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5. A Converging Test
(5.1) Theorem: If }.>°_; a,, be a convergent, then a,, — 0.

Proof: let € >0,S, =Y}¢_;ar =a, +a, + -+ a,, since Y.,_; a, is a convergent
= {S,,} is a convergent and then {S,} is Cauchy sequence = Ik € Z* 3
1S, =Syl <evnm>k if n>k=S,=a,+a,++a,, S,y =0, +a, +
A+ Aprry Snr — S = Qg g — 0l = app| = [Shp —Shl <e=
a, — 0.

(5.2) Note: If a,, » 0 = Y.;°_; a,, not necessary be a convergent, for example Z;’{;li

Is a divergent, while a,, = % - 0.

(5.3) Corollary:

1. If lim a, # 0 = ),;_; a, isadivergent.

n—oo

2. IfY7_,a,isaconvergentand a,, # 0 vn = ), ai Is a divergent.
n

n?+2n+3

(5.4) Example: Show that }.»"_ prwCare be a divergent.

n?+2n+3 . .
o 'sa divergent.

3n2

_ n%+2n+3
no3p2q

=a,—;#0= 37,
(5.5) Definition: We say that )., b,, be a dominate on }.;_, a,, if |a,| < b,Vn.

(5.6)_Theorem: Let )7, a,,, >meq b, be a non-negative of terms and -, b, is a
dominate on };>_, a,, 3 a, < b,Vnor

1. If Y-, b, isaconvergent = Y.>°_; a,, IS a convergent.
2. 1Y, a, isadivergent= ), b, is a divergent.

Proof; (1) let S, = Xr=1 ax, T, = Xk=q1 bk, Since Y.n—1 b, is a convergent = {T,,} is
a convergent and {T,} is a bounded = 3IM > 03 |T,,| < M Vn, since 0 < a, <
byVn=0<YF  a, <Yp_1bpyVn=0<S§,<T,=0<S5,<M={S,} is a
bounded, since {S,,} does not increasing and then {S,,} is a convergent = >, a,, IS
a convergent.

(2) let X_, b,, is a convergent = Y'%_, a,, is a convergent, but this is a contradiction
= Y b, isadivergent.
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. Di - 1 w 1
(5.7)_Example: Discuss a convergent of 1. >'>°_; e 2.3% —

1 1
(n+1)2 < n(n+1)

(1) since n2+2n+1>n2+2n=>(n+1)2>n(n+1):>

1
since Yoo, ey is a convergent = Y, —— o is a convergent.

)

(2)since n+2<3n= : > —Vn since Yo 17 lisa divergent = Yo 1— Is a
divergent.

(5.8) Examgl' Let a,>0vVn, if Y _,a, IS a convergent, then
Zn 1

1+

an>0=>1+an>1=>

— since ).;—; a, IS a convergent
n

:Zn 11

(5.9) Definition: Let p € R, we said Z;’l":lnip a p —series.
(5.10)_Theorem: .7 15 > Is a convergent, if p > 1 and it’s a divergent, if p < 1.
Proof; (1) if p=1= ;- 1> Lis a divergent.

Qifp<l= % < nip since Z;‘{;li Is a divergent = Z;‘{;lnip Is a divergent=

Z;‘{;lnip Is a divergent where p < 1.

(3) if p > 1, we compare with geometry series such a = 1,r ==, sincep > 0 =

1 .
r>1= anl(z—p)" is a convergent, since n_p < (z—p)” = Zn=1n_v is a

convergent.

(5.11) _Theorem: Let a, =0,b, >0Vn, if lim==L>0=Y%2,a, and

n—-oo by

Y.n=1 by, be both a convergent or a divergent.

(5.12)Corollary: Let a,, = 0,b, = 0 Vn, if lim Z—” = 0 and ), b,, is a convergent,

n—->0oo n

then )7, a,, is a convergent.

