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Theorem(4-7):

Let HAG and both H, G/H are solvable, then (G,*) Is a

solvable.
Proof: since (H,*) is a solvable =

there is a finite collection of subgroups of (G,*),
H,, Hq, ..., H, such that

1.6 =Hy>H;>:->H,_; DH, ={e},

2.Hl'+1AHl' Vi = 0, e, N — 1,

H. _ , ,
3.t IS a commutative group Vi = 0, ...,n — 1.
/Hi+1 Jroup v "

Since (G/H,(X)) is a solvable =

there is a finite collection of subgroups of (G,*),

Gy G G
= L ..., == such that
H H H
G G G G
l._:_OD_:lD.'.D_T:{e}:H,
H H H H

2.‘?;%% Vi=0,.1—1,

1+
H

Gl
3. H/G. . isa commutative group Vi = 0, ...,7 — 1.
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To prove (G,*) Is a solvable group.

G Gy C=c
—_——— =
H H 0

%=H:,~Gr={e} or G, =H

HAG, > H<E G, = G, =H

So, there is a finite collection Gy, Gy, ...,G, =
H,, Hq, ..., H, such that

1.6=Gy>G;>-+>2G.=H=HyD>H, D>

H, = {e}.
2.Toprove G;,1AG; Vi=0,..,r—1

Letx €G; and a € G;,,; toprove x*a*x 1 € Gj,4

€ G = HEi
. sk —_
X i =X

Giy1
H

Git1 Gitq

AGi=>(x*H)®(a*H)®(x*H)‘1E

H H H
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Gitq

= (xxaxx 1)«HE = x*xa*x € Gy

= G;4+14AG6;

3.To prove L js a commutative group Vi=0,..,r —

+1

1
G; G G
F - : F ~ Gl E o~ E
s is a commutative group and - = =3 (k=2)
H H H

Gi . .
= - - IS a commutative group
i+1

Therefore, (G,*) is a solvable group =

Exercises(4-8):

e Show that every p-group is a solvable group.
e Show that (S,,°) is a solvable group.

e Show that (Z,, +,) is a solvable group.

e Show that (Zg, +3g) Is a solvable group.

e Show that (Zs, +<) is a solvable group.

e Show that (Zg, +¢) is a solvable group.

e Show that (Z;,, +1) IS a solvable group.

e Show that (Z,4, +4) Is a solvable group.
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