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1. Definition and Examples of Groups.

Definition(1-1):

A set G is a group if it is satisfying the following four axioms

I. 3 abinary operation G X G — G (closure) (a,b) — ab
ii. a(bc) = (ab)cVa,b,c € G (associativity),
. 31 €Gst. al=a=1aVa€ea

iv. Va€G,3aleGstaal=1=a"ta (inverse)

Examples(1-2):

1. (R* =R\ {0},7) isagroup.

Solution: Va, b, c € R*, we have
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i.ab € R*, ii. a(bc) = (ab)c,iii.31 € R* 3 al = a = 1a, iv. Va € R*,3a" 1 =
%E]R* Saal=1=a"la
2.(Q* =Q\ {0}, isagroup.
3.(C* = C\ {0},) isagroup.
Solution: i, ii are clear,
iii.31 e C* 3 (a+ib)l =a+ib = 1(a + ib),

a—ib
a?+b2

iv. (a+ib)"! =

4.(GL(2,R),") isagroup.

o Deaema(p )@ )= o=

d —b
@ 0 D@ ) -(mE =)

ad—bc ad—bc

Solution: i, ii are clear, iii. 3 (

5. (83,0) is a group.

Solution: S;3 = {i,(12), (13), (23), (123), (132)}

° [ (12) (13) (23) (123) (132)

[ [ (12) (13) (23) (123) (132)
(12) (12) [ (132) (123) (23) (13)
(13) ? ? ? ? ? ?
(23) ? ? ? ? ? ?
(123) ? ? ? ? ? ?
(132) ? ? ? ? ? ?

We note that axioms i, ii and iii from above table are satisfy axiom iv.
a i (12) (13) (23) (123) (123)




Prof. Dr. Najm Al-Seraji, Group Theory, 2026

a! ? ? ? ? ? ?

6. (G = {0,—1,1,2}, +) is not a group.
Solution:since 1+2 =3¢ G

7. (G = {—1,1},") is a group.

Solution:
-1 1
1 2 2
1 ? ?

8. Let G = {a, b, c, d} be a set. Define a binary operation * on G by the following
table

* a b C d
a a b C d
b c d a
c c d a b
d d a b C

Show that (G,*) is a group.

Solution: axioms i,ii are satisfy from above table, iii. The identity element is a,

axiom iv.

9. (G ={1,-1,i,—i},") isagroup.
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Solution:
1 -1 [ —I
1 ? ? ? ?
-1 ? ? ? ?
i ? ? ? ?
—i ? ? ? ?

10. Let G =Z,a * b = a + b + 2, show that (G,*) is a group.

Solution: Va,b,c € Z, we havei.axb =a+ b + 2 € Z,

iha*(b*xc)=axb+c+2)=a+b+c+4(axb)*xc=(a+b+2)=*

c=a+b+c+4,

iiLa*xu=a+u+2=au=-2,

V.axz=-2=a+z+2=-2=>z=—-—a-4

11. Let G = {f1, f> f3, fa} with f; s.t. i = 1,2,3,4 are mappings on R\ {0} s.t.
filx) =x, fL,(x) = —x, f3(x) = %,ﬁ}(x) = —%. Show that(G,o) is a group.

Solution:
° fi f2 f3 fa
fi ? ? ? ?
fo ? ? ? ?
f3 ? ? ? ?
fa ? ? ? ?

12. LetG =R XR={(a,b):a,b €R,a #0} and * be defined by (a,b) *

(c,d) = (ac, bc + d). Show that (G,*) is a group.
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Solution: i. (a,b) * (¢,d) = (ac,bc +d) € G

ii. (a,b) *[(c,d) (e, f)] = (a,b) * (ce,de + f) = (ace, bce + de +
), [(a,b)*(c,d)] = (e, f) = (ac,bc +d) = (e, f) = (ace,bce + de + f),

iii. (a,b)*(x,y) =(a,b) = (ax,bx+y) =(a,b) =>x=1bx+y=>b =
b+y=b=y=0,

iv. (a,b) * (w,z) = (1,0) = (aw,bw + 2) = (1,0) > w = i’ba_l I

O$Z:—
a

13. Let (G,*) be an arbitrary group, the set of the functions from G into G with the
composition (F;,0) forms a group, where F; ={f,;:a € G},f,:G— G st

falx) =ax*xx,x €G.

Solution: i. Let f, f) € F5,a,b € G

(fae f) ) = fo (fo(0)) = fab *x) = ax (b x x) = (@ * b) *x = fu.p(x) € Fg
ii. (fas o) © fo = fasb © fo = Fasbyse = fastoe) = fa © fore = fa© (o ° f2)

ii. f, is an identity of Fg, Since fy © fo = fave = fosa = fo © fa = fa

Iv. the inverse of f, In Fg is f -1, SinCe fy o fo1 = faea—1=fa-1ea = fa-1° fa =

fe

14. Let n be a positive integer and take w = Cos(%n) + isin(zf) € C, then (C,, =

2

{1,w,w?, ..., w™1},-) is an abelian group.

Definition(1-3): A group (G,*) isanabelianifa*xb = b*aVa,b € G.

Example(1-4): Determine whether the previous examples are abelian .
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Exercises:

1. Determine whether (G,*) an abelian group.
e G=Z,axb=a+b+3
G=RxR=1{(ab):abeR}st (ab)*(,d)=(@a+bb+d+2bd)

(G ={f1, f2. f3. far f5, fe 1,o) Where f1(x) = x, f(x) = %;f3(x) =1-
% () =2 fs () = = fo(0) = —

G ={(a,b):a,b € R,a #0,b # 0}s.t. (a,b) = (c,d) = (ab, bd)
(G ={an:n € Z}, +)

G=Q%axb=—

2. Show that, (G = {((1) (1))(_01 (1)) (_01 _01)((1) _01)},-) IS a group.

Show that, (Cg,") is an abelian group.

ab
2

2. Some Properties of Groups

Theorem(2-1): If (G,*) a group, then the left and right cancellation laws hold in
G, that is:

l. a*xb=axc=b=c
2. bxa=c+*a=b=cVab,c€G.

Proof: 1. Suppose a * b = a xc,then3da "t € G
Salx(a*xb) =al*(a*c)

= (@ txa)*xb=(a!

* @) *C
= exb=exc

= b =c.

(2) (Homework).
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Theorem(2-2): Ina group (G,*), there is exactly one element e in G such that

exa=axe=aVa eq.

Proof: Assume that G has two identity elements e and e*, this means for all a €

G,wehavea*xe=exa=aanda*xe" " =e*"*xa=a
exe"=e"xe=ceande* xe=exe" =" > e =¢e".

Theorem(2-3): Ina group (G,*), the inverse element of each element of G is a

unique.

Proof: Let a € G and a has two inverses x and x*, such that
axx=x*xa=eandaxx"=x"*xa=ce
Sx=x*xe=xx*(a*xx")=(x*a)xx*"=exx" =x".

Theorem(2-4): If (G,*) is a group, then

2. (@Hl=avaeac
3. (axb) '=b"txalvabeG
Proof: 1. Lete ! = x
x*xe=e*xx=x..1
exx=x%e=ce..2
Fromland2, x =e=e ! =e.
@@ t=@H " xe=(@H " *(@"*a)
=((@HtxaD*xa=exa=a

(3)since (axb)EG = (axb)"teG
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(axb)*(axb)P=(axb) t+x(axb)=c¢
(axb)*(axb) t=e¢
alx(axb)*(a*b)t=alxe
(alxa)«bx(axb)t=qa?
exb*(axb) 1=qal
b™'sbx(a*b)t=b"1xqag?
ex(axb)P=b"1xq?!
(a*b)=b"1xa 1

Theorem(2-5): Let (G,*) be a group, then

i. (axb) !=a1txb Liff G is an abelian group.
ii. Ifa=a"1, then G is an abelian group.

Proof: i. (=) let (G,x) beagroupand (a *b) 1 =a 1xp~?
To prove (G,*) is an abelian group.
Leta,b e G,toproveaxb =b*a Va,b € G
axb=((axb)™H)!

— (b—l * a—l)—l

— (b~ (g )!

=b=xa
(<) let (G,*) be an abelian group, to prove (a * b)) 1 =a 1« p~1
(axb) t=b"1xal=qglxpL

(ii) leta = a™ 1,
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toproveaxb =b*a Va,b €G
axb=(a*b)t1=b"1lxal=bx*a.

Remark(2-6): The converse of above part is not true, for example let (G =

{1,—1,i,—i},) beanabeliangroupwitha =i = a ' =-i=a#a L

Theorem(2-7): In a group (G,*), the equations a *x = b and y *a = b have a

unique solutions.

Proof:a*xx =b
=alx(a*x)=alx*b

= (atxa)xx=a"txb
= exx=a lxb

= x=a l*b

To show the solution is a unique
letx*€eG3axx"=b
=axx" =ax*xx

= x" = x.

The proof of y * a = b (Homework).

3. Certain Elementary Theorems on Groups.

Definition(3-1): Let (G,*) be a group, the integer powers of a, a € G is
defined by:

1. a" =ax*a=*..*a(n-times)

2.a%=e¢e
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.a"=(@Hnezt
4. a" =g xaqnezt

Example(3-2): In (R, +), we have

30 =,
32=3+3=6,
373 = (371)3 = (=3) + (=3) + (=3) = —9

Example(3-3): In (R,"), we have

=Y =(-i)==i-—i=-1

Theorem(3-5): Let (G,*) beagroupand a € G,m,n € Z, then:

l.a"*xam=a""m VYnmeZ
2. (@)™ =a" VvnmeZL"
.a"=(@@)'vneZzt

4. (a*b)*=a"*b"Vn €Z < G isan abelian group.

Definition(3-6): (The order of a Group)

10
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The number of elements of a group G is called the order of G and it is
denoted by |G| or O(G). The group G is called a finite if |G| < co and an

infinite group otherwise.

