CHAPTER 1. INTRODUCTION 7

Definition 1.23 (Z,, +.:) s the ring of integers modulo n (where n € I,
>0 ), In fact this is a commutative ring,

Example 1.24 Consider (g, +,) 1 1'=1,2"'=3, 3" =2 and 4™ =
4. So Ly s a division ring, so i ts a field,

Example 1,25 Consider (Zg,+,0) 0 17V = 1, 271 doesn't exist, 371 doesn’t
exist, 47 doesn't exist and 57 = 5, So U(Zg) = {1,5)} =< 0 >= . So

Ly 15 not a division ring and hence it s not a field,

Definition 1.26 fn a rving R, if a.b = 0 bt a ¢ 0 and b 5 0 then o and b
are called zevo divisors,

Definition 1.27 If a ring R has no zero-divisors, then B s called an in-
tegral dowmain (or pust a demain),

Example 1.28 (Z,+,:) is an integral domain since ab = 0 = a = () ar
b=,

Example 1.29 In &g, 2.9=0, So 2 and ¥ are zeve divisars, Therefore &g
15 not an ntegral domain,

Example 130 (Z;, +,:) is an indegral domain,

Lomma 1.31 Fvery division ving is an integral domain,

Proof. We assume that i is o division ring, We want to show that /@ hos

no gero divisors, Proceed by contrndiction @ Assume ab = 0, where o ¢ 0
and b # 0, Sinee 0 # a € K then we have a™' € B 0 o Yab) = a 1{0) =
0w (@ 'a)b = Lb=b=0 This is a contradiction. u

Notes @
(1) The comverse is not trae, Le, there e integral domadns which are not

division rings, ez, (& 4, <) 8 not an integral domain bot not a division
ring.

(2) Zovo-divisors are never invertible,

Example 1,32 Lot R = Fy = &y and 7 = 'y (Ey is the ring of order
£, which is a field). Writing down the elements : Fy = {0, 1} and €'y =
(L} m<c s pm< |2 = 1 >,



