CHAPTER 2. IDEALS AND HOMOMORPHISMS OF RG p

Lemma 2,19 Lel R be s ring. R is semisimple off every lefi ideal of R 15 a
divect summand of K.

Example 2.20 In the above example Ly @& Ly is a left ideal of R and (L, &
L)@ (Ly @ Ly) = R.

Theorem 2.21 Let R be a ring. R s semisimple off every left ideal of R 15
of the form L = Re, where ¢ € R is an wdempotent.

Proof. (=) Assume that R is semisimple. Let L -::ll R. By the previous

]
lemuma, Lois a direct summand of /. So there exists a left ideal L' < R such
that L L' = R. So 1 = x + y for some x € L and y € L'. ( Question : Is
this decomposition unique 7).

Thenr = 2.1 = z(z+y) = 2°+zySo zy =2 —L.r.’. Thus ry € LOL' = {0).
eL’ £

Thus xy = 0 = r—xr? so & = 2%, Hence, # is an idempotent, We have shown

L = Rr where 2 € L so Re C L. We must show L C Rz, Let a € L. Then

a=al=a(r+y =ar+ay=a. a-axr= ay € LNL = {0}. So

L L
a—ar=0soa=arc Re. Thus L. C Rz. So L. = Rz.

(¢=) assume that every left ideal of R is of the form L = Re for some
idempotent ¢ € R, We will show that every lefi ideal is a direct summand

of R Let LA R. Then L = Re. Let I/ = R(1 =¢). Then L' is a lefi ideal
of B. (Note (1 —¢)!=1-e—-e+e*=1-2e+¢=1-¢). We must show
that L& Li=R(le. L+ L' =Rand LN L = {0}).

let reEe AThenz =zl =z(e+(l=¢))=zxe+x(l-¢) € L+ L.
JR=LaL. Letre LNL = Ren R(l =¢). Then £ = r.e = s(l = g),
ra€R Thuztes=(re)le=re? sre=z. Ao ze = (s(l —¢))e =
sle=e?) =8(0) =0, Thus x =0po LN L' = {0} and so R = L & L' u

Let o = Zilpg € R Now all but finitely many of the n'.' Are Non-2ero.

ged
We define the support of o as

suppa = {g € G |a, # 0}

The group < suppa > (generated by the support of a) is a finitely generated
group. 30 R < suppa > C A,




