Suppose that j(i;) = j (i2). Then
Az;, = x4, (mod n) = x4, (mod n) = Az,, (mod n).

Since (A, n) = 1, it follows from Theorem 12.13 (ii) that x,, = z,, (mod n). So i, = i,.

Hence the mapping i € {1, 2, ..., 8} — j(i) € {1, 2, ..., s} is injective and thus
bijective. Hence for each j € {1, 2, ..., s}, 3i(j) € {1, 2. ..., s} such that Ar,;; =
z; (mod n).

Suppose that (x, n) = 1. Then x = z; (mod n) for some j € {1, 2, ..., s}, giving that

r = Azy;) ( mod n). -

Examples 14.4. (1) We have that 1, 3, 5. 7 is an RSR modulo 8. Since (3, 8) = 1,
3 9(=1(mod8)), 15(=7(mod8)), 21 (=5(mod8))

is also an RSR modulo 8.

(2) We have that 1, 5, 7, 11 is an RSR modulo 12. Sinee (5, 12) = 1,
5 25(=1(mod 12)), 35 (=11(mod 12)), 55 (=7 (mod 12))

is also an RSR modulo 12.
Theorem 14.5 (Euler). If x, n € N are such that (x, n) = 1, then <) = 1 (mod n).
Proof Let 1, r;, .... x, (s = ¢(n)) be an RSR modulo n. Since (z, n) = 1, it follows
from Lemma 14.3 that xx,. xr;. ..., zr, is also an RSR modulo n.

For each i € {1, 2. ..., s}, (z;, n) = 1 and hence Jj (i) € {1, 2, ..., s} such that z;, =
TX;(;) (mod n). So

Hil.', = HIIHU [[Imd :n} = I’IIIJ'{” {I:I}Eld. ﬂ} = il.'-":.lnl:| HI_H.']. ':III.Dd. ﬂ.} =

As in the proof of Lemma 14.3, it can be shown that the mapping
ic{L2....,s}oje{L2 ..., 5}
is bijective. Hence
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