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2. Irrational and Real numbers

Let Q¢ be a complement set of Q in real number R. Q¢ = R\Q = {x € R:x ¢ Q},
QF is called the set of irrational numbers, since Q¢ = Q = /2 € Q°.

(2.1)Theorem: Let x € Q and y € Q¢, then

1)x+yeQ°.
(2)xy € Q°, with x # 0.

Proof:(1) Assume that x + y &€ Q¢, since x+y€ER =x+y € Q,since x EQ
and Q is a field > —x€Q, also (x+y)+(—x) € Q = y € Q, but this is a
contradiction.

2)Letxy € Q° => xy € Q,since Qisafieldandx € Q, x # 0 =>i= xte
Q, also i (xy) € Q = y € Q, but this is a contradiction. ]
(2.2)Theorem:(Density of irrational numbers)

Let a, bER3a<bIs€EQ°3a<s<b= 3Fan infinity irrational numbers
between any two real numbers.

Proof: Since a<b=a—-+V2<b—+2, since a—+v2 and b—+2 are real
numbers = by using density of rational numbers = 3Ir€e Q3 a—-V2<r<b —

V2=a<r+V2<b=sincereQand V2EQ =s=r+V2€Q°*=ac<
s < b. Now, since a<s=13s, € Q3a<s; <s, by continuing this operation,
we get on an infinite number of irrational numbers located between a, b. |

(2.3) Definition: Leta,b € R 3 a < b, then
(a,b) ={x ER:a < x < b}

[a,b] ={x ER:a < x < b}

(a,b] ={x € R:a < x < b}

[a,b) ={x € R:a < x < b}

(—00,b) = {x € R: —00 < x < b}

(—oo,b] = {x ER:—o0 < x < b}

(a,0) ={x ER:a < x < o0}
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[a,0) ={x ER:a < x < x}.

(2.4) Note: According to density of rational and irrational numbers, we can say that
every interval of real numbers contains an infinite number of rational and irrational.

(2.5) Definition: (Absolute Value) Let x be a real number, absolute value of x is
denoted by |x| and defined as:

|x|={ x,x=0
—x,x<0

(2.6)Theorem:(Properties of Absolute Value)

1.
2. |x] =0Vx€ER.

© oo N o0k

|x] =max {—x,x}Vx e R = |x| = —x, |x| = x.

x| = 0iffx =0.

x| = |—x|V x € R.
lx—yl=ly—x|Vx,y eR.
lxy| = |x[ly| ¥V x,y € R.

x| _ x|

W i Vx,y€ER,y#0.
lx +y| <|x|+|y|Vxy€ER.

lx—=yl<Ix|+|ylvx,y € R

10.1x| = Iyl| € Ix —ylVx,y € R.
11.|x| <aiff —a < x < a.

Some Important Inequalities

(2.7)Theorem:

1. Cauchy-schwars Inequality.

1 1 1 1
If p,geR> > +; = 1= Yic1lxyil < Qiz1lx:1P)? Qi=1lyilP)? 3 x;,y; € R. In

1 1
particular, if p = 2 = q = 2 and X1 [xyi| < Qizalxil)z Eizalyil®)z

2. Minkokowsks Inequality.

1 1
Ifp = 1= Qicilx + ¥ IP)Y?P < CicalxiP)P + CicalyilP)P 3 x1,y; € R.

Countable Sets.
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(2.8) Definition: Let A, B be a sets. We say that A is an equivalent to B and written
by A~B, if there is a bijective function from A into B and written A ~ B, if A is an
inequivalent to B.

(2.9)Theorem:
1. IfE = {2,4,6,...}, then N~E.

(f: N — E defined by f(n) = 2nVn €N)
2. 1f 0 ={1,3,5, ...}, then N~O.

(f:N — O defined by f(n) =2n—-1Vn €N)
3. IfN* ={0,1,2,3, ...}, then N~N*.

(f:N — N* defined by f(n) =n—-1Vn€N)

—2x ,x<0

4. T~N". (f: 7 — N* defined by f(x) ={, 7 "7 > )

5 N~Q.
We deduce that E, O, N,N*,Z, Q are equivalent.

6. If A=[01], I, = (a,b), I, = (a,b],Is = [a b),1, = [a, b] then A~I,Vi =
1,2,3,4.

(f: A — I, defined by f(x) =a+ (b—a)xV x € A)
7. IfA=(-11)and B = (a, b), then A~B.
(f: A — B defined by f(x) ==(b — a)x +5 (b +a) V x € A)
8. IfA=(0,1) then A~R™.
(f: A — R* defined by f(x) = =V x € A)
9. IfA=(-1,1) then A~R.
(f: A — R defined by f(x) = sinxV x € A)
10.1f A = (5-,7) then A~R.

(f: A — R defined by f(x) =tanxV x € A)
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11. If A = (0,1) then A~R.

12. Forall k € N put N, = {1,2,3, ..., k} then
a. N, ~ N.
b. N,~N, iffk = 1.

13. P(X) ~ X V set X.

(2.10) Definition: Let A be a set. We say that A is a finite set, if A is a non-empty set
or equivalent to N, for some k € N. We say that A is an infinite set, if A does not
finite set.

(2.11) Definition: If A is a finite set, then A~N,, for some k € N and then there is a
bijective function f:N, — A, put f(i)=aq;VieN, = a; €AVi=123,...,k
andthen 4 = {a,, a,, ..,ax }

(2.12)Theorem:

1. Let A, B be a non-empty sets such that A~B then

A is a finite iff B is a finite.

A is an infinite iff B is an infinite.

For all finite set inequivalent to proper subset.

Every subset of finite set be a finite.

If A is an infinite set and A < B then B is an infinite set.

5. If Ais an infinite set and B is a set then A U B is an infinite.

> wnhooe

(2.13) Definition: Let A is a set. We say that A be a countable set, if A be a finite or
equivalent to N. We say that A be an infinite and countable, if A be an infinite and
equivalent to N. We say that A be an uncountable, if A be an infinite and inequivalent
to N.

(2.14)Theorem:

1. Every finite set is a countable.
2. Each of 0,E,N,N*, Z, Q be an infinite and countable set.
3. Each of R and an intervals of R are an uncountable sets.

(2.15) Note: If A be an infinite countable set, then N~A and then there is a bijective
function f:N—A, putf(n)=a,vneN and then A={a,:n€eN}=

{a,,a,,a;,..}.

(2.16)Theorem:
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1. Every countable infinite set be an equivalent to a proper subset.
2. Every infinite set contains a countable infinite subset.
3. The set N X N be a countable.
4. If A, B are a countable sets, then
a. AU B be a countable.
b. A X B be a countable.
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