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6. Metric Spaces

(6.1)_Definition: If X be a non-empty set. We said that d: X X X — R is a metric
function on X, if

1. d(x,y) =0 Vx,y € X.

2. d(x,y) =0 S x=y.

3. d(x,y) =d(y,x) Vx,y € X.

4. d(x,y) <d(x,z) +d(z,y) Vx,y,z€X.

(6.2) Note: (X, d) is called Metric Space.

(6.3) _Example: Let d,:RXR—-R is a function defined by d,(x,y)=
|x —y| Vx,y € R, then d,, is a metric function, and (R, d,,) is an usual metric space.

Solution: (L) letx,yeR=x—-yER=|x—y|=>20=d,(x,y) = 0.
Qd,(x,y)=0=|x—y|l=0=x—y=0x=y.

) letx,y € R, dy(x,y) = Ix —y| =y —x| = dy,(y, x).
4)letx,y,z€R, x—y=x—2)+(z—-Yy)
x=yl=1x-2)+E-y|=<|x—z[+]|z -yl

d,(x,y) <d,(x,z) +d,(z,y) = d, is ametric function on R.

(6.4)_Example: Let d:R X R — R is a function defined by d(x,y) =[x —y| +
1 Vx,y € R, does d a metric functionon R?

Solution: letx,y € R 3 x = y = d(x,y) = 1 this means the second axiom does not
satisfy = d does not metric.

(6.5)_ Example: Let X be a non-empty set and d: X X X — R is a function defined by

0,x = : : : :
d(x,y) = {1 i ~ ; for all x,y € X, then d is a metric function and (X, d) is called

discrete metric space.
Solution:

(1) sinced(x,y) =0 or d(x,y)=1 Vx,ye X =d(x,y) =0 Vx,y € X.
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(2) let x,ye X, if x=y=d(x,y) =0 (by the definition of a function d), if
d(x,y) =0= x =y, since if x # y = d(x,y) = 1, but this is a contradiction =
dx,y) =0 x=1y.

. O,x=y_ Oiy:x
B) letx,y € X, d(x,y) —{1,x¢y_{1,y¢x

= d(y,x).
4)letx,y,ze X

a. if x=y=d(x,y) =0, since d(x,z) =20,d(z,y) 20=d(x,z) + d(z,y) =
0=d(x,y)<d(xz)+ d(zvy).

b.ifx#y=d(x,y)=1,s0z#x or z#y, let z#+x=d(x,z) =1 since
d(z,y) 2 0= d(x,2) +d(z,y) =21 =d(x,y) <d(x,z) +d(z,y) =d is a
metric function on X.

(6.6) Example: Let X be a non-empty set and d: X x X — R is a function defined by
d(x,y) = 0forall x,y € X, then d is a metric function and (X, d) is called indiscrete
metric space.

(6.7)Theorem: Let (X, d) be metric space, then

1. |d(x,z) —d(z,y)| <d(x,y) Vx,y,z € X.
2. |d(x,y) —d(z,w)| <d(x,z) + d(y,w)Vx,y,z € X.

Proof:

(1) d(x,z) < d(x,y) +d(y,2) = d(x,y) +d(z,y)

d(x,z) —d(z,y) <d(x,y)..(1) Also

d(z,y) <d(z,x)+d(x,y) =d(x,z) +d(x,y)

d(z,y) —d(x,z) < d(x,y)

—d(x,z) —d(z,y) < d(x,y)

d(x,z) —d(z,y) = —d(x,y) ...(2) = from (1), (2) =

—d(x,y) = d(x,z) —d(z,y) <d(x,y) = |d(x,2) — d(z,y)| < d(x,y).

(6.8)Theorem: Let X be a non-empty set, then a function d: X X X — R be a metric
function iff

1. d(x,y)=0iffx =y.
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2. d(x,y) <d(x,z)+d(y,z)Vx,y,z € X.

Proof: =) suppose that d is a metric function = (1), (2) are satisfy (from a
definition).

&) if (1), (2) are satisfy,
(1Letx,y € X from (2), we get

d(x,x) <d(x,y) +d(x,y) = 2d(x,y), but d(x,y) =0 from (1) = d(x,y) =
0.

(2) same the condition (1).

(3) Let x,y € X from (2), we get

d(y,x) <d(y,y) +d(xy) =0+d(x,y) =d(x,y)

dx,y) <d(x,x)+dy,x)=0+d(y,x) =d(y,x) =

d(x,y) < d(,x),d(y,x) = d(x,y) = d(x,y) = d(y,x).

(4) Letx,y,ze X

d(x,y) <d(x,y) +d(y,z) =d(x,z) + d(z,y) = d is a metric function on X.

(6.9)Definition: Let X be metric space and @ # A c X. The diagonal of A denoted
by §(A) and defined by §(A) = sup {d(x,y):x,y € A}, if A =@ or A contains on
only one element, then §(4) = 0. The distance of point p from A denoted by d(p, A)
and defined by d(p, A) = inf {d(p, x): x € A}.

(6.10)Note: Its clear, if p € A, thend(p,A) = 0,and if A = @, then d(p, @) = oo.

(6.11)Definition: Let @ + B c X. The distance between A, B is denoted by d (A4, B)
and defined by d(4,B) = inf {d(x,y):x € A,y € B}. Its clear that, if A = @, then
d(®,B) = oo.

(6.12)Example: Let (R, d,,) be usual metric space and A = [1,2), B = (2,4], we note
1

5 3 9
that 5(4) =1,8(B) = 2, d (Z,A) = 0,d (E,B) - E,d(Z,B) = 0,d(5,B) =
1,d(4,B) = 0.

(6.13)Theorem: Let (X, d) be metric space and @ # A c X, then

1. 5§ >0,d(p,A) =0Vp € X,d(4,B) > 0.

28



Prof. Dr. Najm Abdulzahra Makhrib Al-Seraji, Lectures in Mathematical
Analysis (1) [2021-2022]

2. If Ais afinite, then 6(4) = oo.
3. IfANnB # @,thend(4,B) = 0.

4. |d(p,A) —d(q,A)| <d(p,q) Vp,q € X.
5 IfAc B,thend(p,A) = d(p,B) Vp € X.

Proof:

(1) and (2) from the definition.
(3)sinceANB#@P=3x,€EANB=x,€A and x, € B
d(A,B) = inf{d(x,y):x € A,ye B} <d(x,y) Vx€A, Vy€EB
= d(4,B) < d(xy,x,), butd(4,B) = 0= d(4,B) =0
(6.14)Notes:

1. If d(p, A) = 0, then not necessary that p € A.
2. If d(A, B) = 0, then not necessary that A N B # Q.
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