Definition(3-7): (The order of an element)

The order of an element a, a € G is the least positive integer n such that
a™ = e where e is the identity element of G. We denoted to order a by |a|

or O(a). Thismeans |a| =n if a®™ =e, n € Z .

Example(3-8): (Z, +) is an infinite group.

Example(3-9): The trivial group G = {0}, |G| = 1, G is the only group of

order one.

Example(3-10): Find the order of G and the order of their elements,
where ¢ = {1,—1,i,—i}.

Solution: |G| =4and [1| =1, |-1| =2

li| = 4 and |—i| = 4.

Exercises:
e Find the order of (G = {1, —1},-) and the order of their elements.
e Find the order of (C,,") and the order of their elements.

e Find the order of (S3,0) and the order of their elements.

e LetG ={a,b,c,d} beaset. Define a binary operation x on G by the

following table

* a b C d

a a b C d

11
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b b c
c c d
d d a

Find the order of G and their elements

4. Two Important Groups

Definition(4-1): Leta,b,n € Z, n > 0. Then a is congruent to b modulo n if a —

b = nk,k € Z and denoted by a = b or a = b (mod n).

Examples(4-2):

1. 17 =5 (mod 6), since 17 — 5 = 12 = (6)(2).

2. 8 =4 (mod 2),since 8 —4 =4 = (2)(2).

3. —12 =3 (mod 3), since —12 — 3 = —15 = (3)(-5).
4. 5% 2 (mod 2),since5—-2=3 % 2)(k),VKETZ.

Theorem(4-3): The congruence modulo n is an equivalence relation on the set of

integers.
Proof: leta,b,c,cn€Z, n> 0
a—a=0=m)(0)=a=a(modn)
= the reflexive is a true.
If a =b (modn),to prove b = a (mod n)
a=b(modn)=a—b=nk, k€Z,Ss0
b—a=-nk=n(—k),—k €Z = b =a(modn)

= the symmetric is a true.

12
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Ifa =b (modn)and b = ¢ (mod n), to prove a = ¢ (mod n)
Since a = b (mod n), then a — b = nk and
b = c (mod n), then b — ¢ = nk*
By adding these two equations
=a—-c=nlk+k*),k+k*€Z
= a = c (mod n)
= the transitive is a true.
= the congruence modulo n is an equivalent relation.

Definition(4-4): let a € Z,n > 0. The congruence class of a modulo n, denoted by

[a] is the set of all integers that are congruentto a modulo n.
This means, [a] = {z € Z: z = a (mod n)}
={z€Z:z=a+knk€Z}

Example(4-5): if n = 2, find [0] and [1].

Solution: [0] ={z €Z:z =0+ 2k, k € Z}
= {0, +2,+4, ...}
[1] ={z € Z:z=1(mod 2)}
={z€Z:z=1+2k keZ}
= {£1,43,45,..}.

Example(4-6): if n = 3, find [1] and [7].

Solution: [1] = {z € Z: z = 1 ( mod 3)}

13
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={z€Z:z=1+3kk€ET
={1,-2,4,7,-5,..}
[7] (Homework)

Definition(4-7): The set of all congruence classes modulo n is denoted by Z,, (which

is read Z mod n). Thus,

Z, ={[0],[1],[2], ..., [n — 1]}
Oorz,=1{012,..,n—1}

Z, has n elements.

Example(4-8): Z, = {0},Z, = {0,1},Z; = {0,1,2}.

Now, we define the addition on Z,, ( write +, ) by the following: for any [a], [b] €
Zy, [a] +, [b] = [a+,b].

Similarly, we define the multiplication on Z,, ( write -,, ) by the following: for any
la], [b] € Z,,, [a] -, [b] = [a -, b],V [a],[b] € Z,,.

It is easy to note that (Z,, +,) is an abelian group with identity [0] and for every
[a] € Z,,,[a]™! = [n — a]. This group is called the additive group of integers modulo

n.

Example(4-9): (Z4,+4), Z, = {0,1,2,3}

Wl N =L O

Wl N =k O O
S| W N| P | =
= O] W NN
Nl =] O W| W

14




Prof. Dr. Najm Al-Seraji, Group Theory, 2026

I. The closure is a true.

I.  The associative is a true.

li. 0 is an identity element.

iv. Theinverse:11=4-1=3,2"1=4-2=231=4-3=1.

V. An abelian: 1+,2 =3 =2+4+,1,14+,3 =0 = 3+,1.
Example(4-10): (Z4,4),

w N —_ O »
o o O] o ©
w A\ —_ (@) —_
(\] (@) (\] (@) [\
— [\ w (a) w

It is clear that we cannot have a group, since the number 1 is an identity, but the

numbers 0 and 2 have no inverses. Thus (Z4,"4) is not group.
The Permutations:

Definition(4-11): A permutation or symmetric of a set A is a function from A into A

that is both one to one and onto. f: A +— A ( one to one and onto) and Symm(A) =
{f:f:A— A, f one to one and onto} the set of all permutation on A. If A is the finite
set {1,2, ..., n}, then the set of all permutation of A is denoted by S,, where 0(S,,) =
n!, where n! =n(n—1) ...(3)(2)(1).

Example(4-12): let A = {1,2}. Write all permutation on A.

Solution: f; = (1 g) fo = (% i)

S, =Symm(4) = {f; = (1 g)’ f2= (; i)}

Example(4-13): let A = {1,2,3}. Write all permutation on A.

15
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... _ (1 2 3 (1 2 3 (1 2 3
SO'”t'On'fl_(1 2 3)’f2_(2 3 1)'f3_(3 1 2)'

N VO

S3 =Symm(A4) = { f1, f2, f3, far f5, f6}, 0(S3) = (3)(2) = 6.

Example(4-14): let A = {1,2,3}, then S5 = { f1, >, f3, fa, f5, fo} @and (S3,0) is a group.

This group is called a symmetric group.

° fi f2 f3 fa fs fe
f f f2 f3 fa fs fe
f2 f2 f3 h fs fe fa
f3 f3 h f2 fe fa fs
fa fa fe fs h f3 f2
fs fs fa fe f2 f f3
fe fe fs fa f3 f2 f

(S3,0) is not an abelian group.

Definition(4-15): (The dihedral group D,, of order 2n)

The n-th dihedral group is the group of symmetries of the regular n-gon, 0(D,,) =
2n.

Ds: is the third dihedral group. 0(D3) = (2)(3) = 6.

Example(4-16): the group of symmetries of square D, or G5,0(D,) = 8, Gg = D, =

{r1, 15,173,174, v, h, D1, D, }, Where 7; is a clockwise rotation.

(1) Write all elements of G as a permutation. (Homework)

(i) Is (Gg,°) an abelian? Use table (Homework).
Definition(4-17): A permutation f of a set A is a cycle of length n if there exist
a, a,,..,a, € A such thatf(a,) = a,, f(ay) =as, ..., f(a,-1) = a,, f(a,) = a;

and f(x) = x forx € Abut x ¢ {a,,a,, ..., a,}. we write f = (a4, a, ..., a,).

16
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Example(4-18): If A = {1,2,3,4,5}, then

(12345

3 2 5 1 4)=(1,3,5,4)o(2)=(1,3,5,4)

Observe that,
(1;3;5;4) = (3J5J4J1) = (5,4,1,3) = (4111315)

Example(4-19): Let A = {1,2,3,4,5,6} be a set of a group Sg. Then

12345 6)_ e o
(, 3 S 5)_(1,4,2) (3) 0 (5,6) = (1,4,2) © (5,6)

1 2 3 4 5 6)_ . o - e
( 4 3 5 92 1)—(1,6) (2,4,5) o (3) = (1,6) ° (2,4,5)

These permutations above are not cycles.

Theorem(4-20): Every permutation f of a finite set A is a product of disjoint cycles.

Definition(4-21): A cycle of length two is a transposition.

1 2 3 4
1 4 3 2

Example(4-22): The permutation f = ( ) = (24) is a transposition.

Property(4-23): Any permutation can be expressed as the product of transpositions.

This means (aq,a,,...,a,) = (a;a,)(a;a3) ... (a;a,). Therefore any cycle is a

product of transposition.

Example(4-24): We note that (16)(253) = (16)(25)(23).

Definition(4-25): A permutation is even or odd according as it can be written as the

product of an even or odd number of transpositions.

1 2 3

Example(4-26): Let f = (3 1 9

) € S3. Is f even or odd permutation.

1 2 3

Solution: f = (3 1 2

) = (132) = (13)(12)

17
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f has two transpositions, thus f is an even permutation.

Example(4-27): Determine an even and odd permutation of D,. (Homework)

Definition(4-28): (Alternating group)

The Alternating group on n letters denoted by A,, is the group consisting of all even

permutations in the symmetric group S,,.

n!
O(An) = ?,An C Sn

Example(4-29): Let S3 ={ f1, > f3 far fs fo}, then As = {i, f5, f3} is a subgroup of
S3.0(4;3) =2=3

Example(4-30): Find A, from S,. (Homework)

5. Subgroups and Their Properties

Definition(5-1): Let (G,*) be a group and H € G, H a non-empty subset of G. Then

(H,*) is a subgroup of (G,*), if (H,x) is itself a group.

Definition(5-2): Let (G,*) be a group and H c G, then (H,*) is a subgroup of (G,*)
if,

1. Vab €EH=ax*xb€EH;
2. The identity element of G is an element of H, (e € G = e € H);
3. VaeH=a'leH.

Remark(5-3): Each group (G,*) has at least two subgroups ({e},*) and (G,*), these

subgroups are known trivial subgroups and improper, any subgroup different from

these subgroups known proper subgroup.

Example(5-4): (Z, +) is a proper subgroup of (R, +).

Example(5-5): (H = {—1,1},") is a proper subgroup of (¢ = {—1,1,—1i,1},).

