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Theorem(4-5):

Every subgroup of a solvable group is a solvable.

Proof: let (H,x) be a subgroup of (G,*) and (G,*) is a

solvable group.
To prove (H,*) Is a solvable.
Since G is a solvable =

there is a finite collection of subgroups of (G,*),
Gy, Gy, ..., G,, such that

1.6 =Gy>D Gy DD Gpq DO G, = {e},
2. Gi+1AGi Vi = 0, vy, L — 1,
3. Gi/G, IS a commutative group Vi = 0, ...,n — 1.
1+1
LetHl' =HﬂGi, 1=20,..,n
HO ZHHGO,Hl =HﬂG1,...,Hn =HﬂGn :{e}

Each H; is a subgroup of (G,*).

1.6 =Hy>H,>:->H,_; D>H, ={e}ishold
2.Hl'+1AHl' Vi = O, e, N — 1, Hi =HnN Gi, Hi+1 =
Hn G;.q,since G;;,AG; = H;,{AH;
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3.To prove H"/H_ IS a commutative group Vi =
1+1
0,..,n—1.
Let f;:H; — Gi/G-H'i =0,..,n—1such that f;(x) =
l
x* G;.1Vx € H; € G;.
To prove f; iIs a homomorphism,

filxxy) = fi(x) ® fi(y) ?

filxxy) =xxy* Gy = (X *Gipq) ® (¥ * Gi1) =
fitx) ® fi(y)

So, f; iIs a homomorphism
f; isonto ?
Re, ={fi(x):x € H;} = {x * G;41:x € H;} = f;(H;)

a Gi/(;.

1+1

fi(H;) S G"/Gi+1 = f; is not onto

Hi/kerfi = f:(H;) ( by theorem of homomorphism)
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kerf; ={x € H;: fi(x) = e'} ={x € Hi:x * G4y = Gj11}
={x€H:x€G;,1}={x€EH:x€HNG;,}

= Hiyq
S0, (H"/Hl_+1 ,®) = (fi(H),®)

G; G; - :
(H.) C ! l
fl( l) = /Gi+1 and /Gi+1 IS a commutative

Hence, f;(H;) is a commutative
H; : :
Therefore, "'/, is a commutative

1+1

So, (H,*) isasolvable m

Theorem(4-6):

Let HAG and G is a solvable, then G/H is a solvable.




