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1. Construction of Rational Numbers
Consider the set
V={(rs)eEZLXZ|rs € Z,s # 0}
of pairs of integers. Let us define an equivalence relation on V by putting

(r,s) L" (t,u) © ru = st|.

This is an equivalence relation. (Exercise).

Let
[r,s] = {(xy) € V|](xy)L" (r,s)}
denote the equivalence class of (r,s) and write [r,s] = f Such an equivalence

class [r, s] is called a rational number.

Example 3.1.1.

(i) (2,12) L* (1,6)since 2- 6 =121,

(i) (2,12)£°(1,7)since 27 + 12 - 1.

(i) [0,1] = {(x,¥) € V|0y =x1} ={(x,y) € V|0 =x} ={(0,y) € VIy € Z}
={(0,£1),(0,£2),..} = [0,y].

(iv) (x,0) ¢V Vx€eZ

Definition 3.1.2. (Rational Numbers)

The set of all equivalence classes [r, s] (rational number) with (r,s) € V is called
the set of rational numbers and denoted by Q. The element [0,1] will denoted by
O0and [1,1] by 1.

3.1. 3. Addition and Multiplication on Q
Addition: ®:Q X Q — Q;

[r,s]® [t,u] = [ru + ts,su]|, s,u #0.

Multiplication: ©: Q x Q — Q;

[r,s] © [t,u] = [rt,su]|s,u=+0.
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Remark 3.1.4. The relation i:Z — Q, defined by i(n) = [n, 1] is 1-1 function,
and

i(n+m) = i(n)®i(m),

in-m) =in) ©i(m).

Theorem 3.1.5.

() n®&m =m®n, Vn,me Q. (Commutative property of @)
(i) (n®dm)®c = n®(mec), Vn,m,c € Q. (Associative property of @)
({[inOm=mQ@On,vnme Q. (Commutative property of ©)
(V(nOmM)OQc=nOmMmOc),Vn,m,ce Q. (Associative property of ©)
V(nm®dm OQc=mOc)®(mMOc) (Distributive law of © on @)

(vi) If ¢ =[cy,c,] € Qand ¢ # [0,1], then c,c, # 0.

(vii) (Cancellation Law for ).

m@c =n@c, forsomec EQeSm = n.

(viii) (Cancellation Law for ©).

mQ@®c=nQ c forsome c(¥0) EQ & m =n.

(ix) [0,1] is the unique element such that [0,1]®&m = m@[0,1] =m, Vm € Q.
(X) [1,1] is the unique element such that [1,1]Om=m O [1,1]=m,Vm € Q.
Proof.

(vii) Letm = [my,m,], n = [ny,n,], c =[cy,c,] €EQ, My, n;, ¢c; € Z, i = 1,2

m@bc =ndc

— [m;,m,;]®[c,,c;] = [ny,n,] Blcy,c, ]

— [myc, + c,my,myc,] = [nyc, + ¢yny,ny ¢, Def. of @ for Q

— (myc, + c;my,myc,) L' (nyc, + c1ny,n,c5) Def. of equiv. class

— (myc, + c;my)n,c, = (nyc, + cny) My C,y Def. of L*

— ((mny)c, + (n,m,)cy)c, = ((nymy)c, + (n, my)c;)c, Properties of + and -
in Z

— (mn,)c, + (n,my)c;, = nymy)c, + (n, my)cy Cancel. law for - inZ

— (mn,)c, = (n,m,)c, Cancel. law for+ in z

— (myn,) =nym,) Cancel. law for - in z

— (my;,my)L"(ny,n,) Def. of L*

— [my,m,] =[n,,n,] Def. of equiv. class

(viil) Let m = [my,m,], n=[n,n,], c=|[c,,c;] €EQ, m;, n;, ¢c; € Z and ¢ #
[0,1D)i =1,2.

m@®©c=n0c
— [my,m,] O [¢1,¢,] = [ny,n,] O ley,¢,]
— [myc;,myc,] = [n,c,n,06,] Def. of © for Q
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— (myc;,m,c,)L* (nycq,n,cy) Def. of equiv. class

— (myc;)(Ny¢3) = (ny¢)(Myc7) Def. of L*

— (mn,)(c;¢,) = (myny)(c,6,) Asso. and comm. of + and - in Z

— (mn,) = (myn,) c,c, # 0 and Cancel. law for - in Z
— (my,m,) L*(n; ,n,) Def. of L

— [m;,m,] = [ny,n,] Def. of equiv. class

(i), (i), (i), (iv)(V), (i), (ix),(x) Exercise.

Definition 3.1.6.

(1) An element [n,m] € Q is said to be positive element if nm > 0. The set of all
positive elements of Q will denoted by Q™.

(i) An element [n,m] € Q is said to be negative element if nm < 0. The set of
all positive elements of Q will denoted by Q™.

Remark 3.1.7. Let [r,s] be any rational number. If s < —1 or s = —1 we can
rewrite this number as [—r, —s]; that is, [r,s] = [—7, —s].

