) =

(—a) +1.

Example(6-3): In the ring (Z, +,-) of integers, consider the principal

ideal ({(n), +,"), where n is a nonnegative integer. The coset of (n) in Z

take the form

a+n)={a+kn:k €7}

i) = (s 42)

Example(6-4): The triple (6Z, +,7) is an ideal of the ring (27Z, +,") ,

then

19
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27
o7 = {0+ 67,2+ 67,4 + 61}

IS a ring with an identity.

a b

Example(6-5): Let (R = ({(0 a) :a,b € Z},+,-) be aring and (I =

0 b o | |
({(0 0) :b € Z},+,') is an ideal of the ring (R, +,"), then (? +)isa

commutative ring with identity.

(G 0= DG ances

7. Homomorphisms of Ring. Examples and Properties

Definition(7-1): Let (R,+,) and (R',+',”) be two rings and f a

function from R into R'; in symbols, f:R — R’. Then f is said to be a

ring homomorphism from (R, +,) into (R’,+',-") if and only if

fla+b) = f(a)+'f(b)

fla-b) =f(a)- f(b)

for every pair of elements a, b € R.

20
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Example(7-2): Let (R,+,)) and (R',+',") be arbitrary rings and

f:R — R’ be the function that maps each element of R onto the zero

element 0’ of (R',+',"").
fla+b)=0"= 0+"0" = f(a)+'f(b),
fa-b)=0=0"0=f(a)'f(b), a,b ER.

As with the case of groups, this mapping is called the trivial

homomorphism.

Example(7-3): The mapping f:Z — Z, defined by f(a) = 2a is not a

homomorphism from (Z, +,) into (Z,, +,),

fl@a+b)=2(a+b)=2a+2b=f(a)+ f(b)

but

fa-b) =2(a-b) # (2a) - (2b) = f(a) - f(D)

Example(7-4): Consider (Z, +,"), the ring of integers, and (Z,,, +,.,n),

the ring of integers modulo n. Define f: Z — Z,, by taking f(a) = [a];

that is, map each integer into the congruence class containing it. Then

fla+b) = [a+b] = [al+,[b] = f(a)+nf(b),

21
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f(a-b) =la-b] = la] -, [b] = f(a)  f(b),
so that f is a homomorphism mapping.

Example(7-5): Let (R, +,") be any ring with identity. For each

invertible element a € R*, the function f,: R — R given by

fax)=a-x-a?

IS a homomorphism from (R, +,-) into itself. Indeed, if x,y € R, we

see that

fac+y)=a-x+y)al=axat+ay-alt=£fx+

fa (),

fac-y)=a-(x-y)-at=@x-aD(ayat)=folx):

faO),

Theorem(7-6): Let f be a homomorphism from the ring (R, +,) into

the ring (R’, +',’"). Then the following hold:

(1) f(0) = 0', where 0’ is the zero element of (R’, +',").
(2) f(—a) = —f(a) forall a € R.
(3) The triple (f(R), +',”) isa subring of (R’,+',"").

(4) f(a™1) = f(a)~? for each invertible element a € R.

22
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(5) If S isasubring in R, then £(S) isasubring in R'.
(6) If I isan ideal in R, then f(I) isan ideal in R’.
(7) If T is a subring in R’, then f~1(T) is a subring in R.

(8) If J isan ideal in R’, then £ ~1(J) is an ideal in R.

Proof: (1)(0 + 0) = f(0)+'f(0)

£(0) = f(0)+'f(0)

f(0)+'0" = F(0)+'f(0) = £(0) = 0’

Proof: (2) a4+ (—a)=0

fla+(=a) = f(0) = f(@)+f(=a) = 0" = f(-a) = —f(a)

Theorem(7-7): If f isa homomorphism from the ring (R, +,") into the

ring (R’, +',"), then the triple (ker(f), +,) is an ideal of (R, +,).
Proof: ker(f) = {a € R: f(a) = 0}

0 € ker(f), since £(0) = 0’ = ker(f) # @

Leta,b € ker(f) = f(a) = 0’ = £(b)
fla=b)=f(a)—f(b) =0 —0" =0 =>a—b € ker(f)

IfreRacker(f)=fr-a)=f@)"fa)=f@)-0 =0".

23
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Thus, r - a € ker(f) = (ker(f),+,”) is an ideal of (R, +,").

Theorem(7-8): If f isa homomorphism from the ring (R, +,") into the

ring (R',+',"), then f is a monomorphism iff ker (f) = {0}.

