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Chapter Two

System of Numbers

1. Natural Numbers
Let 0 =Set with no point, that is; 0 = @, 1 =Set with one point, that is; 1 = {0},
2 =Set with two points, that is; 2 = {0,1}, and so on. Therefore,

1 = {0} = {02},

2={0,1} = {0,{0}},

3={0,12} = {0,{0},{9,{0}}},

4 =1{0,1,2,3} = {9,{0}, {0, {0}}, {9, {0}, (&, (P}}}},

n=1{0123,..,n— 1}

Definition 2.1.1. Let A be a set. A successor to A is A¥ = AU{A} and denoted by
At

According to above definition we can get the numbers 0,1,2,3, ... as follows:
0=0,

1={0}=0U{@}=0" =07,

2 ={0,1} = {0}U{1} = 1U{1} = 17,

3 ={0,1,2} = {0,1}U{2} = 2U{2} = 2*,

Definition 2.1.2. A set A is said to be successor set if it satisfies the following
conditions:

(i) @ € 4,

(i) if a € A, then a* € A.
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Remark 2.1.3.

(i) Any successor set should contains the numbers 0,1,2, ... n.

(i) Collection of all successor sets is not empty.

(iii) Intersection of any non empty collection of successor sets is also successor set.

Definition 2.1.4. Intersection of all successor sets is called the set of natural
numbers and denoted by N, and each element of N is called natural element.

Peano’s Postulate 2.1.5.

(P,) 0 € N.

(P,) If a € N, then a™ € N.

(P3) 0 # a* € N for every natural number a.

(Py) If a* = b*, then a = b for any natural numbers a, b.

(Ps) If X is a successor subset of N, then X = N.

Remark 2.1.6.

(i) Pysays that 0 should be a natural number.

(ii) P, states that the relation +: N — N, defined by +(n) = n™ is mapping.

(iif) P3 as saying that 0 is the first natural number, or that * — 1’ is not an element of
N.

(iv) P, states that the map +: N — N is injective.

(v) Ps is called the Principle of Induction.

2.1.7. Addition + on' N
We will now define the operation of addition + using only the information
provided in the Peano’s Postulates.

Leta, b € N. We define +: N x N — N as follows:
a+0=a ifb=0
+(a,b)—a+b—{a + ¢t =(a+ o)t ifb*0
where b = c*.

Therefore, if we want to compute 1 + 1, we note that 1 = 0™ and get
1+1=14+0"=0+0*=1"= 2.

We can proceed further to compute 1 + 2.

To do so, we note that 2 = 1% and therefore that
1+42=1+1"=(1+ 1)t = 2% = 3,

2
Dr. Bassam AL-Asadi and Dr. Emad Al-Zangana



Foundation of Mathematics 2 Dr. Bassam AL-Asadi and Dr. Emad Al-Zangana
Mustansirivah Universit College of Science Dept. of Sci. Math. (2021-2022

2.1.8. Multiplication - on N
We will now define the operation of multiplication - using only the information
provided in the Peano’s Postulates.

Leta,b € N. We define :N X N — N as follows:
a-0=0 ifb=0

-(a,b)—a-b—{a ¢t =a+a-c ifb*0

where b = c™.

Thus, we can easily show that a - 1 = a by noting that 1 = 0" and therefore
a-1=a-0t=a+@-0=a+ 0 = a.

We can use this to multiply 3 - 2. Of course, we know that 2 = 1%and therefore

3:-2=3-1"=3+B:-1)=3+3=34+2"=B+ 2)*=5%"=6.

Remark 2.1.9. From 2.1.7 and 2.1.8 we can deduce that foralln € N, if n # 0,
then there exist an element m € N such that n = m*.

Theorem 2.1.10.
n*=n+1| [nt=1+n|n=n-1|, [In=1-n||0-n=n],[0+n=n]|
vVneN.
(ii) (Associative property of +) m+m)+c=n+(m+c)|,vnm,ce€N.
(iii) (Commutative propertyof +) |[n+m=m+n|, Vn,meN.
(iv) (Distributive property of-on+) Vn,m,c € N,

Fromright |((n+m)-c=n-c+m-c|,

Fromleft |c-(n+m)=c-n+ c-m|(The prove depend on (vi)).