Ratio Test
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(5.13) Theorem: Let a,, = 0 and { ”“} converges to 7 (i.e. lim = = 1), then

n—oco an
Yin=1an bE

1. Aconvergent, if r < 1.
2. Adivergent, if r > 1.
3. Where r = 1, then the test will be failed.

Proof: (1) If r<1=3r e R 3 r <A <1 (by density of rational number) = A —

r >0, since a;‘+1—>r=>3kEZ+ Int1 _ |</1—rVn>k=> —-A-7r)<
n

Init r</1—rVn>k=>2r—/1<a”+1</1‘v’n>k let n > k2 =

an an Ak+1

Ak+2 Ak+3  9dk+s An-1  _An  dn4a <AL A= 1"k = An+1 < vk = E —

Akg+1  Qk+2  Ak+3 An-2 An-1 Qn Ak+1 Ak

Ayt <a’/{;1/1", since A < 1=>Z;’l°=1a’;,jl/1"is a convergent = Y% .a, is a

convergent. (by ratio test).

: eorem: Leta, =20vVn, IT3k€Z",b <15 <bvVn>k =) ,-1a,
5.14) Th L Ovn, ifdkeZt,b<13i2 < p k= Y%

an

IS a convergent.

- Zn Zn
(5.15) Example: Discuss a convergent of (1) Z,‘f:l; (2) Z?leﬁ (3) Z;‘{;lg—f.
zn 2Tl+1
(1) an =77 and anyy =5
n+1
An+1 (n+1)! _ An+1 w 2".
—_—— —_— :> = z —q .
= 2 =2 — Ag}o o =0= Y7 — is a convergent
n:
27’1 2Tl+1
(2) a, = ~ and a, ., = D’
on+1
2 2" .
) (—)2 = lim B =2 = % 1~ isadivergent.
an — n-oco Qan
n
_Vn _ Vn¥1
B)an = and a4y = 55
n+1 1 +1 \/_
An+1 2n+1 TL An+1
_— = = = |— ::— -
- R AE}O 0 =3 Yoo 15% — is a convergent.
2

The Root Test
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(5.16) Theorem: Leta,, = 0 Vn.

1. f3k €Z*,b <13 %/a, <bVn>k = Yx_,a, isaconvergent.
2. IfYa, =1=Y7_,a,isadivergent.

()Let 3k €Z*',b<1>3%a,<bVn>k=a,<b"Vn>k, since h<1=
Y=y b™is a convergent= )., a,, is a convergent (by root test).

2n+1

(5.17) Example: Discuss a convergent of (1) Y7—4 — (2) Y=g fl—z

n+1 n n 2 2
(1) Z%o=12n—n=2251°:1721—n and an=,zl_n = Yo, =>=Ya, < vn>2=
n+1

2" . 2
Yn=15 isaconvergent = ¥, —

IS a convergent.

Integral Test

(5.18)_Theorem: Let f be a continuous function which positive, decreasing and
defined Vx > 1,let a,, = f(n)Vn € Z* = ¥, a,, is a convergent iff [~ f(x)dx
IS a convergent.

(5.19) Example: Does ),;—, ne~™ convergent?

Solution: a, =ne™vn>1= f(x) =xe™*Vx>1= f is a continuous and
positive. f'(x) = —xe™™ +e™* =e™*(1 —x) < 0Vx =1 = f is adecreasing and
f(x) > 0vx =1 = f isapositive.

t+1
et

J{ fGOdx = [ xe¥dx = —e ¥ (x + DIf = -T2 +2

* f(x)dx = lim ‘xe*dx=-0+2=2= y > _,ne ™ isaconvergent.
1 t—ooo V1 e e n=1 9

Alternations Series
(5.20) Definition: We said that Y., (—1)""! a,, is an alternation, if a,, > 0 vn.

(5.21)_Theorem: If 0 <a,;; <a, Yn€Z', lima, = Yo ,(—1)"1a, and
n—-oo

>® . (—=1)™a, is a convergent.

(5.22) Definition: We said that )., a,, be an absolutely convergent, if .o, |a,| is
a convergent.
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(5.23)_Definition: We said that );;—; a,, be a conditionally convergent, if )7, a,, IS
a convergent but Y>>, |a,| is a divergent.

(5.24) Examples:

1

— 1 . . .
1. Y ,(—D" 1ﬁ iIs an absolutely convergent, since Z;’;lﬁ Is a

convergent.
2. Z‘,’f:l(—l)n% IS a convergent, but 2;‘{’:1% =) |(—1)“%| is a divergent =

Z?{’=1(—1)"% Is a conditionally convergent.
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