The typnical proof of the stability of the hyperbolic eauation

Question: Investigate the stability of the hyperbolic equation 8%u/dt? = 8%u/9x?>

which approximated by the following explicit scheme:
(Wpqr1 — 2Upgq + Upg1)/K% = (Upi1q — 2Upq + Up_14)/h?
knowing that E, , = e'PPh29,
Sol.
(Upqr1 — 2Upq + Upq-1)/K* = (Upy1,q — 2Up g + Up_14)/h?
We substitute the following error equation: E,, , = e#P"A7 in the above equation:
ePPh Qe+l — 2eiBPh 4 4 @lBPhQA=1 = y2{olBPheifh)d — oihPR)q  oBPReIBR Y4} (eq.1)

where r = k/h, now division by e!#P" 24

h
A=24+211=—4r2 sinz%

h
A+ At =2-472 sin2'87

A+ 1=2(1-27r2 sinzi—h)

LetA=1-2r2sin?2t | (eq.2)

Hence A+ 171 =24

By multiply the two sides by , we get

A2+1=2412 or, A>—24A+1=0,

to find the roots for the last equation:

A:—bim:—(—m)imzzzﬁm
2

2a 2
=AF (4% - 1)1/2

Hence the values of A are:

1 1
A =A+A%*-1)z and1, = A— (4> - 1)z
For stability |1] <1
As 1, k,Barereal, A<1 byeq.2
When A < —1, |A,| > 1, giving instability.

1 1
When—1<A<1, A’<1, L, =A+i(1—4%z A, =A—i(1— A4%):



1
hence |1y =|A| ={A2+(1 -4 =1,

proving that equation (*) is stable for —1 <A <1 .Byeq.(1), we then have:

—1<1-2r?%sin? (ﬁz—h) <1 , The only useful inequality is:

~1<1-2r%sin? (£) giving 7 <1

Question: Investigate the stability of the fully-implicit finite difference equation:

. . . . du u
approximating the parabolic equation o

(unq+1 ‘“p,q) _ (up—l,q+1 —2Up q+1 +up+1,q+1)
- ax2

k h2

Sol.

(up.q+1 - up.q) _ (up—l,q+1 — 2Up g1 + up+1,q+1)
k h?2

We use the error function E,, , = e*#P"24

o (%)

elPphq+1l _ ,ifph ) q — r{eiﬁ(p—l)h,wﬂ — 2elPphja+l 4 eiﬁ(p+1)h,1q+1},
where r=k/h? . Division by e#P" 14 leads to:
A—1=7rA(eBh — 2 4 ¢'hh)
A—1=rA(cosph — 2 + e'fM)
A—1 =rA(cosBh —isinfh — 2+ cosfh + i sinfh)
A—=1 =1rA(2cosfh—2)

A—1 =rA2(1 = 2 sin? (%) ~2)

1-1 =M(2—4sin2<%>—2)

h
A—1 = —4rlsin? (%)

Division by 4 we get: 4 = !

1+4r sinz(%)
Since [A| <1

From the last equation, we can see that the equation is stable for all positive r values
according to the given condition (|A] < 1).



