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Example(1-6):

Find all chains in the following groups and determine their

length and type.

* (Zo, +e6);
* (Zg, +3g);
o (Zig, +15) (Homework);
o (Z51,+,1) (Homework).

Solution: The subgroups of a group (Zg, +¢) are :

Hi = (Zg, +6)
H; = ({0}, +6)
Hs = ((2), +6) = (10,2,4}, +¢)
Hy, = ((3),+6) = ({03}, +¢)
Then the chains in (Z4, +¢) are:
Z¢ O {0} is a trivial chain of length one

Z¢ D (2) o {0} is a normal chain of length two

Ze D (3) 2 {0} is a normal chain of length two.
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The subgroups of a group (Zg, +g) are :
Hy = (Zg, +3s)
H, = ({0}, +5)
H; = ({2), +g) = ({0,2,4,6}, +35)
Hy = ((4), +6) = (10,4}, +5)
Then the chains in (Zg, +3) are:
Zg D {0} is a trivial chain of length one
Zg D (2) D {0} is a normal chain of length two
Zg D (4) D {0} is a normal chain of length two
Zg D (2) D (4) D {0} is a normal chain of length three.

Definition(1-7): (Composition Chain)

In the group (G,*), the descending sequence of sets
G=Hy,>oH > -D>H, ;> H,={e}
forms a composition chain for (G,*) provided

1. (H;,*) Is a subgroup of (G,*),

2. (H;,*) 1sa normal subgroup of (H;_q,*),
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3.The inclusion H;_; 2 K 2 H;, where (K,*) is a normal
subgroup of (H;_q,*), implies either K = H;_; or K =
H;.

Remark(1-8):

Every composition chain is a normal, but the converse is

not true in general, the following example shows that.

Example(1-9):

In the group (Z,4, +5,4), the normal chain
Zy4 D (2) D(12) D {0}

IS not a composition chain, since it may be further refined
by inserting of the set(4) or (6). On other hand,

Zy4 D (2) D (4) D (8) D {0}
and
Zy4 D (3) D (6) D (12) o {0}

are both composition chains for (Z,4, +24).




