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Theorem(4-7): 

Let 𝐻∆𝐺 and both 𝐻,  𝐺
𝐻⁄  are solvable, then (𝐺,∗) is a 

solvable. 

Proof: since (𝐻,∗) is a solvable ⟹  

there is a finite collection of subgroups of (𝐺,∗), 

𝐻0, 𝐻1, … , 𝐻𝑛  such that 

1. 𝐺 = 𝐻0 ⊃ 𝐻1 ⊃ ⋯ ⊃ 𝐻𝑛−1 ⊃ 𝐻𝑛 = {𝑒}, 

2. 𝐻𝑖+1∆𝐻𝑖    ∀𝑖 = 0, … , 𝑛 − 1, 

3. 
𝐻𝑖

𝐻𝑖+1
⁄  is a commutative group ∀𝑖 = 0, … , 𝑛 − 1. 

Since (𝐺
𝐻⁄ ,⊗) is a solvable ⟹  

there is a finite collection of subgroups of (𝐺,∗), 

𝐺0

𝐻
,

𝐺1

𝐻
, … ,

𝐺𝑟

𝐻
  such that 

1. 
𝐺

𝐻
=

𝐺0

𝐻
⊃

𝐺1

𝐻
⊃ ⋯ ⊃

𝐺𝑟

𝐻
= {𝑒} = 𝐻, 

2. 
𝐺𝑖+1

𝐻
∆

𝐺𝑖

𝐻
   ∀𝑖 = 0, … , 𝑟 − 1, 

3. 

𝐺𝑖

𝐻
𝐺𝑖+1

𝐻

⁄  is a commutative group ∀𝑖 = 0, … , 𝑟 − 1. 
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To prove (𝐺,∗) is a solvable group. 

𝐺

𝐻
=

𝐺0

𝐻
⟹ 𝐺 = 𝐺0 

𝐺𝑟

𝐻
= 𝐻 ⟹ 𝐺𝑟 = {𝑒}  or  𝐺𝑟 = 𝐻 

𝐻∆𝐺𝑟 ⟹ 𝐻 ⊆ 𝐺𝑟 ⟹ 𝐺𝑟 = 𝐻 

So, there is a finite collection 𝐺0, 𝐺1, … , 𝐺𝑟 =

𝐻0, 𝐻1, … , 𝐻𝑛  such that  

1. 𝐺 = 𝐺0 ⊃ 𝐺1 ⊃ ⋯ ⊃ 𝐺𝑟 = 𝐻 = 𝐻0 ⊃ 𝐻1 ⊃ ⋯ ⊃

𝐻𝑛 = {𝑒}. 

2. To prove 𝐺𝑖+1∆𝐺𝑖    ∀𝑖 = 0, … , 𝑟 − 1 

Let 𝑥 ∈ 𝐺𝑖    and   𝑎 ∈ 𝐺𝑖+1   to prove   𝑥 ∗ 𝑎 ∗ 𝑥−1 ∈ 𝐺𝑖+1 

𝑥 ∈ 𝐺𝑖 ⟹ 𝑥 ∗ 𝐻 ∈
𝐺𝑖

𝐻
 

𝑎 ∈ 𝐺𝑖+1 ⟹ 𝑎 ∗ 𝐻 ∈
𝐺𝑖+1

𝐻
 

𝐺𝑖+1

𝐻
∆

𝐺𝑖

𝐻
⟹ (𝑥 ∗ 𝐻) ⊗ (𝑎 ∗ 𝐻) ⊗ (𝑥 ∗ 𝐻)−1 ∈

𝐺𝑖+1

𝐻
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⟹ (𝑥 ∗ 𝑎 ∗ 𝑥−1) ∗ 𝐻 ∈
𝐺𝑖+1

𝐻
⟹ 𝑥 ∗ 𝑎 ∗ 𝑥−1 ∈ 𝐺𝑖+1

⟹ 𝐺𝑖+1∆𝐺𝑖 

3. To prove 
𝐺𝑖

𝐺𝑖+1
  is a commutative group  ∀𝑖 = 0, … , 𝑟 −

1 

𝐺𝑖
𝐻

𝐺𝑖+1
𝐻

 is a commutative group and  

𝐺𝑖
𝐻

𝐺𝑖+1
𝐻

≅
𝐺𝑖

𝐺𝑖+1
  (

𝐺

𝐻
𝐾

𝐻

≅
𝐺

𝐾
) 

⟹
𝐺𝑖

𝐺𝑖+1
 is a commutative group 

Therefore, (𝐺,∗) is a solvable group ∎  

Exercises(4-8); 

 Show that every 𝑝-group is a solvable group. 

 Show that (S4,∘) is a solvable group. 

 Show that (Ζ4, +4) is a solvable group. 

 Show that (Ζ8, +8) is a solvable group. 

 Show that (Ζ5, +5) is a solvable group. 

 Show that (Ζ6, +6) is a solvable group. 

 Show that (Ζ12, +12) is a solvable group. 

 Show that (Ζ24, +24) is a solvable group. 



Prof. Dr. Najm Al-Seraji, Applications of  Group Theory, 2023 
 

 

 4 

 


