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12. Continuity

(12.1)Definition: If (X,d,), (Y, d,) be metric spaces. We said that a function f: X —
Y is continuous at x, € X, if V open set U € Y contains f(x,),3 an open set V € X
contains x, 3 f(V) c U.

(12.2)Theorem: Let (X,d,),(Y,d,) be metric spaces, then a function f: X - Y be
continuous at point x, € X & V open ball B,(f(x,)) in Y 3 an open ball Bs(x,) in

X 3 f(Bs(x)) € Be(f (x0)).
Thismeans,Ve > 036 >03VxeX =d (x,x)) <& = d,(f(x), f(x0)) < &.

(12.3)Example: Let (R,d,) be usual metric space. Prove that a function f:R - R
defined by f(x) = x?%,x € R is a continuous.

Solution: let x, € R, & > 0.

[f () = f(xo)| = 1x2 — %0 | = |(x — x0) (x + x0)| = |x — x0[x + x|
Since |x + x| < |x| + [xo]

S0, If(x) = f(xo)| < Ix = ol (Ix] + [%o]) . (1)

Since x = (x —xp) +xo = |x| = |(x — x) + x5l = |x| < |x — x| + |x0]
= |x| = lxol < |x = xo]

If[x —xol < 1= x| —|x0] < 1= x| <1+ |x0]...(2)

From (1), (2), we get

[f () = f(xo)l < |x = %0l (1 + 2]x0]) ... (3)

—3

1+2|x0|

Take 6§ = min {1,

&
1+2|XO|

Now, letx ER 3 |x —xy| < 6 = |x — x| < and |x —x,| <1

= |x —xol < (1 +2|x0]) < €
From (3), we get
[f(x) = f(x0)| <¢

= f is a continuous at x, = f is a continuous.
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(12.4)Example: Let (R,d,) be usual metric space. Prove that a function f:R - R
defined by f(x) = %x € R* is a continuous at x = 2.

1 —
| =

2—x

Solution: lete > 0,|f(x) — f(2)| =

2 = 2% (since x > 0)
X 2X

2x

|f|x—2|<1=>—1<x—2<1=>1<x<3=>x>1:>§<1

|2—x|<1|2 |
2x 27X

Choose § = min {1,2¢}

=

Now, letx e RT3 |[x —2|<d=|x—-2|<2ecand |x—-2|<1

:>%|x—2|<e

1
If(0) = f(DI<5lx=2]<e¢
= f is a continuous at x = 2.

(12.5)Example: Let (R,d,) be usual metric space. Prove that a function f:R - R
1, x>0

defined by f(x) =1 0,x = 0, is acontinuous on R\{0}.
—-1,x<0

(12.6)Theorem: Let (X,d;), (Y,d,) be metric spaces, and f: X — Y a function, then
the following properties are equivalent:

A function f is a continuous.
If an open set G c Y, then f~1(G) be an open set in X.
If a closed set H c Y, then f~1(H) be a closed set in X.

f(AHSf(AVACX.
fFAB)c fY(B)VB Y.
fr B (B

(12.7)Theorem: Let (X,d,), (Y, d,),(Z,d3) be metric spaces, and f: X - Y,g:Y —
Z be a continuous functions, then a function g o f: X — Z be a continuous function.

o0k wnhE

Proof: let G is an open setin Z.

Since a function g: Y — Z is a continuous = ¢g~(G) is an open setin Y.
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Since a function f: X — Y is a continuous = f~1(g~1(G)) is an open set in X, but

7)) = (e g™)(6) = (g° /)(G)
= (g ° f)~(G) is an open set in X
= g o f be a continuous function.

(12.8)Example: Let (X,d,), (Y, d,) be metric spaces, and f: X — Y a function. Prove
that

1. If f is a constant, then f is a continuous.
2. If (X, d,) be discrete, then f is a continuous.
3. If (X,d,) be indiscrete, then f is a continuous.

Solution: (1) since f isaconstant,then3I b €Y 3 f(x) = b Vx € X.
Let G bean opensetinY.

_ be&G
f@ ={?(,b§6‘

Since @, X be an open sets = f~1(G) be an open setin X = f is a continuous.
Sequentially Continuity

(12.9)Definition: Let (X, d,), (Y,d,) be metric spaces. We said a function f: X - Y
be sequentially continuity at x € X, if every sequence {x,} in X3 x,, = x, =

fGn) = f(xo) InY.

(12.10)Theorem: Let (X, d,), (Y, d,) be metric spaces, then a function f: X — Y be a
continuous at x, € X < f be sequentially continuity at x, € X.

(12.11)Example: Let (R, d,) be usual metric space. Prove that a function f:R - R
1, x>0

defined by f(x) =4 0,x = 0, isadiscontinuous at x = 0.
—-1,x<0

Solution: take x,, = % = {x,}INnR and x,, = 0,
since1>OVneZ+=>f(l)=1=>f(x )=1
n n n

= f(xn) > 1= f(x,) » f(0) =0

= f is a discontinuous at x = 0.
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