Definition 3.1.8. Let [r,s],[t,u] € Q. We say that [r,s]less than [t,u] and
denoted by

[r,s] < [t,u] & ru<st,

where s,u > 1ors,u=1.

Example 3.1.9.
[2,5],[7,—4] € Q.
[2,5] € Q*, since 2 =[2,0], 5=[50]inZ and2-5=[2-54+0-0,2-0+5-0]
=[10,0] = +10 > 0.
[—4,71€ Q7, since 7 = [7,0], —4 =[0,4] inZ and
7-(—4)=[7-0+0-4,7-4+0-0]
=1[0,32] = -32 < 0.

[—4,7] < [2,5], since —4-5 < 2-7.
[7,—-4] < [2,5], since [7,—4] = [-7,—(—4)] =[-7,4],and —7 -5 < 2-4.
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2. Binary Operation

Definition 3.2.1. Let A be a non empty set. The relation x: A X A — A is called a

(closure) binary operation if |*(a,b) =axb € A, Va,b € A|, that is, * is
function.

Definition 3.2.2. Let A be a non empty set and *,- be binary operations on A. The
pair (4,*) is called mathematical system with one operation, and the triple (A4,*
,-) Is called mathematical system with two operations.

Definition 3.2.3. Let * and - be binary operations on a set A.

(i) = i1s called commutative if |a*b =b *a,Va,b € A|

(ii) = is called associative if [(a*b)*xc =ax*(bx*c),Va,b,c € A|

(iii) - is called right distributive over * if

(axb)-c=(a-c)*(b-c),Va,b,c € A|

(iv) - is called left distributive over x if

a-(bxc)=(a-b)*(a-c),Va,b,c €A|

Definition 3.2.4. Let * be a binary operation on a set A.

(1) Anelement e € A is called an identity with respect to * if

axe=exa=aqa,Va € A|

(i) If A has an identity element e with respect to = and a € A, then an element b of
A is said to be an inverse of a with respect to * if

laxb=bx*a=e

Example 3.2.5. Let X be a non empty set.

(i) (P(X), U) formed a mathematical system with identity @.
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(i) (P(X), N) formed a mathematical system with identity X.
(i) (N, +) formed a mathematical system with identity 0.

(iv) (Z,+) formed a mathematical system with identity 0 and - a an inverse for
every a(# 0) € Z.

(iv) (Z\{0},") formed a mathematical system with identity 1.
Theorem 3.2.6. Let = be a binary operation on a set A.
(i) If A has an identity element with respect to =, then this identity is unique.

(if) Suppose A has an identity element e with respect to = and * is associative.
Then the inverse of any element in A if exist it is unique.

Proof.
(i) Suppose e and e are both identity elements of A with respect to .
()axe=exa=a,Vae A (Def. of identity)

(2axe =e xa=a,Vae A (Def. of identity)

3)e sxe=exe =é€ ( Since (1) is hold fora = e )
4exe =e xe=e (Since (2) is hold fora =e )
BG)e=e (Inf. (3)and (4) )

(i) Let a € A has two inverse elements say b and ¢ with respect to *. To prove
b =c.

LDa*xb =b xa=e ( Def. of inverse (b inverse element of a))
Qa*xc =c xa=e ( Def. of inverse (c inverse element of a))
3)b=>b=xe (Def. of identity)

=b=*(axc) (From (2) Rep(e: a *c))

=(b*xa)*c (Since * is associative)
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=excC (From (i) Rep(b * a:e)) and
=c (Def. of identity).

Therefore; b = c.

Definition 3.2.7. A mathematical system with one operation, (G,*) is said to be

() semi group if{(a*b) xc =ax* (b *c),Va,b,c € G|. (Associative law)

(i) group if

(1) (Associative law) |(a*b) xc =a (b *c),Va,b,c € G|.

(2) (ldentity with respect to * ) There exist an element e such that a xe = e *
a=a,Va € A.

(3) (Inverse with respect to * ) For all a € G, there exist an element b € G such
thatla*b =b *a = e|.

(4) If the operation * is commutative on G then the group is called commutative
group; thatis,|a*x b =b *a,Va,b € G|

Example 3.2.8. (i) Let G be a non empty set. (P(G),U) and (P(G),N) are not
group since it has no inverse elements, but they are semi groups.

(i) (N,+), (N,-) and (Z,), are not groups since they have no inverse elements,
but they are semi groups.

(1) (Z, +), (Q\{0},-), are commutative groups.
Symmetric Group 3.2.9.
Let X = {1,2,3}, and S; =Set of All permutations of 3 elements of the set X.

