Theorem 11.8 (Euclid). There are infinitely many primes.

Proof Suppose that there are a finite number r of primes py, pa, ..., pr. Take
N = (HP,) + 1.
i=1
Then N =p; Vie{l 2, ... r} Hence, by assumption, N is composite.
Considering the (unique) prime factorization of N gives that for some j € {1, 2, ..., r},
p; | N. Assume, by reordering the primes py, pa, ..., p, if necessary, that p; | N. Then

P (le:) +1.
i=1

Furthermore, p; | [T, mi.
Hence p | 1, a contradiction. O

Remark 11.7. Suppose that we denote by 7 (x) the number of primes which are < . Then

7 (z) ~ =Z= in the sensze that
log x

. w(z)
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Theorem 11.8. There are arbitrardy large gaps m the sequences af primes.
Proof Pick n € M. Consider the n successive integers
m+1+2, (n+1N+3, (n+1)+4,.... (m+ 1+ (n+1).

The first of these is divisible by 2, the second by 3, ete. In fact, the *" one is divisible by
it + 1. Hence none of the above n successive integers is prime. O

Definition 11.9. A Fermat prime is a prime of the form 27 + 1.

Remark 11.10. If r > 0 and 2" + 1 is a prime, then r = 2" for some n € N.
For n € M, take F, = 2" + 1, Then

F=3% FKR=58 FE=17, F;=257 F;=G65537
F; = 4204967297 = 641 - 6700417 (countering a Fermat conjecture).

Definition 11.11. A Mersenne prome is a prime of the form 2" — 1.

Remark 11.12. If r = 1 and 2" — 1 is a prime, then a = 2 and r is prime,
For primes p, take M, = 2" — 1. Then

Ma=3 My=7 M;=31, M;=127, My = 2047 =23.89,
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