1
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Example(5-6): (H ={0,2},+,) is a proper subgroup of (Z,,+,), but (H =

{0,3}, +,) not subgroup of (Z,, +,).

Example(5-7): (Q \ {0},") is a subgroup of (R \ {0},").

Theorem(5-8): Let (G,*) be a group and H c G, then (H,*) is a subgroup of (G,*)
iff axb™'€H, Ya b € H.

Proof: (=) let (H,*) be a subgroup of (G,«) and a,b € H, then a,b" 1 € H = a *
b~leH

(&) letaxb~1 € H, to prove (H,*) be a subgroup of (G,*)

1. Since H#@=3b€H 3b*xb '€ H=¢e€H;
2. SincebeHande e H =exb e H=bleH;
3. letaeHand bleH=ax(b 1) 'eH=axbeH= (Hx) is a
subgroup of (G,*).
Example(5-9): Let (Z,+) be a group and H = {5a: a € Z}. Show that (H,+) is a

subgroup of (Z, +).

Solution: let x,y € H,toprove x + y"1 € H
x€EH=x=5a,a€Z

yEH = y=5bbeL
x+y1=5a+(5h)"1=5a+5(-b) =5(a—b)EH
= (H, +) is a subgroup of (Z, +).

Theorem(5-10): If (H;,*) is the collection of subgroup of (G,*), then (N H;,*) is also

subgroup of (G,*).
Proof: 1. Since 3e € H;,Vi = e €N H; =N H; # @;

2. letx,y €n H;, to prove x * y~1 €n H;

19
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Sincex,y ENH; = x,y € H;,Vi = x+xy 1 € H, Vi
= x *y~1 €n H; = (N H;,*) is a subgroup of (G,*).

Theorem(5-11): Let (H;,*) be the collection of subgroups of (G,*) and let H, and
H; € {H;} such that there is H, € {H;}, H, & H,and H; S H,, then (UH,,*) is also

subgroup of (G,*).

Proof: 1. Since 3e € H; forsome i = e € UH; = UH; # 0;
2. letx,y € UH;,thenx,y € Hyorx,y € H;,s0x,y € H,
=x*xy 1e H = xx*xy 1 € UH,

= (UH;,*) is a subgroup of (G,*).

Theorem(5-12): Let(H,,*) and (H,,*) are two subgroups of (G,*), then (H;UH,,*)

is a subgroup of (G,*) iff H, ¢ H, or H, C H;.
Proof: (=) let (H{UH,,*) is a subgroup of (G,*),
to prove H, € H, or H, c H;

suppose that H; ¢ H, and H, ¢ Hy

— Ja € H;,a¢ Hyand3b € H,,b ¢ H,

= a,b€ HUH,=axb e HUH,

= a*xb'eH,oraxb ! €H,

= a,b € H, or a,b € H,, but this is contradiction
= H, c H,orH, Cc H,

(&) letH; c H,orH, c H;

To prove (H{UH,,*) is a subgroup of (G,*)

20
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If H; € H, = H,UH, = H, is a subgroup of (G,*)
If H, € H; = H,UH, = H; is a subgroup of (G,*)
= (H,UH,,*) is a subgroup of (G,*).

Remark(5-13): (H,UH,,*) need not be a subgroup of (G,*), for example:

H, = {ry,r3} is a subgroup of G
H, = {ry, v} is asubgroup of Gs
H,UH, = {r;,r3, v} is not a subgroup of Gg, since r; o v =h ¢ H UH,.

Definition(5-14): Let (G,*) be a group and (H,*), (K,*) are two subgroups of (G,*),
then the product of H and K is the set:

H+xK={h*k:h€H,k€K}

Notes(5-15):

1. H = H is write H?;

2. IfH ={a},thenH *K =a*K.IfK = {b},then H x K = H * b;

3. HUK € H K.
Theorem(5-16): Let (G,*) be a group and (H,*), (K,*) are two subgroups of (G,*),
then

1. HxK+#@andHx*K € G.

2. HECH*xKand K € H +K.

3. (H * K,x) is asubgroup of (G,*) iff HxK =K = H.

4. If (G,*) is an abelian group, then (H * K,*) is a subgroup of (G,*).
Example(5-17): In (Zg, +3), let H = {0,4} and K = {0,2,4,6}. Find H+3K.

Solution: H+gK = {0,2,4,6}.

Note(5-18): Let (H,*) and (K,*) are two subgroups of (G,*), then:
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1. HxK # K« H,;
2. (H * K,*) need not be a subgroup of (G,*), give example (Homework).
Example(5-19): Does H = {0,6} a subgroup of (Zg, +g)? (Homework).

Example(5-20): Does H = {0,1,2} asubgroup of (Z,, +,)? (Homework).

Definition(5-21): The center of a group (G,*) denoted by Cent(G) or C(G) is the set
C(G)={ceG:cxx=xx*c,VxEG}

Note(5-22): C(G) # @,sincede €EGIdexx =x*xeVx €EG = e € C(G).

Example(5-23): The group (R \ {0},"), C(R) = R, since (R\ {0},7) is an abelian
group.

Example(5-24): The group (S3,0), C(S3) = {f1}, since

C(S3) ={f €Ss:feg=gcof Vg €S3}={fi}.

Theorem(5-25): Let (G,*) be a group. Then(C(G),*) is a subgroup of (G,*).

Proof: C(G) #9,C(G) ={a€G:x*a=a*x,VXEG}CSG
let a,b € C(G), to prove ax b~ ! € C(G)
a€EC(G) > axx=x*aVx€QG
beC(G)=>b*xx=x*bVx€EG
Toprove (a*b ™) xx=xx+(a*xb™!) Vx €G
(axb™Hxx=ax(b1xx)

=ax(x"1*xb)" !

=ax(b*xx 1)1

=ax*(x*xb71)

=(axx)xb7?1
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=(x*a)*b1
=xx*(a*xb™)

= (axb™1) € C(G)

= (C(G),*) is a subgroup of (G,*).

Theorem(5-26): Let (G,*) be a group, then C(G) = G iff G is an abelian group.

Proof: (=)Va € G = ae€C(G)
= axx=x*xaVx€EQG

= axx=x*xaVx,a€GlG

= ( IS an abelian group.

(<) suppose that G is an abelian group, to prove C(G) = G
This means C(G) € G and G < C(G)
By definition of C(G), C(G) € G
To prove G < C(G)

Let x € G, G is an abelian group

= x*xa=a*x YVa€EG

= x € C(G)

= G < C(6)

= C(G) =G.

6. More Results of Subgroups
Cyclic Group:
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Definition(6-1)Let (G,*) be a group and a € G, the cyclic subgroup of G generated

by a is denoted by (a) and defined as
(a) ={a*:kezZ}={.,a%a%al, ..}

If G = (a), then G is called a cyclic group.

Definition(6-2): A group (G,*) is called cyclic group generated by a iff3a € G 3
G =(a) ={d*: k €7}

Example(6-3): In (Zy, +4), find the cyclic subgroup generated by 2,3,1.

Solution: (2) = (2%, k e Z} = {...,273,272,271,20 21,22 23 .}
={..,3,57,0,24,6,..} ={0,1,2,..,8} = Z,
= Z, is a cyclic group generated by 2.
(3) ={..,373,372,371,30,31 32 33}
={..,3,6,0,3,6, ...}
= {0,3,6} is a cyclic subgroup of Z,.
(1) =1{...,173,172,171,19,1,12,13, ...}
={..,6,7,8,0,1,2,3, ...}
= Zq IS generated by 1.

Example(6-4): In (Z,+), find a cyclic group generated by 1,2, —1.

Solution: (1) = (1%, ke Z} = {...,173,172,171,1°, 11,1213, ..}
={..,-3,-2,-1,01,23,..} = Z
(2y={2k kez}=1{.,273272,271,20 21,22 23 .}

={.,—6,—4,-2,0,246,..} 7
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(-1)={(-DKkem}

= (e, CD7 (D2 (DL (D% (DL (D (-1, )
={.,21,0-1,-2,..}=7Z

= (Z,+) is a cyclic group generated by 1 and —1.

Example(6-5): I1s(S5,0) a cyclic group?

Solution: (f;) = {fi“ ke z} = {.., A A5 ATLAS AL AL A -3
={fi} 5
() ={R ke =(. L %L AR AS )
= {e fo fo 1 for foo o}
= {fuf2 f3} # S5
(fs) = {fu. fo f3} # S
(fa) = {fu fa} # S5
(fs) = {fu. fs} # S5
(fo) = {fu. fe} # S5
= (S,,0) is not a cyclic group.

Example(6-6): In (Zg, +¢), find a cyclic subgroup generated by 1,2,5. (Homework)

Theorem(6-7): Every cyclic group is an abelian.

Proof: let (G,*) be a cyclic group, = 3a € G 3 G = (a) = {a*, k € 7}
To prove G is an abelian group
Letx,y eG,toprovex*y =y*xVx,yE€G

xXEG=(a)=x=a"OdmeZ
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YyEG=(a)=y=a"2neZ
xxy=am*xa" =™ =ag""M=q"xam =y xx
= @ is an abelian group.

Note(6-8): The converse of above theorem is not true in general, for example.
(G ={e,a,b,c}¥x)d2a’=b’=c’=e
a>=e=a*xa=e=al=a
b’=e=bxb=e=b1=b
c’=e=>cxc=e=>cl=¢

e l=e=x1=xVxeQG

= (G,*) is an abelian group, but (G,*) is not a cyclic group, since
(e) ={e}#G

(a) ={a* k€Z}={e,a} =G

(by = {b*,k € Z} = {e,b} # G

(cy={c¥keZ}={e,c}#GC

= (G,*) is not a cyclic.

Theorem(6-9): (a) = (a™)Va €G.

Proof: (a) = {a*, k € Z} = {(a V)%, —k € 7}
={(@aH™ m=—-ke€eZ}=(a?).