Example(7-9): Consider an arbitrary ring (R, +,-) with identity element

1 and the mapping f:Z — R given by f(n) =nl. Then f is a

homomorphism from the ring of integers (Z, +,-) into the ring (R, +,"):
f(ln+m)=mMm+m)l=nl+ml=f(n)+ f(m),
fr-m)=(m-m)l = -m)1?=(nl) (ml) =fn) - f(m).

Theorem(7-10): That ker(f) ={n € Z:n1 =0} = (m) for some

nonnegative integer m.
8. Fundamental Theorems of Homomorphisms of Rings.

Theorem(8-1): (The first fundamental theorem of homomorphism of

ring)

Let ¢ be a homomorphism from (R, +,7) into (R', +',-"), then

R
Gorg ™) = (00O, +)

Proof: let ¥: ﬁ — @(R) defined by W (x + kergp) = ¢(x) Vx €R

24
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To prove that ¥ is well define

Vx + kerp,y + kerp € , X +kerp = y+ kerg

kerp
(x —y) + kerp = kerp = (x —y) € kerg
= px—y)=0= o) =¢y) = ¥(x + kerp) = ¥(y + keryp)
To prove that ¥ is a homomorphism
Y[(x + kerp) + (y + kerp)] = Y[(x + y) + kerg]

=px+y) =)+ o) =¥(x + kerp)+'¥V(y + kerp)

Also
P[(x + kerp) - (y + kerg)] = V[(x-y) + kerg]
=p-y) =9() " o(y) = Y(x + kerg) ' ¥(y + kery)

To prove ¥ is an onto

IszImg0=>EIrERBz=g0(r),r+kerg0€$

SY(r+kerp) =)=z

To prove ¥ is an one-to-one

25
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Y(x + kerp) =¥ (y + kergp) = ¢o(x) = ¢(y)

= px—y)=0=x—y €kerp = (x—y) + kerp = kere

= x+ kerp =y + kerp = ( ,+7) = (p(R),+,)

kerp

Example(8-2): Let f:Z, — Z, be a function defined by f(0) =

f2)=0,f(1=f03) =1

Zy
= {0,2 & 2}, {1
kerf ={0.2},  — 7 {{0,2},{1,3}}
The operation tables for the quotient ring (kjjf, +,-) are as shown:

+ {0,2} {1,3}
{0,2} {0,2) {1,3}
{1,3} {1,3) {0,2}

{0,2) {1,3}
{0,2} {0,2} {0,2}

{1,3} {0,2} {1,3}
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Zy
kerf

Therefore, (=%, +,") = (Zy, +2,7)

Theorem(8-3): (The second fundamental theorem of homomorphism of

ring)
Let (R,+,") be aring, I be an ideal of R and H be a subring of R, then

(H+D) _ H
I ~(HND

Proof: Let ¢p: H — @ defined by ¢(a) =a+I1Va € H

To prove that ¢ is a homomorphism

Va,be Hp(a+b)=(@+b)+I=(a+1)+(b+1)
= ¢(a) + p(b)
Also
pla-b)=(a-b)+I1=(@+D-(b+1) =¢(a): )

To prove that ¢ is an onto

(H+1)

Vx+1€ OSx€e€H+Il,x=a+i32a€H,i€l

x+I=@+i)+I=a+=px)=¢pla)=x+1
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By the first theorem, we get

H _(H+])
kerop 1

kerop={xeH:p(x)=1}={xeH:x+I=I1}={x€H:x€l}

={xeH:xeHNI}=HNI

(H+D) _ H
~ (HnD)'

Therefore,

Theorem(8-4): Let (R,+,7) be a ring with identity and ¢ be a

homomorphism from (R, +,") into (¢(R), +',"), then

(1) @(1) is an identity of (@(R),+',").

(2) @(x~1) isan inverse p(x) in ((R), +',").
Proof: (1)ify € ¢(R),3x ER 3 y = ¢(x)
lrx=x-1=x=o(1-x)=o(x-1) = p(x)
p(1) " ox) =) @(1) = p(x)
p(D"'y=y"91)=y=¢() € 9(R)
Thus, (1) is an identity element of (¢(R), +',")
Proof: @ x-x '=x1-x=1= @ x D=0k 1 x)=¢()
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Q) p(x™) = (™) " p(x) = o(1) = ¢(x71) € p(R)
Hence, ¢(x~1) is an inverse of ¢(x) in ¢(R).

