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Chapter One

Some Types of Functions

1. Inverse Function and Its Properties
We start this section by restate some basic and useful concepts.

Definition 1.1.1. (Inverse of a Relation)
Suppose R € A X B is a relation between A and B then the inverse relation R™! ¢
B x Ais defined as the relation between B and A and is given by
bR 'a ifandonlyif  aRb.
Thatis,R™* = {(b,a) € B xA: (a,b) € R}.
Definition 1.1.2. (Function)

(i) A relation f from A to B is said to be function iff
Vx € A3y € Bsuchthat (x,y) € f
(if) A relation f from A to B is said to be function iff
Vx € AVy,zeB,if(x,y) € fA(x,2) € f,theny = z.
(iii) A relation f from A to B is said to be function iff
(x1,y1) and (x,,y,) € f such that if x; = x,, theny, = y,.
This property called the well-defined relation.

Notation 1.1.3. We write f (a) = b when (a, b) € f where f is a function; that is,
(a, f(a)) € f. We say that b is the image of a under f, and a is a preimage of b.

Question 1.1.4. From Definition 1.1 and 1.2 that if f : X — Y is a function, does
f~1:Y - X exist? If Yes, does f~1: Y — X is a function?

Example 1.1.5.

(i) Let A = {1,2,3}, B ={a, b} and f; be a function from A to B defined bellow.
fl = {(1) a)) (21 a); (3J b)} Then fl_l is ________________________ .

(i) Let A={1,2,3}, B={a,b,c,d} and f, be a function from A to B defined

bellow. £, = {(1,a), (2,b), (3,d)}. Then f, ™" i§ ==mmmmmmmmmmmmmmmmmmmmev _
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(iii) Let A ={1,2,3}, B={a,b,c,d} and f; be a function from A to B defined
bellow. f; = {(1,a),(2,b), (3,a)}. Then f;~li§ ==memmmemmmmmmmmeeeeee ,

(iv) Let A =1{1,2,3}, B={a,b,c,} and f, be a function from A to B defined
bellow. £, = {(1,a), (2,b), (3,¢)}. Then f, 7" is ------mmmmmeemmmmeeev ,

(v) Let A ={1,2,3}, B ={a, b, c, } and f; be a relation from A to B defined bellow.
fs = {(1,a),(1,b), (3,¢)}. Then fy is ------mnnnnmmmmmmmv O P e —— .

Definition 1.1.6. (Inverse Function)

The function f: X — Y is said to be has inverse if the inverse relation f~1:Y — X
is function.

Example 1.1.7.
()f: R >R f(x)=x+3, that s,
f={(xy)ERXRiy=x+ 3}
f={xfx):xeR}
f={(,x+3)e RxR}
Then
fr={(xy) ERxR:(y,x) € f}
ffTl={(x,y) ERXR:x =y + 3}
ffl={xy) ERxR:y =x—3}
fr={(f'(®):x €R}
f71={(x,x—3) e RxR}.
Thatis f~1(x) = x — 3.
f~1is function as shown below.

Let (y1, f7'(y1)) and (v, f~'(¥2)) € f~* such that y; = y,, T. P. f~'(y,) =
1)
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Since y; = y,, theny; —3 =y, — 3 (By add —3 to both sides)
= 1) = f102).
(i) g: R - R, g(x) = x?; that is,
g={(xy) ERxXRy=x?}
g={(x9(x):xeR}
g ={(x,x?) € R X R}.
Then
g7 ={(xy) ERxR:(y,x) € g}
g ={(xy) ERXR:x = y*}
g7 ={(xy) ERxX Ry =£Vx}
g7 ={(x, +Vx) € R x R}, that is g~ (x) = +/x.
g~ Y is not function since g71(4) = +2.

Remark 1.1.8: If f is a function, then f(x) is always is an element in the Ran(f)
for all x in Dom(f) but £ ~1(y) may be a subset of Dom(f) for all y in Cod(f).

Definition 1.1.9. Let f : X — Y beafunctionand A € X and B C y.

(i) The set f(A) ={f(x) eY:x € A} ={y €Y:3x € Asuchthaty = f(x)} is
called the direct image of 4 by f.

(ii) The set f~1(B) = {x € X: f(x) € B} = {x € X:3y € B such that f(x) = y}
is called the inverse image of B with respect to f.

(iif) A function f: A — B is one-to-one (1-1) or injective if each element of B
appears at most once as the image of an element of A. That is, a function f: A - B
Is injective if Vx,y €A f(xX)=f(y) > x=y or Vx,y €E A x+y=>
f@)#f Q)
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(iv) A function f: A — B is onto or surjective if f(4) = B, that is, each element of
B appears at least once as the image of an element of A. That is, a function f: A —
B is surjective if Vy € B,3x € Asuchthat f (x) = y.