Theorem(6-10): If (G,*) is a finite group of order n generated by a, then G =: (a) =

{a*, k € Z} = {a', a?, ...,a™ = e}, such that n is the least positive integer 3 a™ = e,
this means 0(a) = n = 0(G).
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Example(6-11): Show that (Z,,, +,,) is a cyclic group.

Solution: Z,, = {0,1, ...,n— 1}

0(Z,) = n, toprove Z,, = (1)

(1) ={1%k ez} = {1,1%,13,...,1" = 0}
={1,23,..,n=0}=2Z,

= Z,=(1)and 0(Z,) = 0(1) = n.

Definition(6-12): (Division Algorithm for Z)

If a,b are integers, with b > 0. Then there is a unique pair of integersq,r 3 a =
bg +1,0<r<bh.

The number q is called the quotient and r is called the remainder when a is divided
by b.

Example(6-13): Find the quotient g and remainder r, when 38 is divided by 7

according to the division algorithm.
Solution: 38=7(5)+3,0<3<7
=q=5 r=3.

Example(6-14): a = 23,b = 7.

Solution: 23 =7(33)+2,0<2<7
=q=3,r=2.

Example(6-15): a = 15,b = 2.

Solution: 15=2(7)+1,0<1<2

=q=7 r=1
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Theorem(6-16): A subgroup of a cyclic group is a cyclic.

Proof: let G be a cyclic group generated by a and let H be a subgroup of G
If H = {e}, then H = (e) is a cyclic

If H # {e}and H # G (H is a proper subgroup), then
xEH=x=a" meZ
xleH=x1=a™-meZ

Let m be a least positive integer such that a™ € H

to prove H = (a™) = {(a™)9: g € 7}

to prove H € (a™),(a™) € H

letye H=y=a’s€EL

by division algorithm of s and m
s=mg+r=r=s—mg

A =a5""™ =ag5x(a™)9,0<r<m

a EHbuO<r<m=r=0=s=mg

a’ =(a™)9 € (a™)

y=a’ €(a™) = H < (a™)

To prove (a™) € H

Letx € (a™) = x = (@), g €L
a"eH=((@)9€eH=x€H=(@")CSH

= (H,*) is a cyclic subgroup.
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Corollary(6-17): If (G,*) is a finite cyclic group of order n generated by a, then

every subgroup of G is a cyclic generated by a™ 3 %

Example(6-18): Find all subgroups of (Z;5, +15).

Solution: 0(Zy5) = 15, H = (1™), 1;5
Ifm=1= H, =Z;

Ifm=3= H, ={3,69,12,0)
Ifm=5= H, = {5,10,0}

Ifm =15 = H, = {0}.

Corollary(6-19): If (G,*) is a finite cyclic group of prime order, then G has no a

proper subgroup.

Example(6-20): Find all subgroup of (Z,,+-).

Solution: 0(Z,) =7

Let H = (1™), %:m: lorm=7
fm=1=H,=(1)=2,

Ifm =7 = H, =(17) = {0}.

Definition(6-21): A positive integer c is said to be a greatest common divisor of two

non-zero numbers x, y iff

1.

alr
ol

)

X C
2. If= ,X=>—.
a a a

Example(6-22): Find g. c. d. (12,18).

Solution: g. c. d. (12,18) = 6, since
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1

18
e
2 2

N | oy

Remark(6-23): If (G,*) is a finite cyclic group of order n generated by a, then the

generator of G is a® 3 g.c.d.(k,n) = 1.

Example(6-24): Find all generators of (Zg, +4).

Solution: 0(Zy) = 6, Zg = (1)

Zs =(1%) 3 g.c.d.(k,6) = 1,k = 1,2,3,4,5
k=1=gcd(16)=1=27Z, =(1)
k=2=gcd(26) 1= Z, # (12) = (2)
k=3=gcd(36) 1= Z, # (13) = (3)
k=4=gcd(46)#1=Z, +(1*) = (4)
k=5=g.cd(56)=1= Z, = (1°) = (5)
therefore, the generators of Zgare 1,5.

Theorem(6-25): If (G,*) is an infinite cyclic group generated by a, then:

1. The numbers a, a™* are only generators of G;
2. Every subgroup of G except {e} is an infinite subgroup.

Definition(6-26): Let (H,*) be a subgroup of a group (G,*). The set a x H = {a *

h:h € H} of G is the left coset of H containing a, while the subset H x a = {h *

a: h € H} is the right coset of H containing a.

Example(6-27): If (Z¢, +¢),a = 1,3, H = {0,2,4}, then
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1+¢H = {1,3,5}, H+41 = {1,3,5}
3+cH = {3,5,1}, H+¢3 = {3,5,1}

Notes(6-28):

1. a = H is not subgroup ( in general), give an example (Homework);

2. axH # H *a (in general), for example

(53,0), H = {flifél-}i a= fZ
fooH = {fz»fs}» Hof, = {f2:f6}
= fo,oH+Hof,.

Note(6-29): Every coset (left or right) of a subgroup H of a group (G,*) has the same

number of elements as H.

Example(6-30): The group (Z¢, +4) is an abelian. Find the partition of Z into coset
of the subgroup H = {0,3}.

Solution: 0+ H ={0,3} = H

14+ H = {14}
2+ H ={2,5)
3+ H = (3,0}
4+ H = {41}
5+ H = {52}

All the cosets of H are {0,3},{1,4},{2,5} and since (Zg, +¢) is an abelian group, then

the left coset is an equal to the right coset.

Example(6-31): In (S3,0), let H = {f;, f,}. Find the partition of S5 into left coset of

H and the partition into right coset of H. (Homework)
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Definition(6-32): Let (H,*) be a subgroup of a group (G,*). The number of left

cosets or right cosets of H in G is called the index of H in G and denoted by [G: H].

0(6)

Note(6-33): If (G,*) is a finite group, then [G: H] = o)

Example(6-34): (S3,°), H = {fi, f2, f3}

0(S3)
O(H)

6
= [53: ] §

0(Zs)

= [Zs:H] = o)

6—3
==

Theorem(6-36): (Lagrange Theorem)

Let H be a subgroup of a finite group (G,*). Then the order of H is a divisor of the

order of G.

Proof: let G be a finite group 3 0(G) = nand H be a subgroup of G 3 O(H) = m
To prove (to prove— n = mk)

Since G is a finite = [G:H] = k

Leta, *xH,a, * H, ...,a; * H are left cosets of H
a;*HUa,*HU ..Uaqy+*H=Ganda;*HNna;*H =0
O(ay *H)+ O(ay *H)+ -+ 0(a, *H) = 0(G)
m+m+ -+ m(k-times) =n

. n 0(G)
m —n=>m=>rl_1)
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Corollary(6-37): If (G,*) is a finite group, then the order of any element of G

divides the order of G.

Corollary(6-38): If (G,*) is a finite group, then a®@ = e va € G.

Corollary(6-39): Every group of prime order is a cyclic.

Corollary(6-40): Every group of order less than 6 is an abelian.

7. Normal Subgroups and Quotient Groups

Definition(7-1):Let (G,*) be a group and a,b € G, then a is a conjugate to b and

denoted by a~b iff ax€G3b=x*a*x"! and b~a iff IxEG3a=x*b x

x L

a+biffb#xx*xaxx"! Vx€G

Example(7-2): In (S3,0), IS f3~f>?

Solution: x = f; = fiofsofy '=f3 £ f,
x=fh=fofsch =fich =fi*f
x=fi=fsofsefs  =hchh=fi %[,
X=fa=faofsofi  =fsefu=fa
X=fs=fsofsofs  =feofs =1
X=fe=feofsofe  =fiofs=fa

= 3IxE€S3dx0f0x 1 =Ff,

= fi~f,

Is fi~f, and f;~f;? (Homework)
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Example(7-3): In (Z4, +4), is 1~2?

Solution: x =1 = 1+,1+,1" ' =2+,3=5=1+ 2
x=2=2+,1+,271=3+4+,2=5=1+2
x=3=3+,1+,31=4+,1=5=1+2

x=0= 0+,1+,071 =1 %2

= 1+2

Remark(7-4): If (G,*) is an abelian group and a, b € G, then a~b & a = b.

Proof: suppose that a~b & Ix EG I3 b =x*a *x~ !

1

Sbhb=x*sx"‘"*a=b=a

Theorem(7-5): The relation (conjugate) is an equivalent relation.

Definition(7-6): Let (G,*) be a group and a € G, then the conjugate of a is denoted

by c(a) and defined as

c(a) ={b € G:a~b}

orc(a)={b€G:a=x*axx"1}

orc(a) ={x*ax*x"1,Vx € G}

The set of all elements conjugate to a is called the conjugate class of a.

Examples(7-7): Find the conjugate class of each element in the following groups:

1. (S3,0) (Homework)

2. (Gs,°) (Homework)

3. (G={1,-1,i,-i},)3i*=-1.
Solution: c(i) = {x-i-x~1,Vx € G}

={1-i-17Y,-1-i- (- Li-i-ih=ici- (=)™
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c(1) ={1},c(-=1) ={-1},c(=0) = {~i}.

Example(7-8): Find c(3) in (Z,, +,).

Solution: ¢(3) = {0+,3+, 07, 1+,3 +, 174, 2+,3+,271,3+,3+, 371}
= {3} (by Remark if G is an abelian group and a~b , then a = b)

Note(7-9): Let (G,*) be a group and a € G, then c(a) need not be a subgroup of
(G,*), for example in (S3,0), c(f3) = {f3, f3} is not a subgroup of S5.

Definition(7-10): Let (G,*) be a group and a € G, then the normalizer of a is
denoted by N(a) and definedas N(a) = {x € G:x *xa = a * x}.

Example(7-11): In (Zg, +3g). Find N(3).

Solution: N(3) = {x € Zg: x+33 = 3+gx}
= {0,1,2,3,4‘,5,6,7} = Z8

Theorem(7-12): Let (G,*) be a group and a € G, then (N(a),*) is a subgroup of
(G ).

