Chapter 3

Group Ring Representations

Definition 3.1 Lef (& be a finile group and R a ring. The R-module RG
(the group ring RG) with the natural multiplication g (g € G, a € RG).
Now given g € &, g acts on the basis of RG by left multiplication and
permutes the basis elements. Define T : G — GL,(R) where g — T,
and T, acts on the basis elements by left multiplication. So of G = {g =
1gz....gn} and Ty, g; = ggs € G. The function T from G to GL.(R) is
called the (lefi-regular] group representation of the finite group G over
the ring R.

Think of T, as left multiplication by a group element or left multiplication
of a column vector by a n x n matrix.

Lemma 3.2 Let 7 be a finite group of order n. Let R be a ring. Then
the group representation T is an ingective homomorphism (monemorphism)
from G to GL,(R).

Proof. Let g.h € G and g £ & where g; are the basis elements. 'We
want to show T(gh) = T(g)T (k). Now T(gh).(g:) = (gh).9: = 9(hai) =
T,(T(9:)) Yo, € G = T()T(h)(g). . T(gh) = T(g)T(h).

1-1 : We must show that if T(g) = I, € GL,(R) = 5 = 15. Let
g € G with T{g) = I,. Then T(g)(g) = o ¥g; € . In particular (with
gi=0=1g), Tg(l)=hL=g9l=1=g=1 u

Example 3.3 et G =y =< alet=1>.
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