(v) A function f : A = B is bijective iff it is one-to-one and onto.

Remark 1.1.10: Let f: X — Y be a function and A € X. If y € f(A4), then not
necessary f~1(y) € A.

Example 1.1.11.
(YLet f:R-> R, f(x) =x*—1. f71(15) = {x e Rix* — 1 = 15}
={x e R:x* =16} ={-2,2}.

-1, —-1<x<0

(ii) Let f be a function defined as follows: f(x) = g’: ) =¥ .
2, 2<x<3
D(f) = [-13),R(f) = (~1,0,1.2}.
f(-1,-1/2]) = -1. f([-1,0]) = {-1,0}.
f71(0) =[0,1). f7*([1,3/2]) = [1,2).
2

G=(1,1) H=1(2,1)

0.5

E=1(0,0) F=01,0

-0.5 4

C=(1-1) D=1(0,-1)
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(ii1)
Injective Not injective
A B A B
Surjective i i
(bijective)
A B A B
Not surjective R i

(iv) Let f : Z — Z be afunction definedas f (x) = 3x + 7.
f=1{.,(-3-2),0=21),(-14),(0,7),(1,10),(2,13),...}.

(a) f isinjective. Suppose otherwise; that is,

fX)=f@W) >3x+7=3y+7 >23x =3y =2x =1y

(b) f is not surjective. For b = 2 there is no a such that f (a) = b; thatis, 2 =
3a + 7 holdsfora = — g which isnotin Z = D(f).

(v) Show that the function f:R —{0} - R defined as f(x) = (1/x)+1is
injective but not surjective.

Solution:
We will use the contrapositive approach to show that f is injective.
Suppose x,y € R — {0} and f(x) = f(y). This means

6
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§+ 1= % + 1 — x = y. Therefore, f is injective.

Function f is not surjective because there exists an element b = 1 € R for which
f(x)=(1/x)+1+1 forevery x € R.

(vi) Show that the function f:Z x Z — Z X Z defined by the
formula f(m,n) = (m + n,m + 2n), is both injective and surjective.
Solution:

Injective: Let (m,n),(r,s) € Z X Z = Dom(f) such that f(m,n) = f(r,s). To
prove (m,n) = (r,s).

1-f(m,n) = f(r,s) = (m+n,m+2n) = (r +s,r +2s) Hypothesis

2-m+n=r+s Def. of x
3-m+2n=r+2s Def. of X
4-m=r+25s—2n Inf. (3)

5-n=sandm=r Inf. (2),(4)
6- (m,n) = (r,s) Def. of X%

Surjective: Let (x,y) =ZXZ = Ran(f). To prove I(mn)€EZXZ =
Dom(f) 3 f(m,n) = (x,y).

1-f(m,n) = (m+n,m+ 2n) = (x,y) Def. of f
2-m+n=x Def. of X
3-m+2n=y Def. of X
b-m=x—n Inf. (2)
Sn=y—x Inf. (3),(4)
6-m=2x—y Inf. (2),(5)

7-2x—y,y—x)€EZXZ=Dom(f), fCx—y,y—x) = (x,y)
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Theorem 1.1.12. Let f: A — B be a function. Then f is bijective iff the inverse
relation f~1 is a function from B to A.

Proof:

Suppose f: A — B is bijective. To prove f 1 is a function from B to A.
f~1 # @ since f is onto.

(%) Let (y4,x1) and (y,, x,) € f~1 such that y, = y,, to prove x; = x,.

(x1,y1) and (xz,¥,) € f Def. of f~*
(x1,¥1) and (xz,¥1) € f By hypothesis (x)
X; = Xy Def. of 1-1on f

~ f~1is afunction from B to A.

Conversely, suppose f~1is a function from B to A4, to prove f: A - B is
bijective, that is, 1-1 and onto.

1-1: Leta,b € Aand f(a) = f(b). To prove a = b.

(a,f(a))and (b, f(b)) E f Hypothesis (fis function)
(a,f(a)) and (b, f(a)) € f Hypothesis (f (a) = f(b))
(f(a),a) and (f(a),b) € f~1 Def. of inverse relation f~1
a=b Since f~1 is function

s fis1-1.

onto: Let b € B. To prove 3a € A such that f(a) = b.

