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4. Infinite Series

Let {a,} a real sequence and S; = a,,5, =a, +a,,S3=a, +a,+as, .., S, =
a; + a, + -+ a,. A sequence of partial sums {S, } is called an infinite series and its
denoted by ), a,,. We say that a,, a,, as, ... be a terms of infinite series ).;-; a,
and called of numbers S;, S5, S5, ... be a partial sums of infinite series }.7—; a,,.

(4.1) Definition: Let {a,,} be a real sequence and S,, = X1, ai, we called of {S,,} is
an infinite series and denoted by ).7—-; a,,.

(4.2) Definition: We say that ).>°_; a,, is a convergent, if {S,,} is a converge to S, this
means (lim S,, =S), S is called infinite series sum Y._,a,, this means S =
n—oo

Yine1 an. 1T {S, } is a divergent (i.e. lim S,, does not exist).
n—oo

(4.3) Example: Does Y., e~ )convergent ?

1 n n 1 Tl 1
E E— = _4 A, = g — _——) = _—— S e
nm+1)’ "M k=1 @k = Xk=1 k(k+1) ( k+1)

1=Yr (1 —1andthen2n1(

an

) isa convergent.

(4.4) Theorem: (some special infinite series)
1. ¥ ,ar™ 13 a = 0,7 # 0is called geometric series and r is a basis of series.
Y . ar™?1 is a convergent, if |r|]<1,S= 1;; and otherwise its be a
divergent.

1. . : . :
2. Y1 s called a harmonic series and it’s a divergent.

Proof: (1) ifr=1= S5, =a+a+ -+ a=na= {na} does not convergent, if
it’s a convergent, so it’s a bounded, this means 3 M € R* 3 [na| < MVn ezt =

nla| <M =n< % vn € Z*, but this a contradiction (Archimedes property) =
Yo, ar™ 1isadivergent.

(D) Gn =Sy =Tpo =14t Sy =T — = T o
m+ + ﬁSZn SnZEVnEZ"’, i.e. if m=2nn>1=1S,,—S,| =

—Vn m € Z* = {S,,} does not Cauchy sequence = {S,,} does not convergent =

Yo 1> |sad|vergent
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(4.5) Examples:

1

1. Z,"f:ozin IS a convergent, since r = % and Z,‘f{’:lz—n = 2.

2. Y 4™ 1is adivergent, since r = 4.

3. X (- %)"‘1 is a convergent, since r = —% and ¥, (— %)"‘1 = g :

4. 0.1 4+0.01+0.001+--- is a convergent, since 0.1+ 0.014 0.001 + --- =
1 1 1 w 1 _yeo 1 1 _ 1 1
it T i T iy e D AT T T

w 1 1
Yn=17gn = 5
5. The number 0.16666 ... is a convergent, let 0.16 =0.16666...= 0.1 +
. 6 w 6 1 _
0.06 + 0.006 + 0.0006 + - = 0.1 + Zn=1W = anlﬁ.m =a=
6 1 o 11
E'T T = 0.16 = 0.1 +Zn:1W T

(4.6) Theorem: Let )7, a,, and Yo, b,, be a convergent infinite series, then

1. Yo-qi(a, + by) isaconvergentand Y.o_,(a, + by) = Xoe1 0y + Y1 by
2. Ym—1Aa, isaconvergent VA € Rand Yo, Aa,, = A Y1 ay.

Proof: (1) LetS, =X -;a, and T, = Y-, by, since Yo—;a, and }n—; b, be a
convergent infinite series = Yo ia,=SYn=1b, =T = {5,},{T,,}be a
convergent = S, » S, T, »T =S5, +T,»>S+T, S,+T,=Y.-1(a,+b,) —>
S+T=¥r1(an+by)=S+T=27_1a,+ 231 by .

(4.7) Corollary: If ¥>°_; a, is a convergent and Y.>; b,, is a divergent, then

1. Yo-qi(a, + by,) is adivergent.
2. Yo, Ab, is adivergent VA # 0.

Proof: (1) Suppose that ).;,—,(a, + b,) IS a convergent, since Y, —,a, IS a
convergent = —Y>_; a, is a convergent.

Since Y.7—1 b, = Yo-1(a, + b, — a,;) is a convergent, but this is a contradiction.

(4.8) Example: Y74 Land - Ymeq 2 area divergent, but Z;‘;l(l - l) =Y, 0isa
n n n n
convergent.
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