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8. Metric Topologies

(8.1) Definition: Let (X, d) be a metric space, x, € X and let r € R*. The set {x €
X:d(x,xy) <r}is called an open ball in X, such x, is a center of a ball and r is
radius of a ball and denoted by B,.(x,) = {x € X:d(x,x,) <1}

(8.2)_Definition: A closed ball with center x, and radius r is denoted by B, (x,) =
{x e X:d(x,xy) <r}.

(8.3) Example: In usual metric space, we have

1. Every open ball contains an open interval.
2. Every closed ball contains a closed interval.

Solution: (1) d(x,y) = |x —y| Vx,y € R.

Letx, €R, r>0

B.(xy) ={x € X:d(x,xp) <r}={x€X:|x —x0| <71}
={xeXi:—r<x—xg<r}={x€Xixg—r<x<xyg+r}=(xo—1x+7).

(8.4)_Example: Let X =[0,1] and a function d: X X X = R defined by d(x,y) =
|x — y| Vx,y € X. Discuss B, (%) and B1(0).
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Solution:Bl(%)={xeX:d(x,%)<1}={xeX: |x—%| <1}
={xeX:_71<x<§}={xeX:Ost1}=X.

(8.5)_Example: Discuss an open balls with the center (0,0) and radius 1 for
following metric functions:

1. di(x,y) = \/(x1 —y1)% + (02 —¥2)% Vx = (x1,%2),y = (V1,¥2) € R%
2. dy(x,y) = |x1 —y1l + x2 = y2| Vx = (x1,%2),y = (1, ¥2) € RZ.
3. d3(x,y) = max {|x; — y1l, 1%, = ¥21} Vx = (x1,%2), ¥y = (y1,¥2) € R%.

Solution: (1) r =1, (x4,¥0) = (0,0)
B.(xg) = {x € X:d(x,x5) <1} ={(x1,x,) € R?:x,% + x,% < 1}.
(8.6) Example: Let (X, d) be discrete metric space and let x, € X, € R*, then

1. Ifr > 1, then B,.(x,) = X.
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2. If r < 1, then B‘l"(xO) = {XO}

. : _(0,x =x,
Solution: (1) Let x € X, since d(x, x,) = {1’ X # xg
= d(x,x,) <7 = x € B.(xy) = X S B,(x,), but B,.(x,) € X = B,(x,) = X.

(8.7) Definition: Let (X,d) be a metric space and A € X. We said that A is an open
setinX,ifvx € X3r > 03 B,.(x) c A.

(8.8) Definition: We say that A is a closed set in X, if A is an open set in X.
(8.9)Theorem: In any metric space, we have

1. Every open ball is an open set.
2. Every closed ball is a closed set.

Proof: (1) Let (X,d) a metric space and x, € X,r > 0.

We must prove that B, (x,) is an open set.

Letx € B, (xp) = d(x,x0) <r=1r—d(x,x,) >0

Putr — d(x,x,) =, = r; > 0, we must prove B, (xo) € B, (xo).
Lety € B, (x9) = d(y,x0) <11 = d(y,x0) <7 —d(y,x) <7
=dy,x)+d(y,xy) <r

Since d(y,xy) < d(y,x) +d(x,x9) = d(y,x9) <r =y € B.(x)
= B,(x,) IS an open set.

(8.10)Corollary: In usual metric space (R, d,,), we have

1. Every an open interval is an open set.
2. Every aclosed interval is a closed set.

(8.11)Theorem: Let (X,d) is a metric space and A € X, then A is an open iff A
equals to union of an open balls.

Proof: If A = @, the proof will end.

If A+ @, let AisanopensetinX.
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=VxEAEIrx>OBBTx(x)§A=>A§UBrx(x)cA

XEA
= A = Uyea By, (x) = A equals to union of an open balls.
<) let A equals to union of an open balls.
Since each open ball is an open set = A equals to union of an open set.
= A is an open set.

(8.12) Example: Prove that, every subset of discrete metric space is an open and
closed.

Solution: Let (X, d) is discrete metric space and A € X. If A = @, the proof will
end.

If A=+ 0, IetxeA,taker=%.

1
B, (x) ={y€X:d(y,x) <E}={y€X:d(y,x) =0}={yeXiy=x}={x}cA

= A is an open set.
LetBS X = B C X = B€isanopensetin X = B is a closed set.
(8.13)Theorem: Let (X, d) be a metric space.

1. Each of @, X be an open sets in X.
2. IfA,A,, ..., A, be an open sets in X, then Nj=, A; be an open set in X.
3. IfA;V A € Aisanopensetin X, then U,cp 4, be an open set in X.

Proof: (1) suppose that @ be a non- open set

= 3Ax € P 3 B.(x) € @ Vr > 0, this is impossible, since @ does not contain on
element = @ is an open set.

Since B.(x) € X Vx € X,r > 0 = X be an open set.

(8.14)_ Example: Let (R, d,) be usual metric space, and let 4,, = (_71%) vn € Z%,
we note that A,, be an open set vn € Z* and N;2, 4,, = {0} be a non- open set.

(8.15)Theorem: Let (X, d) be a metric space.
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1. Each of @, X be a closed sets in X.
2. If A, A,, ..., A, be aclosed sets in X, then UjL, 4; be a closed set in X.
3. IfA;V A € Aisaclosed setin X, then N;cp 4, be aclosed set in X,

Proof: (1) since @ = X and X is an open set in X = @° is an open set in X

= @ isaclosed set in X

Since X¢ = @ and @ isan open setin X = X°¢ is an open setin X

= X isaclosed set in X.

(8.16) Example: Let (R, d,) be usual metric space, and let A,, = E 1] vn € Z*, we
note that A,, be a closed set vn € Z* and U;2, 4,, = (0,1] be a non- closed set.

(8.17) Notes:

1. The point x, € A’ < V open ball with center x, contains on infinite number of
points in A.
2. A={x € X:d(x,A) = 0}.

(8.18)Theorem: In any metric space (X, d) be every single set is a closed, = every
finite set be a closed.
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