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10. Convergence

(10.1) Definition: Let {x,,} be a sequence in a metric space (X, d). We said that {x,,}
isaconvergentinX,if3Ix e X3Ve>03k €Z" 3d(x,,x) <eVn>k.

limx, =x or x, - x wheren - o

X—00

This means d(x,,,x) - 0 © x,, - x Where n — oo,

(10.2)Theorem: If {x,} is a convergent in (X, d), then the convergence point is a
unique.

Proof: letx, - x andx, —» y suchthatx #y.

Let d(x,y) =e=¢>0

Since x, > x = Ik, €EZY 3d(x,,x) < 2 vn >k,

Since x, >y =3k, EZT 3d(x,,y) < g vn >k,

Put k = max {ky, k;} = d(xy, x) < =,d(xn,y) <-Vn > k.

e =d(x,y) = d(xy, x) + d(x,,y) <+ = & but this is a contradiction = x = y.
(10.3)Example: Let {x,} be a sequence in (R, d,,), since {x,} is a convergent
—3dx€ERIx, > x

Lete >0=3k€Z*3d(x,x)<eVn>k

Since (R, d,,) is an usual metric space = d(x,, x) = |x, — x|

lx, —x|<evVn>k=—¢e<x,—x<eVn>k=>x—-e<x,<x+¢
= x, €E(x—gx+e)vVn>k

This means {x,} is convergent in R, if 3x € R 3 Ve > 03(x — &, x + £) with the
center x.

(10.4)Theorem: Let A is asubsetin (X,d),thenx € A < 3 {x,} in A 3 x,, - x.

(10.5) Definition: Let {x,} be a sequence in a metric space (X, d). We said that {x,,}
is Cauchy sequence in X, if Ve > 03 k € Z* 2 d(x,,, x,,,) < eVn,m > k.
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(10.6)Theorem: Every convergent sequence{x,,} in a metric space (X, d) be Cauchy
sequence.

Proof: let {x,} be a convergent sequence in (X,d) = 3Ix € X3 x, > x

Lete>0,sinC6xn—>x:>ElkEZ+Bd(xn,x)<§‘v’n>k

Ifnm>k=d(x,x) < %,d(xm,x) <§

£ €
d(x,, X)) < d(x,,x) +d(x,,x) < 3 + 5= £

= {x,,} is Cauchy sequence.

(10.7)Note: Not necessary that every Cauchy sequence in a metric space (X,d) is a
convergent, for example.

(10.8)Example: Let X = R\{0}, a function d:X x X - R defined by d(x,y) =
lx =yl

Solution: Let x,, = % we note that (X,d) is a metric space and {x,} be Cauchy
sequence in X, but {x,,} does not convergent to x.

(10.9)Theorem: Let (X,d) a metric space and {x,,},{y,} IN X3 x, > x,y, >y 3
x,y € X, then d(x,, y,) = (x,y).

Proof: d(x,,y) — d(x,y) = (d(xn, yn) — d(xn, ¥)) + (d(xn, y) — d(x,¥))

|d(xniy) - d(xry)l < |d(xn;yn) - d(xn:Y)l + |d(xnry) - d(x'y)l < d(xn'x) +
d(Yn,y) = 0,n = 00 = d(xy, yn) = (x,Y).

(10.10)Example: Let (X,d) is a discrete metric space and {x,} in X. Prove that
X, >x3x€EX=S3IkEL 3x,=x Vn> k.

Proof: letx, »x = Ve>03ke€Z*3d(x,,x) <eVn>k.

1,x #y

Sinced(x,y) = {0 x=y

= d(x,x) =0Vn >k = x, =xvVn > k.

(10.11)Definition: We said that (X,d) is complete, if for all Cauchy sequence is a
convergent.
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(10.12)Example: Euclidean space (R", d) be complete metric space.

Solution: let x,y € R™", 3 x = (X1, ..., %),V = (V1) -0 Yn)

d(x,y) = Z(xi —¥;)?
i=1

Let {x,,} be Cauchy sequence in R".

Xm = (™, ., 6, ™), x,, € RT

Lete >0 =3k €Z" 3d(xp,x) =X, (™ — y,(D)2
= {x,,} Cauchysequencein RVi=1,..,n

Since R is complete field = x; ER3i=1,..,nV x;™ - x;
Putx = (xg, ..., x,) 2 x€ER" = x,, > X

So, {x,,} be convergentin R".
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