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5 Some Applications of Group Theory
5.1 Cayley Theorem
Theorem(5-1-1): (Cayley Theorem)

Every group is an isomorphic to a group of permutations.

This means if (G,x) is any group, then (G,x) = (Fg,°),
where F, = {f,;a € G}, f:G— G 3 f,(x) =ax*x,Vx €
G.

Proof: define g: G — F; by g(a) = f,,Va € G
To prove g is a homomorphism, one to one and onto.

1. g is a homomorphism, leta,b € G

gla*b) = fop=faofo=9@egb)=g Is a
homomaorphism.

2.g isaonetoone, letg(a) = g(b), Va,b € G

= fa=fo = fu() = f() S axx=brx=a=b

= g IS a one to one.

3.gisaonto, g(G) ={g(a):a € G} ={f:a€G}=F;

Therefore, G = F;m
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Corollary(5-1-2):

Every finite group (G,*) of order n is an isomorphic to
(Sn.o).

Example(5-1-3):

Consider the following Cayley table of a group (G =
{e,a,b,c}x)

* e a b c
e e a b c
a a e c b
b b C e a
c c b a e

Show that(G,*) is an isomorphic to a subgroup of (S4,°).

Solution:
=G i) A= 330

(D(2)(3)A) = (1)
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Hence, (G,*) is an isomorphic to the subgroup of (S,,°):

{(1),(12)(34), (13)(24), (14)(23)}.

Example(5-1-4): (Homework)

Let (G ={1,—-1,i,—i},;) be a group, apply Cayley

Theorem on G.

Example(5-1-5): (Homework)

Show that (Z3,+3) iIs an isomorphic to a subgroup of

(53,0).

Exercises(5-1-6):

e Apply Cayley Theorem on (Z,, +,).

e Apply Cayley Theorem on (G = {+1, +i, +j, +k},").

e Apply Cayley Theoremon (G = {1, —1},").
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o Apply Cayley Theorem on (G ={A = ((1) (1))3 =

((1) —01)'C=(_01 —01)'D='(_01 (1))")'
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5.2 Direct Product
Definition(5-2-1):

Let (H,*) and (K,*) be two normal subgroups of (G,*),
then (G,*) is called an internal direct product of H and K (G
IS @ decomposition by H and K ) ifand only if G = H x K
and H N K = {e}.

Example(5-2-2):

Consider the following Cayley table of a group (G =

{e,a,b,c}*), a* =b*=c*=e

* e a b c
e e a b c
a a e c b
b b c e a
c c b a e

Let H ={e,a} and K = {e, b}, show that G = HQ K Is a
decomposition by H and K.

Solution: H, KAG since G Is a commutative group
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H+K ={e,a,b,c}and HNK = {e}
Hence, G = H @ K is decomposition by H and K.

Example(5-2-3):

Let (G,*) be any group with H = G and K = {e}, show that
G = H Q K is a decomposition by H and K.

Solution: H, KAG

HxK=Gx*{e}=0G
HNnK=Gn{e}={e}
Therefore, 6 = H @ K is a decomposition by H and K.

Example(5-2-4):

Let (Z,, +,) be a group. Is Z, has a proper decomposition.

Solution: the subgroups of Z, are Z,, {0,2}, {0}

LetH =7, and K = {0,2}

H®,K=7,8,{02}= 7,

HnK = 7,n{0,2} ={0,2}
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So,Z, # Z, ® {0,2}

Let H = {0} and K = {0,2}

HR,K=K =+ Z,

Therefore, Z, has no proper decomposition.

Theorem(5-2-5):

Let H and K be two subgroups of G and G = H @ K, then
G/ =Kand G/, = H.

Proof:

SinceG=H®K=H+*K=Gand HNn K = {e}

G/H = H*K/H and H*K/H EK/HnK (by second

theorem of isomorphic)
G/ = K/{e} = G/, = K and
G/K:H*K/K and H*K/KEH/HnK

G/ = H/{e} = 0/, =Hm

Definition(5-2-6):
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Let (G,*) and (G,,°o) be two groups, define G; X G, =
{(a,b):a € G, beG,} such that (a,b)®(c,d) =
(a*xc,bod)>da,c€Gyb,deG, Then (Gy X G,,©®) IS
a group which is called an external direct product of G, and
G,.

Example(5-2-7): (Homework)

Show that (G, X G,, ®) is a group.

Example(5-2-8):

Let Gl - (Z3, +3) and GZ — (Zz, +2) Flnd Gl X Gz.

