The equivalence classes are

0= {0, £n, £2n, +3n. ...}:
={l,+n+1,+2m+1, +3n+1, ...};

1
T={2,4n+2 +2n+2 +3In+2, .. };

n—T1={n—142—1 431, +4n—1,...}.
The set of all equivalence classes is

Z,={0.1,%,... n=T}.

Basic Properties of Congruences

Recall that for n € N and z, y € Z, we say that r = y(mod n) (i.e. x is congruent to y
modulo n) if n|x —y.

Ithe next result was shown Example 12.4 (3).

Lemma 12.5. Let n € M. Then
(i) for any z € £, z = x (mod n);
(ii) foranyz, y€Z, z = y(mod n) = y= r(mod n);
(iii) foranyz, y, 2€Z, r=y(modn), y =z (mod n) = z = z(mod n).

Lemma 12.6. Suppose that n € M and xy, y1, x3, y2 € L satisfy x; = y (mod n) and
g3 = ya(mod n). Then

1) for any My, Az € &, Miry + Aezg = Ay + Ay (mod n);
(ii) zyrs = Yy (mod n).

Proof Since n|z; — g, Ik € E such that z; — y = kyn. Hence 1y = 1y + kyn. Similarly,
ks € E such that x3 = yy + kan.

(i) We have that
My + Aaxa = Ay (31 + kan) + Az (U2 + kan) = M + Az + (Aiks + Agka) n
Hence n| (A2 + Aaxa) = (M + Azga), giving that

Ary 4+ .-llﬂ‘:l:j = )i|y1 -+ )L-;yg {III-EH'] ﬂ}.

72




