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7. Pseudo- Metric Function

(7.1) Definition: If X be a non-empty set. We said that a function d: X X X — R be
pseudo- metric function, if

1. d(x,y) =0 Vx,y € X.

2. d(x,x) =0Vx € X.

3. d(x,y) =d(y,x) Vx,y € X.

4. d(x,y) <d(x,z) +d(z,y) Vx,y,z€X.

(7.2) Definition: A function d on X be a metric, if d(x,y) # 0 Vx # y.

(7.3)_Definition: Pseudo- metric space is (X, d), such that X is a non-empty set and d
Is Pseudo- metric function on X.

(7.4) Theorem: Let (X, d) be Pseudo- metric function. We define a relation ~ on X
asx~y & d(x,y) = 0, then

1. ~ be an equivalent relation on X.

2. If [x] be an equivalent class of xand A = {[x]:x € X}, then d":AXA > R
defined by d*([x], [y]) = d(x,y) is a metric on A, this means (A,d") be a
metric space.

Proof: (1) since d(x,x) = 0Vx € X = x~x = ~ Is areflexive.

Let x~y =d(x,y) =0, butd(x,y) =d(y,x) =>d(y,x) =0=y~x = ~isa
symmetric.

Let y~z,x~y = d(x,y) =0, d(y,z) =0, since d(x,z) <d(x,y)+d(y,z) =
d(x,z) <0,butd(x,z) > 0= d(x,z) = 0 = x~z = ~ is atransitive

= ~ is an equivalent relation on X.

(7.5)Example: Let X be a set of all real functions on [0,1], we define d: X X X - R
by d(f,g) = follf(x) —g(x)|dx Vf,g € X, then d be Pseudo- metric and does not
metric on X.

Solution: (U) let f,ge X = |f(x) —g(x)| >0
= d(f,g9) = [, If () — g(x)ldx > 0.

(2) let f € X, d(f,f) = [, 1f () = f(0)ldx = [;10]dx = 0.
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@) letf,g € X

d(f.9) = [,1f () — g()ldx = [[lg() — f()ldx = d(g.f).
(4)let f, g, h € X

d(f, g) = j £ G0 — g()ldx
0

= 1760 = k) + b6 — gldx < [1F GO = ko)
0 0

+|h(x) — g(x)|dx

1

1
= j|f(x)—h(x)ldx+f|h(x)—g(X)|dX =d(f,h) +d(h, g)
0

0
= d Pseudo- metric.
Let f,g:[0,1] = R defined by

2 ,x=0 (1 ,x=0
f(x)_{o,o<xg1 and 9(")‘{0,0<x§1

fo-gw={," ;272 =df.9) = [Ife) - g@ldx = 0,butf # g.

Product Space

(7.6) Definition: Let X,Y be Cartesian product of X,Y denoted by X x Yand defined
by XXY={(x,y):x€eX,yeY}, its clear X XY #Y XX, ifXXY # @, then
Y XX + 0.

(7.7) Example: If (X,d,), (Y,d,) be a metric spaces, then (X X Y,d) be a metric
space, such that d((xl,yl), (xz,yz)) = max

{dy(x1,%2),d2(y1, ¥2)3 V(x, 1), (x2,¥,) EX XY,

Solution: (1) let (xq,v1), (x3,¥,) EX XY = d (x1,%,) = 0,d,(y,,y,) = 0=
max {d; (x;,%3),d,(y1,¥2)} = 0 = d((x1;3’1); (xZ;yZ)) = 0.

(2) let (x4, ¥1), (x2,¥2) EX XY
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d((x1;3’1); (xz;)’Z)) =0 max  {di(x,x2),d,(¥1,¥2)} =0 & dy(x1,x,) =
0,d;(y1,y2) =0 (x1,y1) = (x2,¥2) © X1 = X3, Y1 = Y3

(3) Iet (xltyl)t (xZ;yZ) EXXY

d((x1;3’1); (xz;)’Z)) = max {di(x1,x2),d,(y1,¥2)} = max
{dy(x1,x2),d1(y1,¥2)} = d((xZJYZ)’ (x1’)’1))-

(4) let (xq,¥1), (x2,¥2), (x3,¥3) EX XY

d((xp)ﬁ); (xZJyZ)) = max {d;(x,x2),do(y1,¥2)} < max {d;(xq,x3) +
dy(x3,%2),d,(y1,¥3) + da(¥3,¥2)} < max  {d;(xq,x3),d2(y1,¥3)} +  max
{d1(x3,%2),d2(¥3,¥2)} = d((x1'3’1)' (x3,y3)) + d((x3,y3), (Xz:yZ))-

Euclidean Spaces

(7.8) Definition: Let n € Z™*, a finite sequence (x4, ..., x,,) consists of n real numbers
called n-tuples. We said a set which its elements n of components is Euclidean n-
tuples and denoted by R™ = R™ = {(x4, ..., X)) : x; ER,i =1, ...,n}

(X1, "'an) + (ylr ---Jyn) = (xl + )’1; "'an + yn)
A(xq, ey X)) = (Axq, o, AX)) VA E R VX = (X4, o0, X0), Y = (V1) ey V) € R™.

(7.9) Example: Let a function d: R™ x R"™ — R defined by

d(x,y) = Eh,(x; — v)HY?Vx = (x1, ., %), ¥y = (1, -, ¥n) € R™, then d be a
metric function on R™.

Solution: (1) let x = (x4, ..., %), Y = (Y1, o, V) € R

=x—y;€ERVIi=12,..n=(x—-y)*20Vi=12,..,n=d(x,y) 2 0.

1
2 dx,y)=0e QLi(xi—y)?)=0=3YL,(x—-y)* =0 (x—y)* =
Ovi=1,..nex;—y;=0vVi=1,..neSx;=y;, Vi=1,...nSx=y.

() letx = (xq, e, %),y = (Y1, oo, Yp) ER™
d(x,y) = Uiz, (x; — J’i)z)% = Q=10 — xi)z)% = d(y,x).
4 x =, s %), Yy = V1) s V) 2 = (24, 0, 2) ERT

Putai=xi—zi and ﬂizzi_%‘
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A=) == ey
d(@,) = Tz = 0D = By B

@y =Q =y =Q (Gi—z)+ =y
=Q @+

n l n 1 n 2 1
Q. @RS atz+ () B

= d(x,y) < d(x,z) + d(z,y) = d is a metric function on R".
(7.10) Example: Let a function d: R™ x R™ — R defined by

d(x,y) = Xieqlx — vl VX = (x4, o, %), Y = V1, -, V) € R™, then d be a metric
function on R™.

Solution: (1), (2), (3) are clear.
(4)letx = (xq, 0, %),y = Yy, s V), 2 = (241, oon, Z) ERT
Putai =X;i — Zj and Bi =Zi =Y

d(x,z) = Yi—ila;l, d(z,y) = XiLq16:]

n

=dxy) =) la—p

Since |a; — B;] < |a;| + |5l
=d(x,y) <d(x,z) + d(y,2)

= d is a metric function on R".
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