(V) (Commutative property of -) [n-m=m-n|,VnmeN.
(vi) (Associative property of ) m-m)-c=n-(m-c),¥nm,c€N.
(vii) The addition operation + defined on N is unique.
(viii) The multiplication operation - defined on N is unique.
(ix) (Cancellation Law for +).[m + ¢ = n + ¢| forsomec € N &[m = n].
(x) 0 is the unique element suchthat 0 + m =m+ 0 =m,Vm € N.
(xi) 1 is the unique elementsuchthat1-m=m-1=m,Vvm € N,
Proof:
()n*t=mn+0)* (Sincen =n+0)

=n+0* (Def. of +)

=n+1 (Since 07 =1)

(i) LetL,,, ={ceN|(m+n)+c=m+ n+c)}, myneN.
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QA (m+n)+0=m+n=m+ (n+0);thatis, 0 € L,,,,. Therefore, L,,,,, # 0.
(2) Letc € L,,,; thatis, (m+n)+c=m+ (n+c). Toprove c* € L.
(m+n)+ct=(m+n)+0o)*
=(m+ Mm+c))* (sincec € Lyy,)
=m+ n+c)t (Def. of +)
=m+ n+ct) (Def. of +)
Thus, c* € L,,,,. Therefore, L,,,,, isasuccessor subset of N. So, we get by Ps
Ly, =N.
(iii) Suppose that L,,, = {n € NJm + n = n + m}, m € N. Then prove that L,,, is
successor subset of N.
(iv) Suppose that L,,,, = {c EN|c-(m+n) =c-m+c-n}, myn € N. Then
prove that L,,,,, is successor subset of N.
(v) Suppose that L,,, = {n € Njm -n = n-m}, m € N. Then prove that L,, is
successor subset of N.
(vi) Suppose that L,,,, = {c EN|(m-n)-c =m-(n-c)}, m,n € N. Then prove
that L,,,, is successor subset of N.

(vii) Let @ be another operation on such that
_ a0 =a ifb=0
®(a,b) = {aEBC+ = (@a®c)t ifb+0
where b = ¢™.

LetL = {m € N|Jn + m = n®m, Vn € N}.

(1) To prove 0 € L.

n+0=n=n&0.Thus,0 € L.

(2) To prove that k* € L for every k € L. Suppose k € L.

n+kt =m+k)?* Def. of +
= (n®k)”* (Since k € L)
= n@k™* Def. of &
Thus, k* € L.

From (1), (2) we get that L is a successor set and L < N. From Ps we get that

L =N.

(viii) Exercise.

(ix) Suppose that

L={ceNm+c =n+ ¢ forsomec EN< m = n}, m,n € N. Then
prove that L is successor subset of N.

(x),(xi)Exercise.
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Definition 2.1.11. Let x, y € N. We say that x less than y and denoted by x < y
iff there exist k # 0 € Nsuchthat x + k = y.

Theorem 2.1.12.

(i) The relation < is transitive relation on N.
(i) 0 <n*tandn < n* foralln € N.

(i) 0 <mor m =0, forallm € N.

Proof:

(i), (i), (iii) Exercise.

Theorem 2.1.13.(Trichotomy)

For each m,n € N one and only one of the following is true:
QAm<nor(2n<mor(3 m=n.

Proof:

Letm € N and

L; = {n € N|n <m},

L, ={n € Njm < n},

L; = {n € Nj]n =m},

M =L,UL,ULs5.

(1) L; #@andL; € N,i=1,2,3. Therefore, M € Nand M # Q.
(2) To prove that M is a successor set.

(i) To prove that 0 € M.

(@ Ifm=0,then0€L; - 0€EM (Def. of U)
(b) Ifm #0,then3 k e N>
m=k?

—0<k*=m (Theorem 2.1.12(ii) ).
—0€eL, —0eEM
Orlfm +#0,then0 <m (Theorem 2.1.12(iii) ).
—0€el,—>0eM
(ii) Suppose that k € M. To prove that k* € M.

