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10. [bookmark: _GoBack]- Groups and Related Concepts.
Definition(10-1): (- Group)
A finite group  is said to be - group  if and only if the order of each element of   is a power of fixed prime .
Definition(10-2): (- Group)
 A finite group  is said to be - group  if and only if  , where  is a prime number.
Example(10-3): 
Show that  is a - group.
Solution:  and 
  is a - group, with
,
,
,
.
Example(10-4): 
Determine whether  is a - group.
Solution:  and
  is not - group.
Example(10-5): (Homework)
Determine whether  is a - group.
Examples(10-6):
·  is a - group, since ,
·  is a - group, since ,
·  is a - group, since .
Theorem(10-7): 
Let , then  is a - group if and only if  and  are - groups.
Proof:     Assume that  is a - group, to prove that  and  are - groups.
Since  is a - group , for some .
Since   group , for some .
So,  is a - group.
To prove  is a - group.
Let , to prove  is a power of .
, ( since  is a - group
 
 Suppose that  and  are - groups, to prove  is a - group.
Let , to prove  is a power of .
  ( is a - group)

From (1) and (2), we have  and  is a - group,

,

Therefore,  is a - group 
Examples(10-8): 
Apply theorem(10-7) on .
Solution: 
 is a - group.
By theorem (2-7),  and  are - groups.
   .
 or      or    or      or      or   ,
 is a - group  is a - group.
 is a - group 
 is a - group 
 is a - group 
 is a - group 
 is a - group .
Remark(10-9); 
If  is a non-trivial  - group, then Cent.
Theorem(10-10): 
Every group of order  is an abelian.
Proof: Let  be a group of order , to prove  is an abelian.
Let Cent is a subgroup of .
By Lagrange Theorem  ,

   or      or    
If   , but this is contradiction with remark(2-9), so .
If 
 is an abelian.
If  
 is a cyclic.
Therefore,  is an abelian 
Remark(10-11): 
The converse of theorem(2-10) is not true in general, for example   is an abelian, but .
Exercises(10-12):
· Let  and  be two normal -subgroups of a finite group . Show that  is a normal -subgroup of .
· Determine whether  is a -group.
· Determine whether  is a -group.
· Determine whether  is a -group.
· Determine whether  is a -group.
· Determine whether  is a -group.
· Determine whether  is a -group.
· Determine whether  is a -group.
· Determine whether  is a -group.
· Determine whether  is a -group.
· Show that  is a -group.
11- Direct Product 
Definition(11-1):
Let  and  be two normal subgroups of , then  is called an internal direct product of  and  ( is a decomposition by  and ) if and only if  and  .
Example(11-2):
Consider the following Cayley table of a group 
	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	



Let  and , show that  is a decomposition by  and .
Solution:  since  is a commutative group
 and 
Hence, is decomposition by  and .
Example(11-3):
Let  be any group with  and , show that 
 is a decomposition by  and .
Solution: 


Therefore,  is a decomposition by  and .
Example(11-4):
Let  be a group. Is  has a proper decomposition.
Solution: the subgroups of  are 
Let  and 


So, 
Let  and 

Therefore,  has no proper decomposition.
Theorem(11-5):
Let  and  be two subgroups of   and , then  and .
Proof: 
Since  and 
   and     (by second theorem of isomorphic)
 and
    and       

Definition(11-6):
Let  and  be two groups, define  such that . Then    is a group which is called an external direct product of  and .
Example(11-7):  (Homework)
Show that  is a group.
Example(11-8):
Let  and . Find .
Solution:


o.
Theorem(11-9):
Let  and  be two groups, then 
1.  is an abelian if and only if both  and  are abelian.
2. .
3. .
4. .
5. .
Proof:
1.  suppose that  is an abelian, to prove and  are abelian.
Let 
Since  is an abelian, then 


Hence, is an abelian.
Similarly that  is an abelian.
 suppose that  and  are abelian, to prove  is an abelian.
Let , to prove 


  (is an abelian)
  (is an abelian)

Therefore,  is an abelian.
2. To prove 

To prove  is a subgroup of 
Let  

So,  is a subgroup of .
To prove 
Let  and  
To prove 

Hence, .
3. (Homework).
4. To prove .
Proof:
Define  
 is a map ? let  and  , so  is a map
 is an one to one ? let , so  is a one to one.
 is a homomorphism ? , so  is a homomorphism
 is an onto ?    so  is an onto.
Therefore, 
5. (Homework) 
Theorem(11-10):
Let  and  be two -groups, then is a -group.
Proof:
Since is -group 
Since is -group 

Therefore,  is a -group 
Exercises(11-11):
· Let   and are subgroups of  , show that     is a decomposition.
· Let , show that  is a decomposition.
· Find .
· Is  an abelian?
· Is  an abelian?
· Is  an abelian?
· Is  an abelian?
· Is  a -group?
· Is  a -group?
· Is  a -group?
· Is  a -group?
· Is  a -group?
· Is  a -group?
· Is  a -group?
· Is  a -group?
· Is  a -group?
· Is  a -group?
· Is  a -group?
· Is  a -group?