(b, f~X(b)) € f1 Hypothesis ( £~ is a function from B to A)
(f~X(b),b) € f Def. of inverse relation f~1
Puta = f~1(b).
ac€Aand f(a)=>b Hypothesis ( f is function)
=~ f is onto.
8
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Definition 1.1.13.

(i) A function I, : A — A defined by I,(x) = x, for every x € A is called the
identity function on A. I, = {(x,x): x € A}.

(ii) Let A <€ X. A function iy : A — X defined by iy(x) = x, for every x € A is
called the inclusion function on A.

Theorem 1.1.14.
If f: X > Yisabijective function,then fo f~ =1, and f~1 o f = I,.
Proof: Exercise.
Example 1.1.15. Let f:Z X Z — Z X Z be a function defined as
f(m,n) = (m+n,m+ 2n).
f is bijective (Exercise).
To find the inverse f~1 formula, let f (m,n) = (x,y). Then

(m+n,m+ 2n) = (x,y). So, the we get the following system

m+n = x...(1)
m+2n = y...(2)
From(l)wegetm=x-n ...(3)
n=y-—x Inf (2) and (3) ....(4)
m=2x—y Rep (n: y — x) or sub(4) in (3)

Define f~1 as follows
fey)=@x—y,y—x).
We can check our work by confirming that f o f~1 = I,,.
(fef Dy =fCx—yy—x)
=(Cx=y)+ @ —x),2x—y)+ 2y —x))

=x2x—y+2y—2x)=(x,y) =Iy(x,y)
9
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Remark 1.1.16. If f: X — Y is oneto-one but not onto, then one can still define an
inverse function f =1 : Ran(f) — X whose domain in the range of f.
Theorem 1.1.17. Let f : X — Y be a function.
(i) If{Y; < Y: j €]} isacollection of subsets of Y, then
f'(Uje Y)=Uje; fH(Y;) and f_l(njE] Y]) = Nje; 1Y)
(i) If {X; < X:i € I} is a collection of subsets of X, then
f(Uier X)) = Uier f(Xy) and f(Nier Xi) S Nier f£(XD).

(iii) If A and B are subsets of X such that A = B, then f(A4) = f(B). The converse
IS not true.

(iv) If C and D are subsets of Y such that C = D, then f~1(C) = f~1(D). The
converse is not true.

(v) If A and B are subsets of X, then f(4) — f(B) € f(A — B). The converse is
not true.

(vi) If C and D are subsets of Y, then f~1(C) — f~1(D) = f~1(C — D).
Proof:

(i) Let x € f~1(Uje 1))

dy € Ujg Y suchthat f(x) = y Def. of inverse image

y €Y, forsome j € ] (f(x) € Y; for some j € ) Def. of U

x € fH(Y}) Def. of inverse image
sox € Uje; fH(Y)) Def. of U

It follow that f~*(Ue; ¥;) € Uje; fH(Y)) Def.of € .....(x)
Conversely,

Ifx € Uje; f1(Y)), then x € f1(Y)), for some j € ] Def. of U

10
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So f(x) €eYjand f(x) € Uje, V) Def. of inverse and U

x € f (U Y) Def. of inverse f~1

It follow that Ue; f~'(Y)) € f~1(Uje; V) Def. of € ... (%%)

~ YU V) = Uje 1Y) From (*), (x*) and Def. of =

Example 1.1.18. Let f:Z — Z be a function defined as f(x) = 1.
LZeNZy = Q. f(ZNZ,) = f(D) = @. But f(Z)NF(Z,) = {1}.

11
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2. Types of Function
Definitions 1.2.1.

(i) (Constant Function)

The function f: X — Y is said to be constant function if there exist a unique
element b € Y such that f(x) = b forall x € X.

(i1) (Restriction Function)

Let f: X — Y be a function and A € X. Then the function g: A — Y defined by
g(x) = f(x) all x € A is said to be restriction function of fand denoted by g =

fla.

(iif) (Extension Function)

Let f:A — B be a function and A € X. Then the function g: X — B defined by
g(x) = f(x) all x € A is said to be extension function of f from A to X.

(iv) (Absolute Value Function)

The function f: R — R which defined as follows

==, 13!

is called the absolute value function.

(v) (Permutation Function)

Every bijection function f on a non empty set A is said to be permutation on A.
(vi) (Sequence)

Let A be a non empty set. A function f:N — A is called a sequence in A and
denoted by {f,,}, where f,, = f(n).

(vii) (Canonical Function)

Let A be a non empty set, R an equivalence relation on A and A/R be the set of all
equivalence class. The function m: A — A/R defined by m(x) = [x] is called the
canonical function.