Sincek e M,thenk € L,ork € L,ork € Ly (Def. of U)
@Ifkel;
—k<m (Def. of L,)
—3Ic+0eNaIm=k+c (Defof <)
— 3JleN>c=1* (Remark 2.1.9)
—m=k+c=k+I1" (Def. of +)

=(k+D*

—m=(k+1)"={+k)* (Commutative law for +)
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—m=10+k? (Def. of +)

{ if l=0,thenm=k* — k* €L,
if l #0,thenk* <m (Def.of <) >kt €L,

b)IfkelL,

—m<k (Def. of L,)
—>m<k<k? (Theorem 2.1.12(ii))
—m<k® (Theorem 2.1.12(i))
— kT €L, (Def. of L,)

— kteM (Def. of U)

(c)Ifk €Ly

—m=k (Def. of L,)
—-m=k<k? (Theorem 2.1.12(ii))
—m<k® (Theorem 2.1.12(i))
— k* €L, (Def. of L,)

— kteM (Def. of U)

Theorem 2.1.14.

()ForallneN, 0<nen=#0.

(i) Forallm,n € N, if n # 0, then m + n # 0.
(film+k<n+kem<n,forallmn,k €N.

(iv)If m - n = 0, then eitherm = 0 orn = 0, Vm,n € N. (N has no zero divisor)
(v) (Cancellation Law for -)m - ¢ = n - ¢,forsome c(# 0) e N m =n.
(vi)Forall k(+ 0) e N, if m <n,then m-k <n-k, forallm,n € N.
(vil)Forall k(# 0) e N, if m-k <n-k,then m <n, forallm,n € N.

Proof:

(if) Case 1:

If m = 0.

—m+n=0+n=n+0

—m+n+0

Case 2:

Ifm#0—>0<m By (i)

Suppose that m+n =0

—m<0

—m<0and0<m

Contradiction with Trichotomy Theorem; thatis, m +n # 0.
(vii) Let m -k <n - k. Assume that m < n
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—n<morn=m ( Trichotomy Theorem)
Supposen =m
—m-k=n-k (Cancelation law of -)

—m-k=n-kandm-k<n-k

— Contradiction with ( Trichotomy Theorem)

Suppose n < m

— n-k<m-k (From (vi)
— n-k<m-kandm-k<n-k

— Contradiction with Trichotomy Theorem

—em<n

(1),(ii),(iv),(v),(vi) Exercise.
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2. Construction of Integer Numbers

Let write N X N as follows:
(0,00 (0,1) (0,2) (0,3) (0,4) =« v eer ey
(1,00 (1,1) (1,2) (1,3) (1,4) - oo e e
(2,0) (21) ((22) (23) (24
(3,00 (3,1) (3,2) (33) (34) = v e e
NxN={(40) (41) 42) (43) 44) - == = 3
(50) 5,1 (52) (5.3) (54) o o ne

Let define a relation on N x N as follows:

(a,b)R*(c,d) @ a+d=>b+c|

Example 2.2.1. (1,0)R*(4,3) since 1 + 3 = 0 + 4.
(1,0)R*(6,4) since 1 + 4 # 0 + 6.

Theorem 2.2.2. The relation R* on N X N is an equivalence relation.

Proof:

(1) Reflexive. For all (a,b) e NX N, a+ b = a + b; thatis (a,b)R*(a, b).

(2) Symmetric. Let (a,b), (c,d) € N x N such that (a, b)R*(c,d). To prove that
(c,d)R*(a, b).

