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fin+m)=n+m+pZ. fin)+ f(m)=n+pZ+m+p& =n+m+ pL.
Sofln+m) = fln) + f(m). Alse f(n—m) = f(n) = f(m).

finm) = nm + pi&,

Fin)fim) = (n+pZ){m + pE)
= nm + np& + mp& + _;J“ZE
= qm + p(nd + mpE + pd)
= qm + pd

Thus finm) = fin)f{m) and [ is a ring homomorphism,
Ker(f) = {n€ Z| f(n) =0} = {n € Z|n+pZ = 0z, = 0+pZ} = {np|n € T}

Since f(np) =np+pL=pn+ZL)=pL=0+pL=10. So [ : L — &, has
kernal pi.

Let I« R. Then consider the set R/f = {I + r : v € R}. Define
o nddition by (r+ I+ (s+ 1) =(r+s)+ I
o multiplication by (¢ + f)(s+ 1) = (rs) + 1

R/I is aring (check ie. Oggy =0+ 1, (r+ 1)+ (—r+1) = 0+ 1 = Ogyy, and
B0 oon ).

Consider the ring homomorphism f @ B — R/ defined by f(r) = v 4 1.
What is Ker(f)? Ker(f)={re R: f(ri=0}={reR: fir)=0+I} =1
(Since if i € I, we have f(i) =i+ T =1).

Therefore given any ideal § of a ring K, we can come up with a ring homo-
morphism f: B — R/I such that [ = Ker(f]. Note that we often write
Jir)=r+I=F(r mod I).

Example 1.48 pE <1 £, pZ is the kernal of the homomorphism f : £ —
Z,=21L/L,