Proof: N(a) ={x € G:x*xa=a*xx} <SG
Sinceexa=a*xe=>e€N(a)= N(a) #0

Closure: let x,y € N(a), to prove x * y € N(a)

x€EN(a) Dx*xa=axx

yEN(a) = y*xa=ax*y
(xxy)ra=xx(yra)=x*(a*y) = @x*a)xy=(@rx)*y

=ax*x(x*xy) = xx*y€N(a)
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Let x € N(a), to prove x ! € N(a)
Sincex EN(a) > x*a=a*x=x*a*x 1=a
=a*xx 1=x"1xa= x"1 € N(a) = (N(a),*) is a subgroup.

Definition(7-13): Let (H,*), (K,*) are two subgroups of (G,*), then H is a conjugate

subgroup of K iff 3x € G 3 K = x * H * x ™! and denoted by H~K.
H+KeoK+x+«H*xx"lVx€G

Example(7-14): In (S3,0), H = {f1, fe}, K = {f1, fs}. Is H~K?

Solution: this means, 3x € S; 3 xoHox 1 = K?
x=fi=ficlfufedefi  ={hcficfi Lfiofeofi')
= {fufe} =K

x=fp=fhelfufadef ={hofich f2ofsofs ')
= {fufs} =K

Example(7-15): In (Z,,,+45), H = {0,4,8}, K = {0,3,6,9}. Is H~K?

Solution: this means, 3x € Z;, 3 x+,H+,x 1 =K
x=1=1+,,{048}+,,1"1=H#K

Since x+,H+,x = x+,x "+, H=H+K

= H + K.

Example(7-16): In (Gg,0), let H = {ry, 13}, K = {ry,r,}. Is H~K?

(Homework)
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Theorem(7-17): Let (H,*),(K,x) are two subgroups of (G,x) and H~K, then
O(H) = 0(K).

Proof: since H~K = 3x €G3 K =x* H »x~ !

Toprove O(H) = 0(K) = O0(x * H *x™1)

Definef: (H,x) —» (x *Hxx"1%)3 f(h) =x*hxx"VheH
To prove f isamap ?

Let hy = h,, to prove f(hy) = f(hy)

Sincehy =h, = xxhyxx 1=x+xh,xx 1= f(h)) = f(hy)
= f isa map.

Is fanonetoone?let f(hy) = f(h,)

= x*xh *x t=xxhyxx!

= h; = h, = f isan one to one.

Is f anonto? Ry = {f (h): Yh € H} = {x * h » x~': Vh € H}
=x*H*x"1 = fisanonto.

= 0(H)=0(x=+H=*x"1) =0(K).

Theorem(7-18): Let (H,*) be a subgroup of (G,*) and x € G, then (x * H * x~1,%) is

a subgroup of (G,*).

Proof:e€GandexH*e '=H+@=x+xHxx"1+0
x*H*xx"1={x+«hxx"1:vh € H)
Lleta,b€x*Hx*x 1 toproveaxb tex*Hx*x1!

leta€x+«H+xx '=a=xxh *xx 12h,€H
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lethex+«Hxx '=b=x*h,*x 13h, EH
axb™l=(xxh; *x ) x(xxhy, xx 1)1
=(xxhy*x ) *(xxhy, " xx1)
= (rxhy) x (7t v x) « (hy ' x™h)
xx(hyxhy ) xxt€xxHxx?
= (x * H * x~1,¥) is a subgroup of (G,*).

Note(7-19): The relation of conjugate is equivalent relation on the set of all
subgroups of G.

Definition(7-20): Let (H,*) be a subgroup of (G,*), then the conjugate class of H is
denoted by C (H) and define as

C(H)={x*Hx*x"1:Vx € G}

Example(7-21) (S3,0), H = {f1, fa}:, find C(H).

Solution: C(H) = {x xH x x " 1:Vx € S5}

={ficlfufilofi Lhaclfufldefa b foolfufalefs )
= {{fp f4}; {fp fs}; ey {fl»fs}}

Example(7-22): (G = {e,a, b, c},*),a? = b? = c? = e, is the four-Klien group.G is
an abelian, H = {e,a} < G, find C(H).

Solution: C(H) = {x *x H x x"1:Vx € G}
={x*x"'+H:Vx € G}=H.

Deffinition(7-23): Let (H,*) be a subgroup of (G,*), then the normalizer of H is
denoted by N(H) and defined as
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N(H) ={x € G:x*H = H = x}

Example(7-24): The group (Gg,0), H = {ry, 73}, find N(H).

Solution: N(H) = {x € Gg:x o H = H o x}
x=ry=>rcH=Hony
x=1r,=r,oH=Hor,

N(H) = {ry,15,73,74, h,v, D1, D3} = G

Examples(7-25): Find C(H), N(H) to each of the following:

1. The group (S3,°), Hy = {f1, fs}, H2 = {f1, fu}. (Homework)

2. The group (Gg,°),H, = {r3, 11, v, h}, H, = {r;, D;}. (Homework)

3. The group (Z;5,+12),H = {0,4,8}. (Homework)
Theorem(7-26): Let (H,*) be a subgroup of (G,*), then

(N(H),*) is a subgroup of (G,*) containing H.
Proof:sinceesH =H+e =e €N(H) # 0

NH)={x€G3x*H=Hx*xx}<SG

Leta,b € N(H), toprove a xb~1 € N(H)

Thismeans (a* b))« H=H * (a* b~ 1)
Sincea€ N(H) = a+xH=H=+a
beNH)=bxH=H=xb
bxHxb'=H=Hxb1=b"1xH=b"1eNH)
(axb™DxH=axb t«H)=axH=+b1) (b~ e N(H))
=(axH)*b'=H=+*a)*b '=Hx(axb™1)

= axb"1 € N(H) = (N(H),*) is a subgroup of (G,*)
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Toprove H € N(H)
leta€eH=a+xH=H,  Hxa=H=axH=H=+a
= a € N(H) = H S N(H)
Note(7-27): If N(H) = G, then (G,*) is an abelian group.

Definition(7-28): A subgroup (H,*) is called a self-conjugate iff C(H) = H, this

meansx * H *x 1= HVx €QG.

Example(7-29): In (S3,°), H; = {f1, f2, f3}, H, = {f1, f5}

C(H,) = H, = H, is a self-conjugate
C(H,) # H, = H, is not a self-conjugate.

Definition(7-30): A subgroup (H,*) is called a normal subgroup of (G,*) denoted by

H > G < H is a self-conjugate
Or HeoGoexxHxx '=HVx€EG
Hr Ge=3AxeGo3x«Hxx 1+ H

Example(7-31): The group (Gs,°), H = {r3, 11, v, h}

C(H) = H = H & Gg

Example(7-32): The group (Ss,0), H = {fy, f5}

C(H)+H=Hrw» S,

Example(7-33): The group (Z,, +4), H = {0,2}

C(H)=H=Ho 2,

Theorem(7-34): Every subgroup of an abelian group is a normal subgroup.

Proof: let (G,*) be an abelian group and (H,*) be a subgroup of (G,*),
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toprovex*H+xx 1 =HVx€G
x*Hxx1=(x*x1)+«H=exH=H=HcG.

Note(7-35): The converse of above theorem is not true, for example
(G ={£1,+i,4j,+k})2i?=j2=k?*= -1

ij=k

ji = —k = ij # ji = G is not an abelian.

The subgroups of G are {1}, G, {1}, {£1, i}, {£1, +j}, {+1, £k}

Definition(7-36): A group (G,*) is called a simple group iff G has no proper normal

subgroup.

Examples(7-37):

1. The group (S3,0) is not a simple, since H = {f3, f>, f3} &= Ss.
2. The group (Gg,°) is not a simple, since H = {ry, 3, h, v} & Gjs.

3. The group (Zg, +¢) is not a simple, since H = {0,3} > Z,.

4. The group (Z3, +3) is a simple group, since Zs has no proper subgroup.

Definition(7-38): Let H = G and % = {x * H: x € G}. Define @ on % as follows: (x *

H)Q(y*H)=(x*y)*H Vx,y €QG, (%, ®) is called a quotient group of G by H.

Theorem(7-39): Let H = G, then (%,@) IS a group.

Proof:%:{x*H:xEG},Sincee*H:HE%qt(Z)
Closure: Ieta*H,b*HE%, (a*H)®(b*H):(a*b)*HE%

Associative: leta * H,b* H,c * H € %

[(a* H)®( * H)]®(c * H) = [(a * b) * H]®(c * H)
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= ((a*b)*c)*H= (a*(b*c))*H= (a* H)Q[(b *c) = H]
= (axH)Q[(b * H)®(c x H)]

Identity:e*HzHe%
(axH)®(exH)=(axe)*H=ax*H ‘v’a*HE%
(exH)®(a+*H)=(exa)*H=a*H

= e * H is an identity element of%

Inverse: Ieta*He%, toprove (a*H) ' =a1+xH
(a*H)Q@a '*H)=(a*a)*H=exH=H
(a'+*H)Q@*H)=(@a'*a)xH=exH=H

= Va*H E%Ela‘l * H E%: (%,@) IS a group.

Example(7-40): In the group (Z,, +¢), H = {0,3}, find % (if exist).

Solution: H e Z; = % exist

0+6H =H
1+4H = {1,4}
2+ H = {2,5)

3+4H = {3,0} = H
444H = (4,1} = 1+4H

5+6H - {5,2} - 2+6H
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Ze
- — = {H, 1+6Hl 2+6H}

H
Zg
0(%)=3
H
Q H 1+¢H 2+4H
H H 1+¢H 2+4H
1+cH 1+¢H 2+4H H
24 H 24 H H 1+¢H

= (%,‘X’) is a quotient group, H is an identity.
(1+6H)_1 = 1_1+6H = 5+6H — 2+6H
(2+6H)_1 = 2_1+6H = 4+6H — 1+6H

Example(7-41): In the group (Z5g, +20), H = (5), find % (if exist).(Homework)

Example(7-42): In the group (S3,0), H = {f1, f>, f3}, find 2—3 (if exist).

