Chapter 14

Euler’s and Fermat’s Theorems

Definition 14.1. Take n € N. A reduced set of residues {RSR) modulo n is a set
Ty T3 .... T, EN
such that (r;. n) = 1Vi € {1. 2. .... s}, z; # r; (mod n) for 1 # j and
(r,n)=1 = r=z(modn) forsomeie{l, 2 .. s}.

Remark 14.2. It follows that for n € N. an RSR modulo n comprises one element from
each congruence class T such that (z, n) = 1.

Lemma 14.3. Take n € N, and suppose that ry. x3, ..., x, € N is an RSR modulo n. Then

(i) s=w(n)
(i) Axy. Azy, .... Ax, € N is also an RSR modulo n for any A € N with (A, n) = 1.

Proof (i) This follows from the definition of ».

(ii) Fixie {1.2 ..., s}. Then (x;, n) = L.
Let d = (Ar;. n). Then d |n and o | Ar,. Furthermore, d can be expressed in the form
d = dyd;. where dy | A and d; | ;. Also. it follows that d, | n and d; | n.

Since dy |A, dy[nand (A, n)=1.d, = 1.
Since dy | x;, da|n and (x;, n) = 1, d3 = 1. Hence (Az,. n) = d = dydy = 1.

Suppose that Ar; = Az, (mod n). Since (A. n) = 1, it follows from Theorem 12.13
(ii) that z;, = z; (mod n). Since r;, # x;(mod n) for ¢ # j. it follows that Ar, #
Az; (mod n) for ¢ # j. Furthermore, it follows from above that (Ar,. n) = 1Vi €
1.2, .... s}

Hence foreach i € {1. 2. ..., s}, 35(i) € {L. 2. ..., s} such that Azx; = x,(;, (mod n).
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