—a+d=b+c (Def. of R")
—d+a=c+b (Comm.law for +)
— c+b=d+a (Equal properties)
— (c,d)R*(a,b) (Def.of R")

(3) Transitive. Let (a, b), (c,d), (r,s) € N x N such that (a, b)R*(c,d) and
(¢,d)R*(r,s). To prove (a,b)R*(r,s).
a+d=b+c (Since (a, b)R*(a, b)) (1)
c+s=d+r (Since (c,d)R*(r, s)) cen(2)
— (a+d)+s=(b+c)+s (Adds tobothside of (1))

=b+ (c+s) (Cancellations low and asso. law for +) .....(3)
—(a+d)+s=b+(c+s) (Sub.(2)in(3))

=b+(d+r)
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—a+(d+s)=b+ (r+d) (Asso.law and comm. law for +)
—a+(s+d)=b+ (r+d) (Comm.law for +)
— (a+s)+d=((b+1r)+d (Asso.law for +)

—(a+s)=(b+r) (Cancellation low for +)
— (a,b)R*(1,s) (Def. of R¥)
Remark 2.2.3.

(i) The equivalence class of each (a, b) € N X N is as follows:
[(a,b)] =[a,b] ={(r,s) ENXN|a+s=b+1}|

((00) “(OA) T(02) “®3) _(04) - o o
(1,0) ~tL1) Th2)_ TH3)_ (LHs - .
(2:0) 131) R2) (23) (24

300 (317632 "33 (34.)_-
(0) ") (32 43). 4 - o
(50) 5L (5 3)\.?5*3)5 C5~4.)

L

L : : : : y,

[1,0] = {(x,y) e NXN|[14+y =0+ x}
={(x,y) ENXN|x=1+y}
={(y+1y)|y €N}
= {(1,0),(2,1),(3,2), ... }.
[0,0] = {(x,y) e NXN|0+y =0+ x}
={(x,¥) € NXN|x =y}
= {(x,x)|x € N}
= {(0,0),(1,1),(2,2), ... }.
(ii) [a,b] = {(a,b),(a+1,b+1),(a+ 2,b + 2),... }.

(iii) These classes [(a, b)] formed a partition on N x N.

Theorem 2.2.4. For all (x,y) € N x N, one of the following hold:
(I) [x y] - [ 10]1 Ifx =Y.

(ii) [x,y] = [z, 0], forsome z € N, if y < x.

(iii)[x, y] = [0, z], forsome z € N, if x < y.
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Proof:
Let (x,y) € N x N. Then by Trichotomy Theorem, there are three possibilities.
(1) x =y,
—0+y=0+x Def. of +
— (0,0)R*(x,y) Def. of R*
— [0,0] =[x, y] Def. of [a, b]
(2) x <y,
— y=x+z forsomez €N Def. of <
—x+z=y+0 Def. of +
— (x,y)R*(0,z) — (0,2)R*(x,y) Def. of R*
— [0,z] = [x,y] Def. of [a, b]
)y <x,
— x=y+2z forsomez €N Def. of <
—x+0=y+z Def. of +
— (x,y)R*(2,0) — (z,0)R*(x,y) Def. of R*
— [z,0] = [x,y] Def. of [a, b]

2.2.5. Constriction of Integer Numbers Z.

Let
2= |J t@mi= | w@on | wni| oo

(a,b)ENXN a(#0)EN b(#0)EN

2.2.6. Addition, Subtraction and Multiplication on Z
Addition: ®:Z X Z — Z;

[r,s]®[t,u] = [r + t,s + uj
Subtraction: 6:Z X Z — Z;

[r,s]© [t,u]l =[rs]®[ut] = [r + us + t]
Multiplication: O:Z X Z — Z;

[r,s]O [t,ul]=[r-t+s-ur-u+s -t
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Theorem 2.2.7. The relations @, © and © are well defined; that is, @, © and ©
are functions.

Proof:

To prove @ is function. Assume that [r,s] = [ry, Sp] and [t,u] = [to, Uo]-
[r,s]®[t,u] = [r + t,s + u]

[70, Sol® o, Uo] = [10 + to, S0 + Uo]

Toprove [r + t,s + u] = [ry + ty,So + U]

— (r,5)R* (19, Sp) [r,s] = [10,So] and Def. of R*
—r+so=s+1r, . (1)
— (t,u)R*(ty, up) [, s] = [ry, So] and Def. of R*
—t+uy=u+t, (2)

- (r+s)+t+uy)=06+1r)+m+t,) Adding(),2)
—r+t)+(Go+ uy) =06+ u)+0y+ t;) Asso.and comm. for +
— (r + t,s + WR (ry + ty,So + Ug) Def. of R*
—[r+ts + u]l=[ry+tyse+ Ul Def. of [a, b]

© and O(Exercise)

Example 2.2.8.
[24]®[0,1] = [2 + 0,4+ 1] =[2,4] =[0,2]
[52]®[8,1] = [5 + 8,2+ 1] =[13,3] =[10,0]

Notation 2.2.9.