Theorem(8-5): (The third fundamental theorem of homomorphism of

ring)

If I,] be two ideals in (R, +,") with ] € I, then

~

R
I

I~~~

Proof: Ietgo:? — ?deﬁned by o(r+J)=r+1, VreR,r+] € ?
To show that ¢ is a homomorphism
plx+ D+ +Dl=elx+y) +/I=x+y) +1

=x+D+@+D=px+))+ely+])

Also
plx+])-+DI=plx=y)+]I=C-y)+1
=x+D-@+D=px+]) oy +])

To prove kerp = §

Letr+J€ekerp = or+]))=1Lpr+])=r+1
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I
r+l=1=rel=r+]e-= kerp C

S~~~

Letz+]€§,zel,<p(z+])=z+1=1:z+]€ker<p=>£§ker<p

Hence,

~ | =
12
\.I~|‘~.I:U

9. Properties of Ideals and Quotient Ring by Using

Homomorphisms.

Theorem(9-1): Let I,] be two ideals in a ring (R, +,)), then I 4+ ] is an

ideal inaring (R, +,).
Proof: I+ ] ={x€R:x=a+b;a€l,be]}
O+1+JSRO=0+0€l+]
x,yEl+],x=a+ba€l,be],y=c+d,cel,de]
x—y=@+b)—(c+d)=(a—c)+b—-d)el+]
reRr-x=r-(a+b)=r-a+r-bel+]

xr=(a+b)-r=a-r+b-rel+]

Therefore, I + J isan ideal inaring (R, +,°).
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Theorem(9-2): Let I,] be two ideals ina ring (R, +,"), then I nJ is an

ideal inaring (R, +,7).

Proof: IN]={x€eR:xel,x €]}

O+INJSROEIOEJOEIN]

x,yeEIn/x,yelLx,y€/,x—ye€l,x—y€/,x—y€lNn]

a€ERyelnj,yel,ye],a-y,y-a€l,ay,y-a€]j

a*yeEIN],y-a€eln]j

Hence, I N isan ideal inaring (R, +,).

Theorem(9-3): Let I,] be two ideals in a ring (R, +,"), then [ -] is an

ideal inaring (R, +,7).
Proof: [ J={x €ERix =Y x;"yi;x; €L,y €],n€ZL*}

@+1-JSRO=0-0€1l-]

n

x,yEI-],x=in-yi;xi €l,y;e/,nerL*

i=1

m
yzzxj"yj,;x]’ El,yj, E],mEZ+
=1
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n m
x_yzzxi'YL zx] YJ le yl+Z( x]) y] €l-]

m m
y€l-J,a€ERa-y=a- ij’-yj’ =Z(a-xj’)-yj’61-]
j=1

j=1

m m
j=1 j=1

Thus, I -J isan ideal inaring (R, +,).

Theorem(9-4): Let J € I be two ideals in a ring (R, +,"), then § IS an

ideal inaring (R, +,).

Proof: §={xER:x-]§I}

I I
~CR,0-J={0}< {0} €~
0# 7ER0J={0}cL{0} €5

I
x,yej,x=a-],y=b-]

X—y= a-]—b-]=(a—b)-]gl,x—ye£

J

reRr-x=r-(a-])=C-a)-J<SI
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Hence, § isan ideal inaring (R, +,).

Theorem(9-5): Let (R, +,7) be a commutative ring, then /T is an ideal

in (R, +,") contains 1.
Proof: 9 #VI={x €R:An € Z;x" €I} S R,0€ 1,0 €I
x,ye\/l_,x" el,y"el
(x—y)"" lel,x—yel
x€E€VLaeERx"El,(a-x)"El,a-x €I
To show I € VI
yelLylel,y eI

Example(9-6): Find \/(6) .

Example(9-7): Show that vI < v/+1 .

Example(9-8): If (I,+,.) and (J,+,.)are two ideals of a

ring (R, +,.), then /Tn] =+vIn /J.
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10. Zero Divisors Elements and Integral Domains.

Definition(10-1): A ring (R, +,") is said to have divisors of zero if

there exist nonzero elements a, b € R such that the producta - b = 0.

Theorem(10-2): A ring (R, +,") is without divisors of zero if and only

if the cancellation law holds for multiplication.

Proof:(=) Assume (R, +,") contains no divisors of zero.

leta,b,c ER3a#0,a-b=a-c,then

a(b—c)=ab—a-c=0

Since a # 0, (R, +,") has no zero divisors, b —c=0o0rb =c

(<) suppose that the cancellation law holdsand a-b = 0

Ifa+0,thena-b=a-0=b=0.

bx0=a=0

This shows (R, +,7) is free of divisors of zero.

