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11. Some Important Metric Spaces

(11.1)_Lemma: If a20,b20,p>1,q>19%+$=1, then ab S%ap +$bq

and ab = %a” +%bq < aP = ba.
(11.2)_Theorem: (Holders Inequality)

1 1 1
Ifp,g€R > b 1= Vs |yl € QicaliP)P Cicalyi| DY 3 x;, 9, € R.

(11.3)_ Corollary: (Cauchy-schwars Inequality)
1 1
Yizlxiyil < Gizalxi1®)z Cizalyil)z 3 x,y; € R.

(11.4)_Theorem: (Minkokowsks Inequality)

1 1
Ifp 2 1= Qicilr; + 3P < izl P)P + CicalyilP)? 3 x5 € R
(11.5) Example: Let X = C[0,1] represents a set of all bounded real functions and
continuous on [0,1]. Define d: X X X - R by d(f, g) = follf(x) —g(@)|dxVvf,g €
X, then (X, d) be incomplete metric space.
(11.6)_ Example: Let X = C[0,1] represents a set of all bounded real functions and

continuous on [0,1]. Define d:X xX - R by d(f,g) = sup{lf(x) —g(x)|:x €
[0,1]}Vf,g € X then (X, d) be complete metric space.

(11.7)_Example: Let LP[a,b],1 <p < oo, represents a set of real functions

filab] >R 3 [[|f()|Pdx <o, this means LP[a,b] ={f:[a,b] >R 3
1 . 1

JyIf)IPdx <o} Define d:XxX->R by d(f,g)=(,If(x) -

g(x)|Pdx)P Vf, g € LP[a, b] , then (LP[a, b], d) be complete metric.

(11.8)_ Example: Let LP,1 < p < oo, represents a set of real sequences x = {x,} 3

Yiz1lx;|P < oo, thismeans LP = {x = {x,}: Yi=1]|x;|P < }. Defined: LP X LP - R

by dp(x,y) = Cizalxi —yiIP)VPV x = {x,},y = {ya} € LP, then (LP,d,) be

complete metric.

Solution: the axioms 1,2,3 are clear.

@) letx,yelP = x+y=(x1+y, ., Xpn+ W)
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byl = Ixit i)
l:
1 1
Ix + ¥l < Qi=1lx:P)P + Q=1 lyilP)? = |x| + |yl
(11.9)_Example: Let L*,, represents a set of bounded real sequences L* = {x =

{x,}in € N}. Define do.: L XL >R by do(x,y) = sup {d=1lx; —yilin€
NVx={x,},y ={y,} € L”, then (L*,d.) be complete metric.

47