(i) Let identify the equivalence classes [r, s] according to its form as in Theorem
2.2.3.

[a,0] = +a, a € N, called positive integer.

[0,b] = —b, b € N, called negative integer.

[0,0] = 0, called the zero element.

[4,6] = [0,2] = —2
[9,6] =[3,0] =3
1=1[0,0]=0

(ii) The relation i: N — Z, defined by i(n) = [n, 0] is 1-1 function, and
im+m) =i(n)®i(m),i(n-m) =i(n) © i(m). So, we can identify n with +n;
that is, [+n = n], [+= @|and |-=0|
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Theorem 2.2.10.
(i) a € Z is positive if there exist [x,y] € Zsuchthata = [x,y]and y < x.
(if) b € Z is negative if there exist [x,y] € Zsuchthatb = [x,y] and x < y.
(iii) For each element [x, y] € Z, [y, x] € Z is the unique element such that
[x,y] + [v,x] = 0. Denote [y, x] by —[x,y].
(iv)[(-m)O n=—-(m-n)|vVnmeLZ
VMmO (—n) = —(m-n)|,Vn,meLZ.
vi)[(=m) © (—n) = m-n||Vn,mEeEL,
(vii) (Commutative property of +) [n+m=m+n| Vn,m € Z.
(viii) (Associative property of +) [((n+m)+c=n+ (m+c)|,Vn,m,c € Z.
(ix) (Commutative propertyof -) [n-m=m-n|,Vn,meZ.
(x) (Associative property of ) m-m)-c=n-(m-c),¥n,m,c €L
(xi) (Cancellation Law for +). m + ¢ = n + ¢, forsomec €Z & m = n.
(xii) (Cancellation Law for-).m - ¢ = n - c,forsome c(# 0) EZ & m = n.

(xiii) 0 is the unique element suchthat 0 + m=m+0=m,Vm € Z.
(xiv) 1 is the unique element suchthat1-m=m-1=m,Vm € Z.

(xv) Leta,b,c € Z. Then|c =a—b|e |a =c+ b
(xvi) [—=(=b) =b| VDb EL.
Proof: Exercise.

Remark 2.2.11.
For each element a = [x,y] € Z, the unique element in Theorem 2.2.8(xiv) is

—a = [y, x].

Definition 2.2.12. ( Z as an Ordered)
Let [r,s], [t,u] € Z. We say that [r, s] less than [t,u] and denoted by
[r,s] < [t,tu] ® r+u<s+t.

This is well defined and agrees with the ordering on N.

Theorem 2.2.13.(Trichotomy For Z) (Well Ordering)

For each [r, s], [t,u] € Z one and only one of the following is true:

(1) [r,s] < [t,u] or(2)[t,u] <][r,s]or(3)[r, s] =]t ul.

Proof:

Sincer + u,t + s € N, so by Trichotomy Theorem for N one and only one of the
following is true:
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Dr+u<s+t—|rs] < [tu]
2)s+t<r+u—|[tu]l <|[rs]
B)r+u=s+t— (rs)R(t,u) — [r,s] = [t u].

Theorem 2.2.14.
Foreach [r,s] € Z, [r,s] < [0,0] & r <s.
Proof:

[r,s] < [0,0] ®r+0<s+0e7r<s.

Remark 2.2.15.
According to Theorem 2.2.11 and Notation 2.2.7(i), for all [r,s] € Z
[r,s]< [0,0] ® r<s & |[r,r+1] €Z wheres =7+ 1 for somel
< [0,1] < [0,0]
= -1 <0.
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