Theorem 14.8 (Fermat). (i) Ifx e N, p € M is prime and x # 0(mod p) (Le p fr),
them "' = 1 (mod p).

(i) IfreN and pe N is prime, then 2P = x (mod p).
Proof (i) It is easy to see that
r#0(modp) & (zp) =L
Since ¢ (p) = p — 1, Theorem 14.5 gives that ##~! = 1 (mod p).
(i) If z 2 0(mod p), then (i) gives that #* ' = | (mod p) and hence
=z =z 1(modp)=z(mod p).

If # = 0{mod p), then
= 0 (mod p) = 0 (mod p).

Example 14.9, Consider p = 7, We have that

=2 =4 2=8=1(med7), 22=2(mod7), 2°=4(mod7),
=8 (mod 7T)=1(mod 7);

an

=3 3F¥=9=2(mod?), ¥=6(mod7), 3'=18(mod7)=4(mod7),
P=12(mod T =6(mod7), 3°=15(mod 7) =1 (mod 7).

Suppose we wish to show that 21|3" — 3. Then it is sufficient to show that 7[3% — 1.
Moreover, since 3% = 1 (mod 7),

3% = 315 = (3%) Y= 1% (mod 7) = 1(mod 7).

Definition 14.10. Let r, n € M satisfy (x, n) = 1. Then the order, period or exponent of
x (mod n) is the smallest natural number r € M such that 27 = 1 (mod n).

MNote 14.11. The condition that (&, n) = 1 is necessary for the last definition. Indeed,
suppose that (x, n) = d > 1. Then, since d |z, d|z" for all r € M,
Furthermore, since o |n, d|kn for all k € Z. Hence d| 2" — kn for all r € N and &k € Z,
Hence for each pair (r, k) € M x E, there exists | (r, k) € Z such that 2" — kn =1 (r, k) d.
Suppose that v € M satisfies " = 1(mod n). Then n|z" — 1. Pick & € Z such that
2" —1=kn. Then 2" — kn = 1, and hence I (r, k)d = 1. Since d > 1 and [ (r, k) € Z, this is
impossible,
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