12
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(viil) (Projection Function)

Let A;, A, be two sets. The function P;: A; X A, — A, defined by P, (x,y) = x
forall (x,y) € A; X A, is called the first projection.

The function P,: A; X A, — A, defined by P,(x,y) = y forall (x,y) € A; X A,
Is called the second projection.

(ix) (Cross Product of Functions)

Let f: A, — A, and g: B, — B, be two functions. The cross product of f with g,
fxg:A; X B — A, X B, is the function defined as follows:

(f x @) (x,y) = (f(x),g()) forall (x,y) € 4, X B;.
Examples 1.2.2.

(i)(Constant Function). f:R — R, f(x) = 2,Vx € R. Dom(f) = R, Ran(f) =
{2}, Cod(f) = R.

V — axis

o

34

X —axis

(ii) (Restriction Function). f: R — R, f(x) = x + 1,Vx € R.
Dom(f) = R, Ran(f) = R, Cod(f) = R. Let A = [—1,0].
g=flssA—=R. gx)=f(x)=x+1,Vx €A

13
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D(g) = A, R(g9) =[0,1], Cod(g) = R.

-1 -1

F) =x+1 g=Fla

(iii) (Extension Function). f:[-1,0] = R, f(x) = x + 1,Vx € [-1,0].
Dom(f) = [-1,0], R(f) = [0,1], Cod(f) = R.

LetA=R. g:A— R g(x)=f(x) =x+1,Vx €A

D(g) = A, R(g) =R, Cod(g) =R.

x, x=0

(iv) (Absolute Value Function) f: R — R, f(x) = |x| = {_x <O

Dom(f) = R,, R(f) = [0,), Cod(f) = R.

(v) (Permutation Function). f:Z — Z, f(x) = —x,Vx € Z. The function is
bijective, so it is permutation function. Dom(f) = Z, , Ran(f) = Z, Cod(f) = Z.

14
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E=(-99

-10 -5 o] =] 10

F=(9,-9)

-10 4

(vi) (Sequence).f:N — Q, f(n) = % ,Vx eN. {f,,} = {% Y=t

(vii) (Canonical Function). Let R be an equivalence relation defined on Z as
follows:

xRy iff x — y is even integer, thatis, R = {(x,y) € Z X Z: x — y even}.
[0] = {x € Z:x — O even} = {...,—4,—-2,0,2,4,..} = [2] = [-2] = -
[1] = {x € Z:x — 1 even} ={...,—5,-3,-1,1,3,5,..} = [-1] = [3] = -
Z/R = {[0], [1]}.
(0) =[0] = (2) = (-2) = ---.
(1) =[1] = n(-1) = n(-3) = ---.
(viii) (Projection Function)

PiZXxQ— 7 P(x,y) =xforall (x,y) EZxX Q. P, (2%) =2.P(Z3) =L

P (3) =(3}x Q.
(ix) (Cross Product of Functions)
fiIN>Q, f(n) = %,\m eN and f:N —> Z, f(x) = —x,Vx €N

15
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fXgNXN—->QXZ (f xg)x,y) = (f(x),9))
= (i,—y) forall (x,y) € N x N.

(x) (Involution Function)
Let X be a finite set and let f be a bijection from X to X (thatis, f: X — X).

The function f is called an involution if |f = f~1|. An equivalent way of stating
this is

f(f(x)) = x forall x € X.

The figure below is an example of an involution on a set X of five elements. In the
diagram of an involution, note that if j is the image of i then i is the image of j.

[ B = N L

16
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Exercise 1.2.3.
(i) Let R be an equivalence relation defined on N as follows:
R = {(x,y) € Nx N:x — y divisble by 3}.
1- Find N/R.
2- Find m([0D), m([1]), ==*([2]).
(i) Prove that: the Projection function is onto but not injective.
(iii) Prove that: the ldentity function is bijective.
(iv) Prove that: the inclusion function is bijective onto its image.

(v) Let f:A, — A, and g: B; — B, be two functions. If f and g are both 1-1
(onto), then f X g is 1-1(onto).

(vi) If f: X — Y is a bijective function, then f 1 is bijective function.
(vii) If f: X — Y is a bijective function, then
1- f o f~1 = I, is bijective function. 2- f~1o f = I is bijective function.

(viii) Let f: X — Y and g:Y — X Dbe functions. If g o f = Iy, then f is injective
and g is onto.

(ix) Let f: R X R — R be a function defined as follows:
fly) =x*+y*

1- Find the f(R x R) (image of f).

2- Find £=1([0,1]).

3- Does f 1-1 or onto?

4-LetA={(x,y) e RXxR:x =+/2 —y?}. Find f(4).
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