CHAPTER 3. GROUP RING REPRESENTATIONS ]

Lemma 3.5 Let K be a field and G a finite group,

(i) If o € KG ix nilpotent (e, IJm € N such that o™ = 0], then the
eigenvalues of (T (o)) are all zero.

{(id) [f @ € KG is a unit of finite ovder (i.e. 3In € N such that 0" = 1),
then the eigenvalues of (T{a)) are all nth raots af unity,

(td) If flv) =0, 5 € KG and 3 f € Kz] (the set of all polynemials over
K] then f(A) = 0Y eigenvalues N, of (T(%))

Proof. Note that (iif) == (i) and (#4). (1) Let o € KG with o™ = (.
Let A be an elgenvalue of (T{a)) e, (T{a))X = AX where X s an x|
eolumn vector with entries in K, Now (T{a))™X = A" X, (T{a])™X =
T(a)™ X = T0).X = 0y X = 0,0y since T i8 o ring homomorphism,
SATX = Oy om A = O (sinee K hos no zero divisors) ==+ A = 0,

(if) Let 7 € K@ with @ = 1. Let A be an elgenvalue of (T(1) e
(T(3)X = AX, Now (T(#)"X = X, (T(A))"X = T(@)X =
TX = Ly X =X, S A X = X = )" = | (since K s a field)
wet A is an 0t root of unity,

(i) Let f(5) = 0¥ 4 & KG and 3f € K[z]. Let A be an eigenvalue of
(T(¥)) . (T(1)X = AX, == [(T()).X = J(A).X since T is a K = linear
ring homomorphism on RG, f(T(4).X = T(f(4)) X =T).X =0.X = 0.
JoJUA) X = )y f(A] =0, [ |

Example 3.8 Let R be o ring and let €7 be a finite group. We define the
trivial group representation of G oas

100 ... 0
o010 ..0
T:G— E.:"'I"llrl'ﬂ] R Frrl:-cn - 001 ...0
l-l l-l l.i " 1

T(gh) = Luxn- T(G)T(A) = Jusndusn = Inxn. S0 T 1 G — {Luun)} & C, i
n group ephmorphism.