Solution: since H & S3 = 2 exist
ficH=H

foeH=1{f2,f3 i} =H
fseH=1{f3fufo}=H

fao H =1{f4 fo f5}
fseH=1{fs,fufe}=faoH
fooH=1{fe fs.fa}=fao H

S;
=== {H.fyo H)

43




Prof. Dr. Najm Al-Seraji, Group Theory, 2026
ButifH ={f,,f,},H®# S; = “;—3 iS not exist.

Theorem(7-43): The quotient group of an abelian is an abelian.

Proof: suppose that (G,*) is an abelian group and (H,*) is a subgroup of (G,*) 3

Hl>G=>%isagroup
Leta*H,b*HE%=>(a*H)®(b*H)=(a*b)*H
=b*xa)*H=(b+H)Qax*H) = (%,@) is an abelian group.

Theorem(7-44): If (G,*) is a cyclic group, then (%, ®) is a cyclic group.

Proof: suppose that (G,*) is a cyclic group, H is a subgroup of G.
= Ja € G 3 G = (a) = {a*: k € Z}, since G is a cyclic= G is an abelian

= Ho (= % IS a group. To prove % is a cyclic group, this means thereisa * H €

5= =(ax*H)={(a* H)*:k € Z}, to prove

T
T

E(a*H),(a*H)E%,Ietx*HE%:xEG=(a)=>x=ar,rEZ

T

x+*H=a"«H=(a*ax*..*a)* H(r-times)

=a*HQ ..Q®a * H(r-times)
G
(a*H)TE(a*H)=>x*HE(a*H):ﬁg(a*H)

Toprove(a*H)Q%, lety «H € (a*H)

y*H=(a*H)°2s€EZ

H § HEG=> HEG=>( H)CG=>( H) G
* H = * — * — * — * —
Y @ T g\ =g T H
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Therefore, (%, ®) is a cyclic group.
Note(7-45): The converse of above theorem is not true, for example:

(S3,0), H = {1, fo. fo} & Sy = Zis agroup, 2 = {H, f, o H}

0 (‘;—3) = 2 (prime order), “;—3 is a cyclic group, but (S3,0) is not a cyclic

S
ﬁgz(f4°H):{f4°H»(f4°H)2}:{f4°Hrf1°H:H}

Theorem(7-46): Let (G,*) be a group and (%G), ®) is acyclic group, then (G,*) is

an abelian group.
Note(7-47): The converse of this theorem is not true, for example:

(G ={e,a,b,c}*),a® = b?> = c? = e, G is an abelian (not a cyclic)

G

G G
C(G) =6 =>—= —{e,a,b,c}=>c(6)

o3 IS not a cyclic.

Definition(7-48): Let (G,*) be a group. If a, b € G, then the commutator of a, b is

[a,b]=axb*a t*b 1

The commutator [a,b] =e < a*b = b xa, this means a,b are commute, the

identity element e = [e, e] is a commutator.

Example(7-49): In the group(Z,, +4).

[3,2] = 3442+,37 14,27 =3+,2+,1+,2=0

Example(7-50): In the group(Z, +).

[54]=5+4+51+41=54+4-5-4=0

Note(7-51): The commutator is an identity iff (G,*) is an abelian group.
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Definition(7-52): Let (G,*) be a group, then the commutator subgroup of (G,*)

denoted by [G, G] is the collection of all the finite products of commutators in G.

[G; G] = {H[abbi]: ai, bi € G} = {[allbl] * [a21b2] * X [ak' bk]}

Theorem(7-53): The group ([G, G],*) is a normal subgroup of (G,*).

Proof: to prove [G, G] is a subgroup of G.

[G,G] # @, since [e,e] € [G,G],e € G

Letx,y € [G,G], toprove x xy~ ! € [G, G]

x = [ay, by] * ... x [ap, by]

y = leg, di] * o x [ep, di]

xxy~t=lag, byl * ... % [ay, bp] * ([, dy] * o [en, dn )7
= [aq, b1] * ... x [ay, by] * [dy, cp] * ... % [dy, 1] € [G, G]
Thus, x * y~! € [G,G] = [G, G] is a subgroup of G.

To prove [G, G] is a normal subgroup, letx € G

Toprove x = [G,G] *x L S [G,G], let a € x = [G,G] xx~?!
a=x*c*x Lc€[GG]l=x*cxxtxe=xrxcxx1xclxc
=x*c*(x"txc VD*xc=[xc]*c

Therefore, a € [G,G] = [G, G] is a normal subgroup of G.

Theorem(7-54): Let (H,x) be a normal subgroup of G, then (%, ®) is an abelian iff

[G,G] € H.

Proof: suppose that a * H,b * H € % and % Is an abelian
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S (axb)*H=(b*xa)*H < H=x(a*b)=Hx*(bxa)
saxb*x(bxa)"'€eH < [a,bl€eH

< [G,G] € HV[a,b] €[G,G],a,b €G.

Corollary(7-55): Prove that ([GG—G], ®) is an abelian group. (Homework)

8. Homomorphism, Examples and Basic Concepts

Definition(8-1):Let (G,*),(G',e) be two groups and f:(G,x) — (G',e) be a
mapping, then f is called a homomorphism iff f(a * b) = f(a) o f(b)Va,b € G.

Example(8-2): Let f: (R, +) — (R*,-),3 f(a) = 2% Va € R. Is f a homo. ?

Solution: leta,b € R = f(a + b) = 2%*° = 2%.2b = f(a) - f(b)

thus, f is a homo.

Example(8-3): Let f: (Z,+) — (Z,+),3 f(x) =3x + 2Vx € Z. Is f a homo. ?
Solution: letx,y € Z= f(x +y) =3(x +y) + 2
=3x+3y+2..1
fO)+fy)=CBx+2)+By+2)=3x+3y+4..2
Wehave 1 # 2= f(x +y) # f(x) + f()
Therefore, f is not a homo.

Example(8-4): Let f:(S3,0) — (S3,0),2 f(x) =xVx€S;. Is f a homo. ?

(Homework)

Example(8-5): Let f:(Zg, +¢) — (Zg,+6),2 f(x) =xVx € Zs. IS f a homo. ?
(Homework)

Example(8-6): Let f: (R,+) — (Z,+),3 f(a) = 2a —1Va € R. Is f a homo. ?
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Solution: f(a+b) =2(a+b)—1=2a+2b—-1..1
f@+fb)=QRa-1)+@b—-1)=2a+2b—2..2
Wehave 1 #2 = f(a+b) # f(a) + f(b)
Therefore, f is not a homo.

Example(8-7): Let f: (Z,+) — ({1,—-1},),

. 1 a even
af(a)—{ 1 a OddVan.lsfahomo.?

Solution: leta,b € Z

l. a,beEE
fa@a+b)=1, (a+b€E)f(a)-f(b)=1-1=1

2. a,beE0O=a+b€EE
fa+b)=1, (a+b€E)f(a)-f(L)=-1-—-1=1

3. Ifa€E, beE0O=a+b€eO0
fa+b)=—-1, (a+b€0),f(a)-fb)y=1--1=-1

Therefore, f(a+ b) = f(a) - f(b) Va,b € Z = f is a homo.

Example(8-8): Let f: (G,x) — (G,*) 3 f(a) =x*axx"1Va €G.Is f ahomo.?

Solution: leta,b €G3 f(a*xb) =x*(a*xb) xx~1..1
f@x*f)=Gx*axx™)*xbxx"1)
=x*x(axb)*x"1..2

We have 1 = 2 = therefore, f is a homo.

Example(8-9): Let f: (G,x) — (G',)) 3 f(a) =e'Va € G.Is f ahomo. ?

Solution: leta,b € G 3 f(axb) =e' =e'-e' = f(a) " f(b)
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= Therefore, f is a trivial homo.

Example(8-10): Let H & G and f:(G+) — (+,®) 3 f(a) =a*HVYa €G.1Is f a

homo. ?

Solution: leta,b € G 3 f(a*b) =(a*b) xH ... 1
f(@®f(b) = (a*H)®Mb+*H) =(a*b)*H..2
We have 1 = 2 = Therefore, f is a natural homo.

Definition(8-11): Let f: (G,*) — (G',°) be a mapping, then

1. f is called a monomorphism (mono.) iff f is a homo. and one to one.
2. f is called an epimorphism (epi.) iff f is a homo. and onto.
3. fis called an isomorphism (iso.) iff f is a homo., one to one and onto.

Definition(8-12): Any two groups (G,*),(G',e) are isomorphic iff there is an

isomorphism map between them and denoted by G = G'.
This means, G = ¢’ < 3f:(G,*) — (G',°) and f is an isomorphism.

Example(8-13): Let (G = {2™:n € Z},), show that (Z, +) = (G,").

Solution: define f: (Z,+) — (G,)) 3 f(n) =2" VneZ
Homo.? let ny,n, € Z = f(n, + n,)

= 2M* = 2™ . 2™ = f(n,)- f(n,) = f is a homo.

One to one? let f(n,) = f(n,), to prove n, = n,

2™ = 2" = n; =n, = fisaonetoone

Onto? Ry = {f(n):n € Z} = {2":n € Z} = G = f isan onto
= f is an isomorphism = (Z,+) = (G,)

Theorem(8-14): Let f: (G,*) — (G',") be an isomorphism, then
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1. f(e) = e’ such that e the identity of G.

Proof:leta € 6 = axe=a = f(axe) = f(a)
fla)-f(e) =f(a)

Letf(a) €G'= f(a)-f(e) = f(a)-¢€

= fle)=e'.

