Proposition 3.11. For any subgroup 1 of a group 7, the congraence mod f relation ~ on
the elements of (7 defined by

Ya, bed, a ?;h @ ab'e H

s an equivalence relation on the set @, and the equivalence class of a € G s the right coset

Ha.

Proof Let ¢ be o group and H be n subgroup of &
To show that the congroence mod h relation ~ is an equivalence relation on the set 6,
M

we need to check that it is reflexive, symmetric and transitive,

(i) Reflexivity Pick a € G By the identity axiom of H, 1 € H. By the inverse axiom of
Goan" = lg € H, Henee o ~ .

(i) Symmetry Pick a, b e ¢, Suppose that a - b, Thenab™' € H,
To show that f ?F i, we need to show that ba™' € H,

By the inverse axiom of H, {uh")" e H.
By Proposition 1.8,

[rd'.l"}_' = {J}"]I_lu" = ba~l,

| I

by Prop. L& (1) by Prop. 1.8 (i)
Henee, as required, ba~' € H.
(1ii)  Transitivity Pick a, b, ¢ € &, Suppose that a - b oand b i Then ab™, be™' € H.
To show that a ?; e, we need to show that ae™' e H,

By the closure axiom of H, (ab=') (be~') € H.

Using the associativity, inverse and identity axioms of 7 gives that

(ab™ ") (be™") = a(d (b)) = a{(b"'®e) = a(lge™') = acl.
| [ | 1
by associntivity Iy st viky Iy b e by mbemtity
asyam ol O wxloan ol O sy ol O axloan of 7

Henee, as required, ae~' € H.
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