CHAPTER 4. DECOMPOSITION OF RO i

{ﬂ} & = l[[]I vera 1y 0 ,H:I E .f,.| @i Ly, LT
(0,...,0,1.20,...,0)(0,...,0, l.r'},ﬂ ..... 0) = (0,...,0) =0

{iv) Assume that (iv) does not hold, so ¢, = ¢ + e, (where ¢ and e are

idempotents such that eel = 0 = e'¢! |, Note that R = @, L, = @&}, , e,
fe, © L since ¢y € L, and Ly 18 o left ideal, Show L, © Re,. Let a € L,

Thena=al=ale; +e9+ 1+ +8) = ae; + aeg + - + ae.
= =08 = ae Faeg oo Fae-) Faeie) oo Fae,

"l!—u'-—-f’ -
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So—ae =) =a=qae € Re, and so Re, = 1.
Li= Re, = Re! + ") = Re! @ Re!’. Now Re) and Re! are left iden so L; is
not minimal, This s o contradiction,

(4=) skip. u

Note : A set of idempotents {ey, eq, ... e} with properties (i),(ii) and
(i) above are called complete family of orthogonal idempotents. 11
{eg, eg ey ) hos the propeety of (1)-(iv), then it s called aset of primitive
idempotents,

Theorem 4.2 { Wedderburn-Avrtin Theorem | | 15 a sersimple ving
if and only if B can be decomposed as a divect sum of finitely many matriz

rings over division rings.
te. e M, (D) & M(D) @& @ M,, (D)

where D s o division ring feriel ;”,,J[ﬂ,] W the i uf ny ® ny matrices over

b;.

Theorem 4.3 Let B be o semisimple ring, Then the wedderburn-artin de-
composition above 18 unigque,

Le. RS @ My, (D) 8 ®jo My, (Dy) == a=
and after permuting tndices ny = m; and Dy =Dy ¥iel,... &

Theorem 4.4 (Maschke's Theorem | Lei G be a growp and R a ring.
Then RO ds semisimple if the following conditions hold