There are 6 possiblities and all possible permutations of X as follows:
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1 2 3 4 5 6
2 3|m|3]|2|2|1|3]2[3]1]3]1]2]3]2]1
Let 0;: X = X,i=1,2,...6,defined as follows:
(1) =1 0,(1) =2 03(1)=3
0,(2) =2 0,(2)=1 03(2) =2
0,(3) =3 0,(3) =3 0;(3) =1
1 2 3 1 2 3 1 2 3
(D=1 05(1) =2 0s(1) =3
0,(2) =3 05(2) =3 06(2) =1
0,(3) =2 0s(3)=1 0(3) =2
1 2 3 1 2 3 1 2 3
a=(; 5 5)=@3 |os=(, 5 )=023) |a=(; | 5)=0132)

Sy ={o,=( )=e,0,=012),0,=(13),0, = (23),05 = (123),0, = (132)}.

A @

}

* Define an arbitrary bijection

A A
o 0™

A
@

X

>

A
O
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AO®
AlLO®

123
132

s%/\m

1
Rsap
Rosp = Og
(3 ) 2 'f

e“‘]

o, =(23) =

|w|
c‘
!

Note that R,,0 = R120 © Ri20 = R120"-
Draw a vertical line through the top corner [i], i = 1,2,3 and flip about this line.

1- If i = 1 call this operation F = F;.
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; .
/\ 1 _ / \ F— o,
(73 J > < £

2- If i = 2 call this operation F,.
F>
> F, = o3
F3 / \ F3 = T>

Note that F2 = F o F = ¢, representing the fact that flipping twice does nothing.

(3 ) {Fal,

3- If i = 3 call this operation Fs;.

s All permutations of a set X of 3 elements form a group under composition o
of functions, called the symmetric group on 3 elements, denoted by S;.
(Composition of two bijections is a bijection).

10
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Right
o o=e | 0,=(012)  o03=013)  o0,=(23) | o5 =(123) | 0,=(132)
o, =e o, o, o oA O O
£ 0, =(12) o, e O, O o, o3
- g, = (13) 03 o5 e o o, 0,
o, = (23) o, Oy O e 03 o,
os = (123) O [ o, o, O e
o, = (132) (o O, o, o e o5
1 2 1 2
T8 2 272
1

) 05 °0 05=£2

g,°0

_ NS
o oW

_ W
N—

Z,, modulo Group 3.2.10.

Let Z be the set of integer numbers, and let n be a fixed positive integer. Let = be a
relation defined on Z as follows:

a=bmodn) = b—a=kn, for somek € 7

a=,beb—a=kn, for somek € Z

Equivalently,

a=bmod(n) &b =a+kn, forsomek €|

This relation = is an equivalence relation on Z. (Exercise).

The equivalence class of each a € Z is as follows:

l[a]l = {c € Z|c =a+ kn, for somek €L} = a|.

The setof all equivalence class will denoted by Z, .

11
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1-If n=1.

lal ={c€Zlc =a+ k.1, for some k€ Z} ={c E€Z|c =a+k, for some k € Z}.
[0]={c€Zlc=0+k, for somek €Z}={c €Z|c =k, for somek € Z}.
[0]={..,—2,-1,0,1,2,.. }.

Therefore, Z, = {[0]} = {0}.

2-1f n=2.

lal ={c €Zlc =a+ k.2, for some k€ Z} = {c € Z|c =a+ 2k, for somek €Z}.

[0] ={c € Z|c =0+ 2k,for somek € Z} = {c € Z|c = 2k, for somek €Z }.
[0]={...,—4,-2,0,24,..} =0.

[1] ={c € Z|c =1+ 2k,for somek € Z}

[1]1={..,-3,-1,1,35,..} = 1.

Therefore, Z, = {0,1}.

3-If n=3.

lal ={c€Zlc =a+ k.3, for some k€ Z} = {c €Z|c =a+ 3k,for somek EZ}.
[0] ={c € Z|c =0+ 3k,for somek €EZ} = {c € Z|c = 3k, for somek €EZ }.
[0]={..,—6,-3,0,36,..} = 0.

[1]={c € Z|lc =1+ 3k,for somek € Z}

[1]={..,-5,-2,147,..} = 1.

[2]={c € Z|c =2+ 3k,for somek €Z}

2] ={..,—4,-1,2,58,..} = 2.

Thus, Z; = {0,1,2}.

12
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Remark 3.2.11. Z, = {0,1,2, ...,n — 1} forall n € Z*.
Operationon Z,, 3.2.12.
Addition operation +,, on Z,

la]+,[b] = [a + b].
Multiplication operation-, onZ,

la] 5 [b] = [a - b].
(Z,,, +,,) formed a commutative group with identity 0.
(Z,,, +,) formed a commutative semi group with identity 1.
Example 3.2.13.

fn=4.7, =(0,1,73)

wi| Nl =il olf &
wi| Nl =il ol
ollwi| ol =
il ol wi rl| Dol
NI =1 o1 wl| wol

3+,2=[3+2]=[5]=, [1]since5=1+4"1.

WINI[ = Ol

(e)| fen)| fen]| fan]] Nan]
WI[ NI =1 O] =
NI I NI I N
=1 NI W O W

3:.,2=[3-2]=[6]=,[2]since6=2+4"-1.

Exercise 3.2.14. Write the elements of Z< and then write the tables of addition and
multiplication of Z.
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