Corollary(10-3): Let (R, +,") be a ring with identity which has no zero

divisors. Then the only solutions of the equation a®> = a are a = 0 and

a=1.
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Proof: ifa? =a=a-1,witha # 0, thena = 1.

Definition(10-4): An integral domain is a commutative ring with

identity which does not have divisors of zero.

Theorem(10-5): The characteristic of an integral domain (R, +,") is

either zero or a prime number.

Proof: let (R, +,") be of positive characteristic n and assume that n is

not a prime.
n=nn, with 1 <n; <n(i = 1,2).
0=nl=(nny)1 = (ny)1% = (n;1) - (n, 1).
Since (R, +,7) is without zero divisors, either n;1 = 0or n,1 = 0.
But this is contradiction, n the least positive integer such that n1 = 0.

Hence, we are led to conclude that the characteristic must be prime.

0 O
c d

Example(10-6): Let (M,(R),+,") be a ring. Then ( ),c,d ERIisa

a 0

b 0),a, b € R is a left zero divisor in (M, (R), +,

right zero divisor and (

).
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Solution: ((C’ 2)¢(8 8)(Z 8)¢(8 g)
(b o) )= o

Example(10-7): The number 2 is a zero divisor inaring (Z,, +4,"4) and

the numbers 2,3 are zero divisors in aring (Zg, +4,7)- (check)

Example(10-8): Let (S = {(a, b): a, b € Z}, +,) be a commutative ring

with identity and define
(a,b) + (c,d)=(a+c,b+d)
(a,b)-(c,d)=(a-c,b-d)
The identity element with + is (0,0), and the identity with - is (1,1).
Also, (1,0) is a zero divisor, since
(1,0) - (0,1) = (0,0)
(0,1) # (0,0),(1,0) = (0,0).

Example(10-9): The triple (Z, +,") is an integral domain, since (Z,+,")

IS @ commutative with identity .

X, VEZI3x ' y=0=>x=00ry=0.
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Example(10-10): Let (Z,,+,,,) be a ring, where p is a prime number,

then (Z,, +,,) Is an integral domain.
Solution: the triple (Z,,, +,,-,) is a commutative with identity [1].

To show (Z,,, +,,,) has no zero divisors.
Let [a], [b] € Z, 3 [a] -, [b] = [0] = [a " b] = [0] = =

But p is a prime number, = Z or% = [a] = [0] or [b] = [O].

Example(10-11): (M,,(R), +,7) is not an integral domain, since it is not

commutative ring.

Theorem(10-12): Let (R, +,-) be a ring with identity and u € R is an

invertible, then u is not zero divisor.

Proof:letr e R3 u-r=0=ut(u'r)=u1(0)=0
S@wluwr=0=1r=0=r=0

Also,

rru=0=@r-w-ult=00)u?

Sr-wul)=r-1=0=r=0.
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11. Fields and their properties

Definition(11-1): A ring (F,+,") is said to be a field provided the pair

(F — {0},-) forms a commutative group.

Example(11-2): Both (R, +,-) and (Q, +,-) are fields. (check)

Example(11-3): The triple (F = {a + bv3:a,b € Q}, +,7) is a field.

0=0+0v3, 1=1+0V3

1 a— b\V3

-1 _ —
(a+bV3) (@a+bV3) (a+bV3)a—bV3

a —-b
a2—3b2+a2—3b2\/§€F

Example(11-4): The triple (R X R, +,), is a field. Where

(a,b) + (c,d) = (a+c,b+4d),
(a,b) - (c,d) = (ac — bd, ad + bc).

The pair (1,0) is the multiplicative identity and (0,0) is the zero element

of the ring.

Now, suppose (a, b) # (0,0), either a = 0 or b # 0, so that a® + b* > 0;

thus
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-1 = a —b
(@b)™" = (a2+b2'a2+b2)

a —b )_ a’+b? —ab+ ab

(a'b).(a2+b2'a2+b2 a? + b2’ a? + b2

) =(1,0)

Example(11-5): The field contains a subring which is isomorphic to the

ring of real numbers.
Rx0=1{(a0):a € R}
It follows that (R, +,") = (R X 0, +,7) via the mapping f defined by

f(a) = (a,0),a € R (check)

Example(11-6): The triple (Z,,, +,,,) is a field.
Let [0] # [a] € Z, = gcd(a,p) =1

= 3s,t€Zd3as+p-t=1

= [s] is a multiplicative inverse of [a].