2. f@H =((@)'Va€eaq

Proof:leta € G > a*xal=e= flaxa™l) =f(e) =¢’
fl@-fla) =f(e)=¢
ltf(@) €6' = f(@)- (f@)  =eé

f@-flaH=f@- (@) =@ =F@)™

3. If (H,x) is a subgroup of a group (G,*), then (f(H),") is a subgroup of
G',).
Proof: f(H) = {f(x):x e H} € G’

eeEH= f(e)ef(H)=¢e €ef(H)+®
Leta,b € f(H),toprovea-b~t € f(H)
a€f(HH=a=f(x)2x€EH

bef(HH=b=f(y)2y€EH

SxsyleH=a b l=f) (f®) =f@)- fOo™
= frxy D =a-bl=flxxy ) e f(H)

4. 1f (K,") is a subgroup of (G',-), then (f ~1(K),) is a subgroup of (G ).
Proof: f"Y(K) ={x €G:f(x) EK} S G

fle)=e'=eef M K)=fK)+0
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Letx,y € f~1(K), toprove x x y~1 € f~1(K)
x € fU(K) = f(x) €K
yeEfMK)=f(y) €K
FO-(F3)) €K =f() f™YEK= fxxy ) EK
= X * y‘1 € f‘l(K) = (f_l(K),*) Is a subgroup of (G,*).

5. If H> G and f an onto, then f(H) > G'.
Proof: lety € G',a € f(H),toprove y-a-y ! € f(H)

yeG'and fisanonto =3x €G3 f(x) =y
a€f(HH=a=f(h)2heH
x€GheHandHe>G=x+hxx"1€H

= fxxh*x")EfMH) = () f(R) - f(x™") € f(H)
=y ay lef(H)=f(H)=G"

6. IfK = G', then f71(K) = G.
Proof: (f~1(K),*) is a subgroup of (G,*), to prove f"1(K) = G

LetxeG = f(x) =y €eG’

a€f1(K)=f(a)EK

f(x)€eG', f(a)eK and K > G’

F) - f@-(f(0)) €K = fx) f(a) Fx™) €K

= f(xxa*xxHeEK=x*xaxx"1ef1(K)= f 1K) >G.

Theorem(8-15): The relation of isomorphic is an equivalent.

Definition(8-16): Let (G,*) be a group, define
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(1) Hom(G) ={f:f:(G,x) — (G,*) 3 f is a homomorphism}

(2) Aut(G) ={f:f:(G,*) — (G,*) 3 f is an isomorphism}
Definition(8-17): Let f: (G,*) — (G',-) be a group homomorphism, then the kernel
of f denoted by ker f and defined by kerf = {x € G: f(x) = e’}

Example(8-18): let f: (R, +) — (R*,) 3 f(x) = 3%, find ker f Vx € R.

Solution: f is a homomorphism (check) = kerf an exist,
kerf ={x eR:f(x) =1} ={x e R:3¥ =1} = {x = 0}

Example(8-19): Let f:(G,x) — (G',) > f is a trivial homomorphism, find

kerf Vx €G.
Solution: f(x) = e’ Vx € G, f is a homomorphism = kerf is an exist.
kerf ={x €G:f(x) =e'} =G.

Example(8-20):let f: (Z,+) — (Z3,+3) 3 f(x) = [x] Vx € Z, find kerf Vx € Z.

Solution:f is a homomorphism (check)

Kerf ={x € Z: f(x) = [0]} = {x € Z: [x] = [0]} = {x € Z: x = 0(mod 3)} =
{x €Z:x =3k Vk € Z} ={0,4£3,16,..} € Z.

Theorem(8-21): Let f: (G,x) — (G',-) be a group homomorphism, then:

(1) (Kerf,x) is a subgroup of (G,*).
Proof:kerf ={x € G:f(x) =e'} S G, f(e) =e' = e ekerf + Q.

Let a,b ekerf, fla*b™) =f(@)-fb D) =f(@)-fb) 1=e-(e)l=e =
flaxb ™) =e' = axb~ 1 ekerf = ( Kerf,x) is a subgroup of (G,*).

(2) Kerfe G
Proof: (Kerf,*) is a subgroup of (G,*).
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Let x€GacKerf,fxxaxx D) =Ffx) fla) - f(xH=fkx) e

(f))  =e' = x*a*x"1 eKerf =Kerf & G.

(3) Kerf = {e} iff f is an one to one.
Proof: (=) suppose that Kerf = {e}

Let (@) = £(b) = f(@) - (f ()"

=fB)-(f®) = fl@ fb) =¢

= f(axb™)=e' =axbleKerf > axbl=e =a=b
(&) let a € Kerf

f(@) = f(e) = a = e =Kerf = (e},

9. Fundamental Theorems of Homomorphism

The First Fundamental Theorem of Isomorphism:

Theorem(9-1):Let f:(G,x) — (G',-) be an onto, homomorphism, then

G ,
Gearr’ ®) = (G7).

Proof: f isanonto = Ry = {f(a):a € G} = G’
G
r

kerf o G = - IS a group.

Define g: (k:—rf,®) —(G')) 3 glaxkerf) = f(a) Va € G
letaxkerf =h+kerf = a l+bekerf= f(al+bh)=e'
=@ f) =e = (f@) " fb)=e = f) = f(@)
= g(a*ker f) = g(b = ker f) = g is a map.

Let g(a x ker f) = g(b xker f) = f(a) = f(b)
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= =(f@) " f®) =f@V) f(b) = e = flat*h)

= alxbekerf = a*kerf = b *ker f = g is an one to one.
R, ={g(a*kerf):a€ G} ={f(a):a€G}=G = gisonto.
gl(a*ker Y@ = ker )] = g((a * b) * ker f)

= flaxb) = f(a) f(b) = g(a*kerf)-g(axkerf)

= g is a homomorphism, hence g is an isomorphism

G
= (m,®) = (G'))

la€eFE

Example(9-2): Let f: (Z,+) — ({1,—1},) 3 f(a) = {_1 a€o

Va € Z, show that (Z,,+,) = ({1,—1},) by two ways.

(1) Since 0(Z,)=0({1,-1}) =2 and (Z, +,),({1,—1},) are cyclic
groups = (Z,, +,) = ({1,—-13},")

(2) By use the first theorem of isomorphism it is clear that f is a
homomorphism. Ry = {f(a):a € Z} = {1,—1} = Cod f

= fisanonto = (&,@) = ({1,-1}")

kerf ={a€Zf(a)=1}=FE = (%,@) = ({1,-1},)

(Z,+) is a cyclic group = (%, ®) is a cyclic

Z _ _ L N
0 (E) =2= (Zz,+2) = (E;@) = (ZZ’+2) = ({11_1}:)

The Second Theorem of Isomorphism:

Theorem(9-3): Let (H,*), (K,*) be two subgroups of (G,*) 3 K = G, then
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Hx*xK ~
(T’®)=(

HnK’®)

Proof: since K > H x K = (%,@) IS a group.

Andsince (HNK) > H = (ﬁ,@) IS a group.

Define f: (H * K,x) — (L,®) S f(a*b) =a*x(HNK)VYa€H
HNK

as*b=c*xd=c 'xsa=d*b '=c'xa€eHcl+a€ckK

=clxaeHNK=c+*HNK)=ax*(HNK)

= f(c*d) = f(a*b) = f isamap.

Ry ={f(axb):vaeH}={ax(HNK):a€H}=rm

Thus, f is an onto.
flla*b) * (c*d)] = f(a*c*c t*b)* (c*d)]

= fl(a*c)*(c *b*c)*d]
Sincec€GbEK,K>G=c txbxc€eK
Letc™lxbxc=1r€K

fl@a*b) * (cxd)] = fl(axc) * (r+d)] = (a*c)*(HNK)

=la*x(HNK)|®[c+x(HNK)]=f(a*xb)®f(c*d) = f isahomo.

By the first theorem of isomorphism = K B
kerf HNK

kerf ={a*b€H=+K>3 f(a*xb) =e'}
={a*xbeEH+*K3ax(HNK)=HnNK}

={ax*xb€eH+*K>3a€HNK}

NS
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=f{axbeH+*K>a€H,a€K}

={axbeEH*K3a€eK,beK}=K

HxK H
Therefore, — =~ —
K HNK

The Third Fundamental Theorem of Isomorphism:

Theorem(9-4): Let (H,*), (K,*) be two normal subgroups of (G,*) 2 H € K, then:

G

H oy =&
® =G ®
H

G
Proof: S > % = (%, ®) is agroup.
H

K1>G=>(%,®) is a group.
Definef:(%,@)—>(%,®)9f(a*H)=a*KVaeG
axH=b+H=alxbeHCK=al'«heEK=a*xK=bx*K
= f(a*H) = f(b*xH)= fisamap.
Rf={f(a*H):aeG}={a*K:aeG}=%=fisanonto.

flla*H)®b xH)] = f[(a*b) *H] =(a*b) *K = (a*K)®(b * K)

= f(a*H)®f (b x H) = f is a homomorphism.

G
By the first theorem of isomorphism = (keHrf , Q) = (—, ®)

kerf ={a*H:f(axH) =e¢' ={a*xH:a*K = K}

HEG EK K
= * —_ = —
la giaEKi=1
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G

Therefore, (%,@) = (%,@).

H

10.P- Groups and Related Concepts.
Definition(10-1): (p- Group)

A finite group (G,*) is said to be p- group if and only if the order of each element of

G is a power of fixed prime p.

Definition(10-2): (p- Group)

A finite group (G,*) is said to be p- group if and only if |G| = p*, k € Z, where p is

a prime number.

Example(10-3):

Show that (Z,, +,) is a p- group.
Solution: Z, = {0,1,2,3}and | Z,| = 4 = 22

= Z, 1S a 2- group, with

0(0) =1=2°,
o(1) = 4 = 22,
0(2) =2 =21,
0(3) =4 = 22

Example(10-4):

Determine whether (Zg, +¢) IS a p- group.
Solution: Z, = {0,1,2,3,4,5} and | Z¢| = 6 = P*
= Z¢ IS not p- group.

