Chapter 10
Divisibility

Recall that we denote the natural nmumbers and the integers by N and Z respectively:

N={1234,...},
Z={..,-3-2-101123,..}.

Dofinition 10.1. Suppose that a, b € Z, If 2c € & such that a = be then we say that b
divides a, and we write b| e This includes the cose b = a,)

Remark 10.2, If a, b € N satisfy b|a, then b < a,

Lemma 10.3. Suppose that a, b, o, @, y € L. If d|a and o | b, then d | ax + by,

Proof Since d|a and d|b, 3, m € E such that a = o and b = dm. Hence
ar+by=(dl)x+ (dm)y=d(lx + my),

giving that d | ar + by. ]

Definition 10.4, Let o, be N A greatest common divisor of a, b 8 an element o € N sueh
tluat

(D1) o |aand d|b
(D2) if ¢ € N satisfies ¢ |a and e| b, then e | d.

I this case we write d = ged (a, 6), which we abbroviete to d = (a, B) il there i no anbiguity
caused by doing so,

Lemma 106, Givena, be N with a > b, 2 unique g € N and v € N with0 < r < b such
that @ = gb 4+ r,
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