Solution:

Gy X G, = Z3 X I
={(0,0),(0,1), (1,0), (1,1),(2,0), (2,1)}

(1,1)O(2,1) = (0,0)

0(Z3; X Z,) = 0(Z3).0(Z,) = 6.

Theorem(5-2-9):
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Let (G,*) and (G,,°) be two groups, then

1. (G, X G,,®) Is an abelian if and only if both ¢; and
G, are abelian.

2.G1 X {e,} A Gy X G,.

3.{e;} X G, A G; X G,.

4.G; = G X {ey}.

5.G, = {e,} X G,.

Proof:

1. (=) suppose that G, X G, is an abelian, to prove
Giand G, are abelian.

Let (a,ey),(b,e;) € Gy X G, D a,b € Gy,e, € Gy
Since G, X G, is an abelian, then

(a,e;)O(b,e;) = (b, e;)O(a, e;)

(a*xb,e;) =(b*xa,e;) =>axb=b=xa

Hence, (G4,*) Is an abelian.

Similarly that (G,,*) is an abelian.
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(&) suppose that (G{,*) and (G,,0) are abelian, to prove

G, X G, Is an abelian.

Let (a,b),(c,d) € Gy X G,, to prove (a,b)®(c,d) =
(c,d)®(a, b)

(a,b)®(c,d) =(a*c,b*d)
(c,d)®(a,b) = (c xa,d * b)
a*c = c*a (Gqisan abelian)
bxd= dx*b (G,1s an abelian)
= (a,b)O(c,d) = (c,d)®(a, b)
Therefore, G; X G, is an abelian.

2. Toprove G; X {e,} A Gy X G,
G, X{e,} ={(a,e;):a€ G} +0

To prove (G, X {e,}, ®) is a subgroup of G; X G,
Let (a,ey), (b, ez) € Gy X {ey}

(a: eZ)G(bi 82)_1 = (Cl, eZ)G)(b_lleZ_l) — (a * b_erZ)

So, (G, X {e,}, ®) is a subgroup of G; X G,.
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To prove G; X {e;} A G X G,
Let (x,y) € G, X G, and (a,e,) € G; X {e,}
To prove (x,y)®O(a,e)O(x,¥)~" € Gy X {e;}
(xxaxx"lLyxexy )= (x*xa*xx"',e;) €Gy X{ey}
Hence, G; X {e,} A G X G>.

3. (Homework).

4.Toprove G; = G X {ey}.
Proof:
Define f: (G1,%) — (G1 X {e;},©) 3 f(a) = (a,ez)
fisamap ? let a;,a, € G, and a; = a, = (a4,e;) =
(az,e;) = f(ay) = f(ay), so f isamap
f is an one to one ? let f(a;) = f(ay) = (ay,e;) =

(a,,e;) = a; = a,, So f is aone to one.

f is a homomorphism ? f(axb)=(ax*b,e;) =
(a,e;)®(b,e,) = f(a)Of(b), so f is a homomorphism

fisanonto ? Ry ={f(a):a € G} ={(a,e;):a €G}=

G, X {e,} so f is an onto.
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Therefore, (G1,*) = (G X {e;},®O) =

5. (Homework)
Theorem(5-2-10):

Let (G1,*) and (G,,°) be two p-groups, then (G; X G,, ®)

IS a p-group.

Proof:

Since G,is p-group = 0(G,) = p*1,k; € Z*
Since G,is p-group = o(G,) = p*2,k, € Z*

0(Gy X G3) = 0(G,) X 0(G,) = p*1 x p*2
— pk1+k2,k1 + kz € Z+

Therefore, G; X G, Isap-group =

Exercises(5-2-11):

o Let H=1{0,2,4} and K ={0,3} are subgroups of
(Zg, +¢), sShowthat Z, = H @ K is a decomposition.

o let H={0}, show that Z,=HQ®Z, Is a
decomposition.

e Find Z5 X Z.
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Is S; X Z, an abelian?

Is Gg X Z, an abelian?

Is S5 X Gg an abelian?

Is {£1, +i} X Z, an abelian?
Is Z, X Zg a p-group?

Is Zs X Z,5 a p-group?
IsZ{1 X Z{,1 a p-group?
IS Z, X Z49 @ p-group?
IsZ,, X Z3 a p-group?
IS Zc X 7,5 a p-group?
ISZ, X Z¢4 @ p-group?
IsZ, X Z,,5 @ p-group?
Is Zg X Zg; a p-group?
Is Z,- X Zg1 @ p-group?
Is Z1,g X Zg @ p-group?

IS Z, X 7556 @ p-group?




