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9. Interior Points

(9.1) Definition: Let (X, d) be a metric space, and A € X. We say that a point x € A
Is an interior point in A, if 3 anopenset Gin X 3x€Gc A Orif3r>0>3
B.(x) € A.

(9.2) Definition: The set of all interior points in A is denoted by
A’ ={x € A:3r > 0,B.(x) € A},s0 A° C A.
(9.3) Notes: From previous definitions, we deduce

1. A°isanopensetinX.
2. Aisanopensetin X iff A° = A.
3. A° = (A°)".

(9.4) Example: Let (X, d) be an indiscrete metric space, and A € X. Calculate A°.

Solution: since (X, d) be an indiscrete metric space = d(x,y) = 0 Vx,y € X.

. (BA£X
= 4 _{X,A=X

(9.5) Example: Let (X, d) be a discrete metric space, and A € X. Calculate A°.
Solution: since (X, d) be a discrete metric space = A is an open set in X.
= A° = A.

(9.6) Example: Let (R, d,,) be usual metric space, and A < R, then we have

1. IfA=(a,b) = A° = (a,b).

2. If A= (a,b] = A° = (a,b).

3. IfA=[ab) = A°=(ab).

4. If A = [a,b] = A° = (a, b).

5. IfA=1a,b]U][c,d] = A° = (a,b) U (c,d).
6. If A is afinite, then A° = @.

7. fA=N= A° = 0.

8. IfA=Z= A°=0.

9. fA=Q=A"=0.

10.IfA={-,neN} = A" = 0.

(9.7) Theorem: Let (X, d) be a metric space, and 4, B < X, then we have
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1. fASB= A° € B
2. (ANB)° = A° N B".
3. A°’NB° c (AUB)".

Proof: (1) letx € A= 3r > 03 B, (x) € A.

SinceAS€B=B,(x) SB=x€B°= A° € B".

(9.8) Note: Not necessary that (A U B)° = A° U B°, for example

Let (R, d,) be usual metric space, and let A = [0,1], B = [1,2], we have

A =(01),B°=(12)=1¢4°,1¢B°=1¢ A°UB°,but AUB = [0,2]
= (AUB)*=(0,2)and1 € (AUB) = (AUB) #+# A°UB".

(9.9) Definition: Let (X,d) be a metric space, and A € X. We said that x € X is a
closure pointof set A, if vr > 03y € A3 d(x,y) <.

A={x€X:Vr>0,3y€A3d(x,y)<r} = AcCA.
(9.10) Notes: From previous definitions, we deduce

1. Aisaclosed set in X.
2. Alisaclosed set < A = A.
3. A=A.
(9.11) Example: Let (X, d) be indiscrete metric space, and A € X. Calculate A.
Solution: since (X, d) be indiscrete metric space = d(x,y) = 0Vx,y € X

0,A=0
X,A+0

= A= {
(9.12) Example: Let (X, d) be discrete metric space, and A € X. Calculate A.
Solution: since (X, d) be discrete metric space = A is a closed set in X.

= A= A.

(9.13) Example: Let (R, d,,) be usual metric space, and A € R, then we have

1. If A= (a,b) = A = [a,b].
2 1fA=(ab] = A=[ab]
3. IfA=[ab) = A=]ab]
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4. If A = [a,b] = A = [a, b].
5, fA=N=A=N.
6. fA=Z= A=1.
7. fA=Q=A=R.
1 —
8. Ifa={-neN}=A=au{0}.
345 -
0. 14={222% J=d=au(
(9.14) Theorem: Let (X, d) be a metric space, and 4, B € X, then we have

1. fAcB= ACB.
2. AnNB c (AnB).
3. AnBc (AUB).

Proof: (1) letx e A= Vr > 03y € A3d(x,y) <T.
SinkeAcB=y€eEB=Vr>03y€eB3d(x,y)<r=x€B=ACB.
(9.15) Note: Not necessary that A n B = (A n B), for example

Let (R, d,) be usual metric space, and let A = (0,1), B = (1,2), we have
A=[01],B=[12]=AnB={1},butANB=0=(ANB) =0

= ANB # (ANB).

(9.16) Definition: Let (X,d) be a metric space, and A € X. We said that x € X is a
limit pointof set A, if vr > 03y € A3 y # x,d(x,y) < r. The set of all limit points
denotedby A" ={x € X:Vr > 0,3y € A3y # x,d(x,y) <r}.

(9.17) Definition: We said that x € X is an isolated pointof A, ifx € A, x ¢ A'.
(9.18) Definition: We said that the set A is an isolated set, if AN A" = @.
(9.19) Definition: We said that the set A is a perfectset, if A = A'.

(9.20) Definition: We said that the set A is a dense set, if A c A'.

(9.21) Theorem: Let (X, d) be a metric space, and A € X, then we have

1. fA=0= A" = 0.
2. Ifx e A" = x € (A\{x})".
3. A' c A
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4. A=AUA.
5, IfA'=0 = Aisaclosedin X.
6. Aisaclosedin X & A’ c A.

Proof: (1) Since @ N (V\{x}) = @ Vx € X and V neighborhood V of X = @' = Q.
(9.22) Example: Let (X, d) be indiscrete metric space, and A € X. Calculate A’.
Solution: L) iIfA=0= A" = 0.

(2) if A = X, then we have

a. if X contains one element = A’ = Q.

b. if X contains more than one element = A’ = X.

.ifA+0,A+X.

a. if A contains one element = A = {a} = A’ = X\{a}.

b. if A contains more than one element = A’ = X.

(9.23) Theorem: Let (X, d) be a metric space, and A4, B € X, then we have

1. fASB=A"c B
2. ANnB) cA'nB".
3. (AuB) =A"UB'.

Proof: (1) letx e A ' = Vr>03y€eA3y #x,d(x,y) <r.
SinteASB=y€eEB=Vr>03yeBa3y+xdxy)<r

= x €B' = A' € B

(9.24) Note: Not necessary that (A N B)" = A" n B, for example

Let X = {a, b, c,d}, (X, d) be indiscrete metric space, if A = {a}, B = {c,d}.

= A" ={b,c,d},BB=X=ANB ={bc,d] =ANB=0= (ANB)' =0
= (ANB) #A'nB.

(9.25) Definition: Let (X,d) be a metric space, and A € X. We said that x € X is a
boundary point of set A, if Vr >03z€ A,y € A3 d(x,z) <r,d(x,y) <r. The
set of all boundary points denoted by
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0(A) ={xeX:Vr>0,3y € A,z€ A°3,d(x,y) <r,d(x,z) <r}.
(9.26) Theorem: Let (X, d) be a metric space, and A < X, then

d(A) =An (4°) = 9(4) c A.
d(A) = 0(A°).

d(A) isaclosed set in X.

A° = A\d(4).

A=AuU0d(A).

ok~ wbhe=

Proof: (1) letx € 0(A) = VopensetGinXandx € G
=SGNA+0,GNA P =x€Ax €A = x €An (A)

= d(4) € An (4A°)

By same way we prove that A N (A°) € d(4) = d(4) = A n (A°).

(9.27) Example: Let (X, d) be discrete metric space, and A € X. Calculate d(A).
Solution: since A isaclosed = A = A and A€ is closed = A€ = A

= 0(A) =ANn(4A°) = AN A° = @.
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