Example(10-5): (Homework)
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Determine whether (Gg,0) is a p- group.

Examples(10-6):

o (Zg, +g) isa 2- group, since |Zg| = 8 = 23,

e (Zo,+o) is a 3- group, since |Zo| = 9 = 32,

e (Z,s, +,5) is a5- group, since |Z,5| = 25 = 52,
Theorem(10-7):

Let H > G, then G is a p- group if and only if H and G/H are p- groups.

Proof: (=) Assume that G is a p- group, to prove that H and G/H are p- groups.
Since G is a p- group = o(a) = p*, forsome x € Z*,Va € G.

Since H € G = Va € H group = o(a) = p*, forsomex € Z*.

So, H is a p- group.

To prove G/H is a p- group.

Let axH € G/H, to prove o(a * H) Is a power of p.

(a*HP =aP +H=exH=H, (@’ = e since G is a p- group)
= o(a * H) = p*

(<) Suppose that H and G/H are p- groups, to prove G is a p- group.
Leta € G, to prove o(a) is a power of p.

(a*HP =H..(1) (G/H is a p- group)

(ax H)P" =aP +H..(2)

From (1) and (2), we have a?” * H = H = aP" € H and H is a p- group,

5
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= o(a”) =p",rez*
= (apx)pr —e=a”" =e, x+71€Zt,
— o(a) = p¥*"

Therefore, G is a p- group m

Remark(10-8):

If G is a non-trivial p- group, then Cent(G) +# e.

Theorem(10-9):

Every group of order p? is an abelian.
Proof: Let G be a group of order p?, to prove G is an abelian.
Let Cent(G) is a subgroup of G.

o(G)

By Lagrange Theorem 0(Cent(G) )

2
= o(Cent(G) )

= o(Cent(G)) =p° or p! or p?

If o(Cent(G)) = p® = Cent(G) = {e}, but this is contradiction with remark(10-9),

s0 o(Cent(G)) # p°.
If o(Cent(G)) = p? = 0(G) = Cent(G) = G

= ( IS an abelian.

2

o(cen(®) =5 = 0 Ygum(c) = =

G/Cent(G) is a cyclic.

5Q
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Therefore, G is an abelian =

Remark(10-10):

The converse of theorem(10-10) is not true in general, for example (Zg, +g) IS an
abelian, but 0((Zg) = 23 # p2.

Exercises(10-11):

e Let P and Q be two normal p-subgroups of a finite group G. Show that PQ is a
normal p-subgroup of G.

e Determine whether (Z,,5, +125) IS a p-group.

e Determine whether (Z;,41, +121) IS @ p-group.

e Determine whether (Z,4, +41) IS @ p-group.

e Determine whether (Z4, +1¢6) 1S @ p-group.

e Determine whether (Zg,5, +¢25) IS @ p-group.

e Determine whether (Z,gs, +155) IS @ p-group.

e Determine whether (Z,g, +1235) IS @ p-group.

e Determine whether (Z,54, +25¢) 1S @ p-group.

e Determine whether (Z1¢0, +100) 1S @ p-group.

e Show that G, = {£1, xi, £+j, £k},") is a p-group.
11- Direct Product

Definition(11-1):

Let (H,x) and (K,x) be two normal subgroups of (G,*), then (G,*) is called an
internal direct product of H and K (G is a decomposition by H and K ) if and only if
G=H+*Kand HNnK = {e}.

Example(11-2):

Consider the following Cayley table of a group (G = {e,a,b,c},*), a®> = b? =c? =

e

a0
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* e a b c
e e a b c
a a e c b
b b c e a
c c b a e

Let H = {e,a} and K = {e, b}, show that G = H @ K is a decomposition by H and
K.

Solution: H, K © G since G is a commutative group
HxK ={e,a,b,c}and H N K = {e}
Hence, G = H @ K is decomposition by H and K.

Example(11-3):

Let (G,*) be any group with H = G and K = {e}, show that
G = H @ K is a decomposition by H and K.

Solution: H,K > G

HxK=G+{e} =G

HNK =G n{e}={e}

Therefore, G = H @ K is a decomposition by H and K.

Example(11-4):

Let (Z,, +,) be a group. Is Z, has a proper decomposition.
Solution: the subgroups of Z, are Z,4, {0,2}, {0}

LetH =7, and K = {0,2}

a1
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H®4K =7, ®,{0,2} = Z,
HnK = 7,n{0,2} ={0,2}
S0,Z, = Z, ® {0,2}
Let H = {0} and K = {0,2}
HR,K=K# Z,
Therefore, Z, has no proper decomposition.

Theorem(11-5):

Let H and K be two subgroups of G and G = H ® K, then G/H = K and G/K =H.

Proof:

SinceG=H®K=Hx*K=Gand HNn K = {e}

G/ =H*K/ and H*K/ =K/ (bysecond theorem of isomorphic)
G/HEK/{e}zG/HEKand
O ="K/ and BKfe =B/ g

G/K = H/{e}=> G/K =Hm

Definition(11-6):

Let (G4,*) and (G,,°) be two groups, define G; X G, = {(a,b):a € G,,b € G,} such
that (a,b)®(c,d) =(a*c,bod) 3 a,c € G;,b,d € G,. Then (G; X G,,®) is a

group which is called an external direct product of G, and G,.

Example(11-7): (Homework)

Show that (G; X G,, ®) is a group.

82




Prof. Dr. Najm Al-Seraji, Group Theory, 2026

Example(11-8):

Let G, = (Z3,+3) and G, = (Z,,+,). Find G; X G,.
Solution:

G, X G, =75 X Z, ={(0,0),(0,1),(1,0), (1,1), (2,0), (2,1)}
(1,1)©2,1) = (0,0)

0(Z3 X Z,) = 0(Z3).0(Z,) = 6.

Theorem(11-9):

Let (G4,*) and (G,,°) be two groups, then

1. (G; X G,,®) is an abelian if and only if both G; and G, are abelian.
2. G, x{ey} > Gy X G,.
3. {e1} X G, > Gy X Gy.
4. G, = G X {ey}.

5. G, = {es} X G,.

0

1. (=) suppose that G; X G, Is an abelian, to prove G and G, are abelian.

Let (a,e,), (b,e;) € Gy XG, D a,b € Gy,e, € G,
Since G; X G, is an abelian, then

(a,e2)O(b, e;) = (b,e;)O(a,ey)

(axb,e;) =(b*xa,e;) =>axb=bxa

Hence, (G4,*) is an abelian.

Similarly that (G,,*) is an abelian.

(&) suppose that (G1,*) and (G,,°) are abelian, to prove G; X G, is an abelian.
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Let (a, b), (c,d) € G; X G, to prove (a,b)®O(c,d) = (c,d)O(a, b)
(a,b)O(c,d) = (a*c,bod)
(c,d)®(a,b) = (c *a,d o b)
axc= cx*a (Gqis an abelian)
bod= dob (G,isanabelian)
= (a,b)O(c,d) = (¢, d)O(a, b)
Therefore, G; X G, is an abelian.

2. Toprove G; X {e,} > G X G,
G1 X {62} = {(a, 62): a e Gl} * @

To prove (G, X {e,}, ®) is a subgroup of G; X G,

Let (a,e;), (b, e;) € Gy X {e,}

(a,e,)O(b, €)™ = (a,e)O( 7 e, ) = (axb™hey)
So, (G, X {e,}, ®) is a subgroup of G; X G,.

To prove G; X {e;} > Gy X G,

Let (x,y) € G; X G, and (a,ey) € G1 X {e;}

To prove (x,y)®(a,e;)O(x,y) L € G; X {e,}
(xxa*xx"'yxe;xy™') = (xxaxx',e) € Gy x {e,}
Hence, G; X {e,} &> G; X G5.

3. (Homework).
4. Toprove G, = G1 X {e,}.

Proof:
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Define f: (G1,%) — (G, X {e;},®) 3 f(a) = (a,ey)

fisamap?let a;,a, € G; and a; = a, = (a,e;) = (az,e;,) = f(ay) = f(ay),

SO f Isa map

fisanonetoone?let f(a,) = f(ay,) = (as,e,) = (az,e;) = a;=a,,s0fisa

one to one.

f is a homomorphism ? f(a xb) = (a*b,e;) = (a,e;)O(b,e;) = f(a)Of (b), SO
f is a homomorphism

fisanonto? Ry ={f(a):a € G1} = {(a,ez):a € G1} = G, X {e,} s0 f is an onto.
Therefore, (G1,*) = (G X {e,},®O)m

5. (Homework)
Theorem(11-10):

Let (G1,*) and (G,,°) be two p-groups, then (G, X G,, ®) is a p-group.
Proof:

Since Gis p-group = 0(G,) = p*1,k, € Z*

Since G,is p-group = 0(G,) = p*2,k, € Z*

0(Gy X Gy) = 0(Gy) x 0(Gy) = pa x pk2 = pFa*he ke, + &k, € Z*
Therefore, G, X G, is a p-group m

Exercises(11-11):

o LetH ={0,2,4} and K = {0,3} are subgroups of (Z¢, +¢), show that Z, =
H @ K is a decomposition.

e Let H = {0}, show thatZ, = H @ Z, is a decomposition.

e Find Z; X Z,.

e [sS; X Z, an abelian?
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o Is Gy X Z, an abelian?

e IS S5 X Gg an abelian?

o |Is{£1,+i} X Z, an abelian?
o IsZ, XZg ap-group?

o IsZ: XZ,s ap-group?

o IsZ;; XZi,;, ap-group?
o IsZ, X7, ap-group?

o IsZ,, X 75 ap-group?

o ISZs X 7,5 ap-group?
o IsZ, XZs, ap-group?

o ISZ, X7, @ p-group?
o IsZqy X Zg, ap-group?

o ISZ,, X Zg, ap-group?

o ISZi,5 X Zg ap-group?

® IsZ, X Z,56 & p-group?
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