Example(11-7): The triple (C, +,) is a field. (check)
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Corollary(11-8): In a field (F,+,"), with 0 # a, b € F, then there exist a

unique element x satisfies a-x + b = 0.
Proof: (F, +) is an abelian group, then
a-x+b=0=a-x=-bsSx=a(-b)=-a'-b

Example(11-9): The triple (R,*,0) is a field, where *,0 are defined by

ax*b=a+b+1, aecb=a-b+a+ bVa,b € R (check)

Theorem(11-10): If (F,+,") isafieldand a,b € F with a - b = 0, then

either a=0 or b = 0.
Proof: if a = 0, the theorem is already established.
Suppose that a # 0 and prove that b = 0.
aleFa-b=0
0O=atl-0=a?l(a-b)=(@?' a):b=1-b=b.
12. More Results of Fields and Integral Domains.

Theorem(12-1): Any finite integral domain (R, +,7) is a field.

Proof: suppose a4,a,,..,a, ERand 0 #a €R
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a- aj;,a-da..,a-a,arealldistinct, forif a- a; =a-aq; then q; =
a; by the cancellation law. So each element of R is of the form a- a;.

In particular, 3a; € R 3 a - a; = 1, since multiplication is commutative,
we have a; = a~1. This shows that every nonzero element of R is

invertible, so (R, +,") is a field.

Example(12-2): Prove or disprove, every integral domain is a

field.(check)

Example(12-3): Prove or disprove, every ring is a field.(check)

Example(12-4): Prove or disprove, every ring is an integral

domain.(check)

Theorem(12-5): The ring (Z,, +,,,,) of integers modulo n is a field if

and only if n is a prime number.

Proof: We first show that if n is not prime, then (Z,,, +,,,-,,) is not a field.

Thus assumen =a-b,where0 <a<nand 0 < b <n.

la] -, [b] = [a - b] = [n] = [0],

Both [a] # 0, [b] # 0. This means that (Z,,, +,,,) is hot an integral

domain, and hence not a field.
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Suppose that n is a prime number. To show that (Z,,, +,,,,) is a field.

Let [a] € Z,,, where 0 < a <n.gem(a,n)=1=3Ar,s€Zd3a-r+n-

s=1

la] n [r] = la-r]+,10] = [a-r]+pn-s]=la-r+n-s] =[1],
Showing the congruence class [r] to be the multiplicative inverse of [a].
Therefore, (Z,,,+,,) isa field.

Theorem(12-6): Let (R, +,) be a commutative ring with identity. Then

(R, +,") isafield if and only if (R, +,-) has no nontrivial ideals.

Proof: (=) Assume first that (R, +,7) is a field. We wish to show that the

trivial ideals ({0}, +,-) and (R, +,") are its only ideals.
Let (I, +,") be nontrivial ideal of (R,+,”) = I # {0}and [ # R

= 30 #a € I,since (R, +,) isafield=3a 1€R3al-a=1€

I =1=R
But, this is contradiction.
(&) suppose that (R, +,7) has no nontrivial ideals.

Let a € R, consider the principal idea ({a),+,") generated by a:
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(a) ={r-a:r € R}

Now ({a),+,") cannot be the zero ideal, sincea = a-1 € (a), with a #

0.

If ({(a),+,")) = (R,+,"):thatis, (a) = R,since1 € (a),Ir' ER31r'-a =

Hence each nonzero element of R has a multiplicative inverse in R.

Definition(12-7): By a subfield of the field (F, +,") is meant any subring

(F',+,) of (F,+,") which is itself a field.

Example(12-8): The ring (Q, +,) is a subfield of the field (R, +,-).

Theorem(12-9): The triple (F', +,") is a subfield of (F,+,-) if and only if

the following hold:

(1) F' is a nonempty subset of F with at least one nonzero
element.
(2) a,b € F' implies a—b € F'.

3 a,b € F',where b # 0, impliesa-b~1 € F'.
3) p
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Definition(12-10): A field which does not have any proper subfields is

called a prime field.

Example(12-11): The field of rational numbers, (Q, +,-), is a prime field.

To see this, suppose (F, +,7) is a subfield of (Q,+,”) andlet 0 #a € F.
Since (F, +,7) is a subfield, it must contain the product a - a=* = 1.

n=n-1"1€F vn € Z: in other words, F contains all the integers. It

follows then that every rational number % =n-m-1,m# 0, also belongs

to F,sothat F = Q.

Example(12-12): For every prime p, the field (Z,,+,,,) of integers

modulo p is a prime field. The reasoning here depends on the fact that the
additive group (Z,, +,) of (Z,, +,,,) is a finite group of prime order, and

therefore has no nontrivial subgroups.

