Proof Lot
S={a-zb:zeN,a-zbeN}.
Eimn}b._n—bESmtllmSiumu-emply:Siﬂ.
Since § © N, it follows from the Well-Ordering Principle that § has a least clement
r € N. Let ¢ € N be the corresponding value of x:

r=a-—qgh
Ifr>b thenr —be N and
r=b=(a=gb)=b=a-(g+1)b

giving that r — b€ S.
This contradicts the assumption that r is the least element of 5. 50 r < b
Clearly. we have that a = gb + r.
Suppose that ¢’ € N and ' € N satisfy ' < b and a = ¢/'b + . Hence gb + r = ¢'b+ v,
Ifqg=¢q, then r =r"
Suppose that g # ¢ Without loss of generality, suppose that ¢ > ¢'. We have that

(g=q)b=r"=r.
Furthermore,
g=qd 21 = (q-4)b20
and
r-r<r <
vielding a contradiction. O

Theorem 10.6. Pick a, b & N. Then
(i) o= (a,b) exisis;

(ii) o s unique;

(iii) o = ar + by for some z, y € L.

Proof (i) [Euclid, 300 BC| Suppose, without loss of generality, that a > b, Note that
(b, b) = b).
Successively applying Lemma 105 gives that there exist ¢, g2, @3, ..., @is2 ... € N
and ry, ra, Py, ..., Fisl. Tisz ... € N such that

a =qb+r, D<r <l
b = ggry + ra. D€ <rn;
ro=iyry +ry, D<ry<ry

fi = Qusalisl + ez 0 Sz < 1iga.
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