Remark(12-13): Every field contains a subfield which isomorphic either

to the field (Q,+,-) or to one of the fields (Z,,+,,",), p a prime.
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13. Maximal ldeals. Examples, Properties and Results.

Definition(13-1): An ideal (I,+,") of the ring (R, +,") is a maximal ideal

provided I # R and whenever (J, +,-) is an ideal of (R, +,") with [ c ] S

R,then J =R.

Theorem(13-2): Let (Z, +,7) be the ring of integers and n > 1. Then the

principal ideal ({(n), +,") is maximal if and only if n is a prime number.

Proof: (=) suppose ({n),+,) is a maximal ideal of (Z,+,"). If the
integer n is not prime, then n =nyn,, where 1 <n;, <n, <n. This

implies the ideals ({n,),+,") and ({n,), +,*) are such that

(n)c(n)cZ  (n)c(ny)cZ

contrary to the maximality of ((n), +,")

(&) assume that n is prime.

If the ideal ((n), +,) is not maximal in (Z, +,-), then either (n) = Z or else
there exists some proper ideal ({(m),+,) with (n) c (m) c Z. The first
case is immediately ruled out by the fact that 1 is not a multiple of a prime

number.
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The alternative possibility (n) c (m) means n = km for some integer
k > 1; this also is untenable, since n is prime, not composite. We therefore

conclude that ({(n), +,") is a maximal ideal.

Example(13-3): Let R denote the collection of all functions f: R — R.

For two such functions f and g, we have

f+9)x) =f(x)+g(x)

(f - () = f(x)g(x), x € R.

Then (R, +,7) is a commutative ring with identity. Consider

M = {f € R: £(0) = 0}.

The triple (M,+,") forms an ideal of (R,+,); we observe that it is a

maximal ideal.

Remark(13-4): An element is invertible if and only if it belongs to no

maximal ideal.

Definition(13-5): Let (R, +,") be aring and a € R, then a is said to be an

idempotent element, if a? = a.

Theorem(13-6): In a ring (R,+,") having exactly one maximal ideal

(M, +,7), the only idempotent elements are 0 and 1.
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Proof: assume the theorem is false; that is, suppose there exists an
idempotent a € R with a # 0,1. The relation a? = a impliesa- (1 —a) =
0, so that a and 1 — a are zero divisors. Hence, neither the element a nor
1 — a is invertible in R. But this means the principle ideals ({a), +,-) and
({1 — a), +,) are both proper ideals of the ring (R, +,-). As such, they
must be contained in (M, +,"): {(a) € M and (1 —a) € M, botha and 1 —

a liein M,
l=a+(1—-a)eM
This leads at once to the contradiction M = R.

Theorem(13-7): Let (I,+,") be a proper ideal of the commutative ring

(R, +,") with identity. Then (I, +,") is a maximal ideal if and only if the
quotient ring (%, +,-) i a field.

Proof: (=) let (I,+,") be a maximal ideal of (R, +,). Since (R, +,) is a
commutative ring with identity, the quotient ring (? +,-) also has these
properties. Ifa +1 # 0+ I,then a ¢ I. The ideal ({I, a), +,) generated by

I and a must be the whole ring (R, +,7):

R=(l,a)={i+r-a:i€l,r €R}.
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The identity element 1,1 =i'+r'-a,1—r'-a €l

1+I=r""a+l=0"+1) - (a+]),

r'+1=(a+1)"t. Hence (? +,-) Is a field.

(<) suppose (? +,-) is a field and (J, +,) is any ideal of (R, +,-) such
that I € J € R. Since I is a proper subset of /, there exists an element a €

Jwith a € 1. Thecoseta +1 + 0+ 1. (§+) is a field,
(a+D-(b+D=1+1
forsomecosetb+le§. l—a-belc].Buta-bej],1€],] =R.

Example(13-8): Consider the ring of even integers (Z,,+,"), a

commutative ring without identity. In this ring, the principle ideal

((4), +,") generated by the integer 4 is a maximal ideal.

Solution: if n is any element not in (4), then n is an even integer not

divisible by 4; the greatest common divisor of n and 4 must be 2. We have

((4),n) = (2) = Z,

This reasoning shows that there is no ideal of (Z,, +,-) contained between
((4>1 +1) and (Ze, +,)
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Now note that in (%, +)
2+ 4) -2+ 4) =0+ (4).

The ring (%, +,-) therefore has divisors of zero and cannot be a field.

Definition(13-9): Let (R, +,") be aring and a € R, then a is said to be a

nilpotent element, if there exists a positive integer n such that a™ = 0.

Example(13-10): Find the set of all nilpotent elements of (Z, +,") and

(Zy, +9,%9).

Example(13-11): If (R, +,-) is an integral domain, then the zero element is

the only nilpotent of R.

Example(13-12): The converse of example (13-11) is no true in general,

for example 0 € Z, is a nilpotent, but (Z,, +¢,"¢) IS not an integral domain.

Example(13-13): Let (R, +,") be aring and a € R. If a is a nilpotent and

a # 0, then a is a zero divisor.

Example(13-14): The converse of example (13-13) is not true in general,

for example 2 € Z, is a zero divisor, but it is not nilpotent.
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Example(13-15): Find the set of idempotent elements in (Z, +,) and

(Zs, t6,6)-

Example(13-16): Find all the maximal ideals in (Z;,,+12,'12).

14. Prime Ideals. Examples, Properties and Results.

Definition(14-1): An ideal (I, +,-) of the ring(R, +,-) is a prime ideal if

forall a,b € R,a-b € I implies eithera € I or b € I.

Example(14-2): The prime ideals of the ring (Z, +,-) are precisely the

ideals ({p), +,"), where p is a prime number, together with the trivial ideals

({0}, +,) and (Z,+,).

Theorem(14-3): A commutative ring with identity (R, +,") is an integral

domain if and only if the zero ideal ({0}, +,") is a prime ideal.
Proof: (=) if (R, +,-) is an integral domain

Let a,b €R and a.b € {0} = a.b = 0 = either a =0 or b = 0, since

(R, +,") isan integral domain= a € {0} or b € {0} = {0} is a prime ideal

(<) let {0} is a prime ideal and a.b = 0 = a.b € {0} = either a € {0}
or b € {0}, since {0} isa prime ideal= a=0o0r b = 0= (R,+,”) is an

integral domain.
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Example(14-4): Let (F,+,") be a field, then ({0},+,) and (F,+,") are

only prime ideals in (F, +,-).

Example(14-5): the triples (Q +,), (R, +,),(C,+,) and (Z,,+,.),

where p is a prime have trivial prime ideals.

Example(14-6): The prime ideals of (Z, +,") are ({(p),+,"), ({0}, +,") and

(Z, +,").

Example(14-7): In (Z,,, +,,-,), an ideal ({p), +,*) is a prime.

Example(14-8): The prime ideals of (Z,,, +12,12) are ((2),+12,12) and

((3), +12,'12)-

Example(14-9): Find all prime and maximal ideals of (Z;s, +15,"15).

Theorem(14-10): Let (I,+,") be a proper ideal of the commutative ring

(R, +,") with identity. Then (I,+,") is a prime ideal if and only if the

quotient ring (? +,-) IS an integral domain.

Proof: (=) take (I, +,7) is a prime ideal. Since (R, +,-) is a commutative

ring with identity, so is the quotient ring G +) Assume that

(a+D)-(b+D)=1I=a-b+1
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a-b €l. Since (I,+,) is a prime ideal, a € I or b € 1. But this means

eithera+ I =1or b+ 1 =1, hence (? +,-) IS without zero divisors.

(&) suppose (? +,-) Is an integral domainand a - b € 1.

(a+D-b+D=a-b+1=1.

By hypothesis, (? +,-) contains no divisors of zero, so that either a + I =

Il orb+I1=1.S0a€l or bel,therefore (I,+,) is a prime ideal.

Theorem(14-11): In a commutative ring with identity, every maximal

ideal is a prime ideal.

Proof: Assume(/, +,") is a maximal ideal of the ring (R, +,) and that a -
b € I witha & I. (I,+,") is a maximal implies that R = (I, a). Hence there

exist elements i € I, € R for which

l=i+4+r-a.

Since both a - b and i are in I, we conclude

b=(+r-a)-b=i-b+r-(a-b)€l,

from which it is clear that (7, +,-) is a prime ideal.
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Example(14-12): Thering (Z,, +,"), where ({4), +,-) forms a maximal

ideal which is not prime.

Theorem(14-13): Let (R, +,") be a principal ideal domain. A (nontrivial)

ideal of (R, +,7) is prime if and only if it is a maximal ideal.

Proof: (=) suppose (I, +,-) is any ideal with {(a) € I < R. Since (R, +,")
Is a principal ideal ring, there exists b € R for which I = (b). Now a €
I = (b), hence a =r-b,r € R. But ({a),+,”) is a prime ideal, so either
r € {a)or b € (a). b € (a) leads to the contradiction (b) € (a). Therefore
r € (a), which implies r =s-a,s€R, ora=r-b=(s-a)-b. Since
a # 0 and (R, +,”) is an integral domain, we have 1 = s - b. This means
1 € (b) =1, or I =R. Since no ideal lies between ({a),+,) and (R, +,"),

we conclude that ({a), +,-) is a maximal ideal.
(<) from theorem (14-5).

Corollary(14-14): A nontrivial ideal of the ring (Z, +,") is prime if and

only if it is maximal.

Definition(14-15): The center of ring (R, +,") is denoted by C(R) = {x €

R:ix-a=a-x}
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Theorem(14-16): C(R) = R ifand only if (R, +,7) isa commutative ring.

Examples(14-17): C(Z)=7,(Q)=Q,C(R)=R,C(C) =C

and C(Mpo®) = () o). (5 )

Example(14-18): The center of ring is a subring.

Example(14-19): Prove or disprove, the center is an ideal.

Definition(14-20): A ring (R,+,) with property that every non-zero

elements are invertible is called a division ring or (skew field).

Examples(14-21): (R, +,7), (Q, +,-) and GL(2, R) are division rings.

Example(14-22): Prove or disprove, every division ring is a field.

Example(14-23): Adivision ring has no zero divisors.

Example(14-24): A division ring has no proper ideals.

Example(14-25): Every isomorphic image of division ring is a division

ring.

Definition(14-26): The radical of a ring (R, +,"), denoted by rad R, is the

set

rad R = N{M: (M, +,") is a maximal ideal of(R, +,")}.
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If rad R = {0}, then we say (R,+,") is a ring without radical or is a

semisimple ring.

Example(14-27): The ring of integers (Z, +,-) is a semisimple ring.

Solution: the maximal ideals of (Z, +,-) are the principal ideals ({p), +,"),

where p is a prime; that is,

rad Z = N{(p): p a prime number}.

Since no nonzero integer is divisible by every prime, rad Z = {0}.

Example(14-28): Find rad (Z;5) and rad (Z,53).

Definition(14-29): An ideal (I,+,") of a ring (R, +,7) is called a primary

ideal, if forall a,b € R suchthat a,b € I, implies that, if a € I, then b™ €

lorifb &I, thena™ €1, forsomen € Z™.

Example(14-30): Show that, (I = (4),+1,,12) IS a primary ideal of

(Z12,t12,12)-
Solution: I = (4) = {0,4,8}, Z, =10,1,2,3,4,5,6,7,8,9,10,11}
2.,6=0€l=6¢1,22=4¢€]

10:,2=8€l=2¢1,102=4€]
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6126=OEI$6$],62=OEI

4'125=8EI:5$1,4EI

Therefore, I is a primary ideal.

Theorem(14-31): Every prime ideal is a primary.

Proof: Let (1,+,") be a prime ideal of a ring (R, +,").

Leta,b € Rsuchthata.b € 1

Ifa & I,then b €1 (since [ is a prime ideal)

Thus, b™ € 1, so I is a primary ideal.

Example(14-32): Prove or disprove, every primary ideal is a prime.

Solution: In general, it is not true, for example: in (Z;5, +15,"12) the ideal
(I = (4),+12,12) 1S a primary ideal, but it's not a prime ideal, since

2-,2=4€l,but2¢l.

Example(14-33): In a commutative ring with identity, every maximal

ideal is a primary ideal. (check)
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Theorem(14-34): Let (I,+,") be a proper ideal of a commutative ring with

identity (R, +,"), then I is a primary iff all zero divisors in ? are nilpotent

elements.

Proof: =) suppose I is a primary.

Leta+1 € ?such that a + I Is a zero divisor

=a+1+#13 b+1¢1e§ such that (a + DO +1) =1= a.b +

I=1=abel

b+I1+I=b¢l=a™el, for some n € Z*( since I is a primary

ideal)

Sa"+I=I=(@+D"=1

So, all zero divisors in ? are nilpotent elements.

<) suppose all zero divisors in ? are nilpotent elements.

Leta,b € Rsuchthata,b€l,a¢l =>a+1+#1
abeEl=ab+I=1=(@@+DOB+I) =1

Ifb+1=1= b€l = Iisaprimeideal = I isa primary ideal.
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Ifb+1+1= b+ Iisazerodivisor= b + I is a nilpotent element.

= 3dne€Z suchthat b+ N"=1=b"+1=1=b" €]

Thus, I is a primary ideal.
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